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An upscaling method for estimating macrofracture toughness by nanoindentation results was proposed in this study. Grid
nanoindentation tests were conducted on sandstone samples to obtain micromechanical properties of indents, including elastic
modulus, hardness, and stiffness. Multifactor cluster analysis was then carried out to categorize the sandstone into five
mechanical phases. Finally, the macrofracture toughness was predicted by using the macroelastic modulus of the sample and the
critical energy release rate of the weakest phase. To verify this method, the upscaling result was compared with the
macrofracture toughness measured by the notched semicircular bending (NSCB) test. The discrepancy in the macrofracture
toughness from our method and the NSCB test was 8.8%, which was acceptable. Also, it is proved that our method can provide
more accurate upscaling results compared to other methods.

1. Introduction

As known to all, the macromechanical properties of rock
materials are very important for the design and construction
of rock engineering, such as macroelastic modulus and
macrofracture toughness [1–4]. The former is commonly
obtained from unconfined compressive tests [5–7] and the
latter from specific fracture tests, such as the short rod test
[8] and notched semicircular bending (NSCB) test [9–13].
However, under some particular circumstances, it is very
hard or high cost to manufacture the rock samples meeting
the testing requirements (such as size and shape) [14]. As
an economical, nondestructive, and repeatable testing
method, the nanoindentation technique only requires a small
amount of material without specific requirements in sample
size and shape to measure microscopic parameters [15, 16],
such as microelastic modulus, hardness, and fracture tough-
ness. Based on this, the macroparameters of rock can be esti-
mated. Therefore, how to exactly upgrade microscopic
parameters into macroscopic ones is of great significance to
practical applications.

To date, a great effort has been made towards macro-
scopic parameters upscaling from nanoindentation data

[15, 17–25]. For example, Li et al. [24] determined the micro-
elastic moduli of different phases in concrete by nanoinden-
tation. They further used the Mori-Tanaka (MT) scheme to
estimate the macroelastic modulus of concrete. Gao et al.
[25] found that the microelastic modulus of each phase is
crucial for homogenization estimation. A slight variation in
the microelastic modulus of a phase can significantly change
the macroelastic modulus of material. Kong et al. [15] com-
pared the macroelastic modulus of 3D printed rocks
upgraded by the MT scheme, Self-Consistent Scheme (SCS)
method, and Differential Effective Medium (DEM) method.
They reported that the upscaling results from the MT scheme
and SCS method are closer to the macroelastic modulus
obtained from the unconfined compressive test. Liu et al.
[26] estimated the macroelastic modulus by combining the
grid nanoindentation and deconvolution with the Mori-
Tanaka scheme. The discrepancy between the values from
the unconfined compression test and upgrading method
was less than 15%.

The above mentioned research studies concentrated on
the estimation of macroelastic modulus. Fracture toughness,
reflecting the resistance for crack initiation and propagation
[27, 28], is another crucial parameter for rock fragmentation
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and hydrofracturing [29–32]. At the microscopic level, the
fracture toughness of indents can be determined by the crack
length method [33] or energy method [26, 34–36] based on
nanoindentation results. It is documented that the microfrac-
ture toughness of indents holds a linear relation with its
microelastic modulus. However, limited studies can be found
in predicting macrofracture toughness from microscopic
parameters. To et al. [37] regarded the microfracture tough-
ness of the weakest phase as the macrofracture toughness of
glass-ceramic nanocomposite. They found that the estimated
value agrees with the value obtained from the macrofracture
test. Liu et al. [34] predicted the macrofracture toughness of
the Bakken shale by the average value of microfracture
toughness of all indents. In the two studies, the microfracture
toughness of indents is directly used to estimate the macro-
fracture toughness of material without any theoretical foun-
dation. The results estimated by these methods are
suspicious. Therefore, the upscaling method for the macro-
fracture toughness of inhomogeneous materials (e.g., rock-
like materials) should be further improved.

In this research, we proposed an upscaling method for
macrofracture toughness of rock material from nanoindenta-
tion results based on the Griffith fracture criterion. Firstly,
the micromechanical parameters of each indent including
elastic modulus, hardness, and stiffness were calculated after
grid nanoindentation tests; secondly, the multifactor cluster
analysis was conducted to distinguish mechanical phases
according to the similarity of micromechanical parameters
of indents; thirdly, assuming that the crack proceeds from
the weakest mechanical phase, the macrofracture toughness
was estimated based on the homogenized elastic modulus
of rock samples and the critical energy release rate of the
weakest phase; finally, the upscaling result was compared
with the macrofracture toughness measured by the notched
semicircular bending (NSCB) test to verify the effectiveness
of this method.

2. Methods

2.1. Proposed Upscaling Method

2.1.1. Upscaling Method for Macrofracture Toughness Based
on the Griffith Theory. According to the Griffith fracture cri-
terion [38], the critical fracture energy release rate for an
open crack (G) is

G = K2

E
, ð1Þ

where K is the fracture toughness and E is the elastic modu-
lus. Hence, the macrofracture toughness of rock (Kma

IC ) can be
expressed as

Kma
IC =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GmaEma

p
, ð2Þ

where Gma and Ema are the macrocritical energy release rate
and elastic modulus of the rock sample, respectively.

As a typical nonhomogeneous material, rock is composed
of different mechanical phases. It is assumed that the fracture

primarily proceeds from the weakest phase in the rock sam-
ple so that the critical energy release rate of the sample
(Gma) can be approximated by that of the weakest phase
(Gmin). Thus, the macrofracture toughness of rock samples
can be estimated by

Kma
IC =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GminEma

p
: ð3Þ

The value of Gmin was calculated as the average value of
the microcritical energy release rate of all indents in the
weakest phase. The mechanical phases in the rock sample
are distinguished by multifactor cluster analysis, which is
introduced in the next section.

For multiphase inclusion mixtures, the elastic modulus of
the sample (Ema) can be calculated as [21]

Ema =
9KhomGhom
3Khom +Ghom

, ð4Þ

where Khom and Ghom are the homogenization bulk modulus
and homogenization shear modulus, respectively. They can
be expressed by [21]

Khom = ∑n
i=1 f i∙Ki 1 + α0 Ki/K0ð Þ − 1ð Þð Þ−1
∑n

i=1 f i∙ 1 + α0∙ Ki/K0ð Þ − 1ð Þð Þ−1 ,

Ghom = ∑n
J=1 f i∙Gi 1 + β0 Gi/G0ð Þ − 1ð Þð Þ−1

∑n
J=1 f i∙ 1 + β0∙ Gi/G0ð Þ − 1ð Þð Þ−1 ,

8>>>><
>>>>:

ð5Þ

where K0 and G0 are the bulk modulus and shear modulus of
the reference medium; in this paper, quartz was selected as
the reference medium; thus, K0 = 41:1GPa and G0 = 37:4
GPa [39]; α0 = 3K0/ð3K0 + 4G0Þ and β0 = ð6K0 + 12G0Þ/ð15
K0 + 20G0Þ; Ki and Gi are the bulk modulus and shear mod-
ulus of the i-th phase; f i is the volume fraction of the i-th
phase. Ki and Gi can be calculated by

Gi =
Ei

2 1 + vð Þ ,

Ki =
Ei

3 1 − vð Þ ,

8>>><
>>>:

ð6Þ

where Ei is the microelastic modulus of the i-th phase; v is the
Poisson ratio of phases, v = 0:25 in this research.

2.1.2. Classification of Mechanical Phases in Rock. As an
important method in data mining, the clustering technique
can partition a dataset into a meaningful set of mutually
exclusive clusters according to the similarity of data to make
the data more similar within groups and more diverse
between groups [40]. In this study, clustering analysis was
conducted to distinguish the mechanical phases within the
rock sample based on the K-means algorithm [41] and fur-
ther obtain the value of Gmin in Equation (3). For more accu-
rate results, three microparameters of each indent, including
elastic modulus (E), hardness (H), and stiffness (S) measured
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in nanoindentation tests, were selected as the classification
parameters.

The K-means algorithm includes the following steps: (1)
determine the clustering number n through the elbow
method [42, 43]; (2) select n initial clustering centers stochas-
tically and partition the objects to the nearest clustering cen-
ter to form a cluster according to the nearest-neighbor rule;
(3) compute the mean value of each cluster (i.e., the new clus-
tering center) [41]; (4) repeat procedures (2) and (3) in SPSS
software until the sum of squared errors (SSE) is minimum;
then, we can determine the clustering center under the clus-
tering number n. The SSE is determined as

SSE = 〠
n

i=1
〠
p∈Ci

p −mið Þ2, ð7Þ

where p is the object in space; mi is the center of cluster Ci.
The smaller the SSE, the higher the similarity within group
data.

2.2. Experimental Setup and Procedure

2.2.1. Rock Material Characterization. In this study, a fine-
grained sandstone collected from Kunming city (Yunnan
province, China) is selected as test material. The mineral
composition of the sandstone is determined by an Energy-
Dispersive X-ray spectrometer (EDX MLA250) in our prior
publication [44]. The sandstone has 42.74% quartz, 16.85%
omphacite, 13.90% calcite, 11.19% hematite, 9.08% feldspar,
and 4.89% clay. Several basic physical properties of the sand-
stone are measured as follows: density 2374 kg∙m−3, water
absorption 3.5%, porosity 8.87%, and P-wave velocity
2812m/s. Moreover, unconfined compressive tests were per-
formed on cylindrical sandstone samples, which indicates
that the sandstone holds the uniaxial compressive strength
of 46.99MPa and the elastic modulus of 7.21GPa.

2.2.2. Nanoindentation Test

(1)Sample Preparation. Miller et al. [45] pointed out that the
surface roughness of the sample greatly affects the accuracy
of test data in nanoindentation tests; i.e., the smoother the
sample surface, the smaller the measured data dispersion.
Thus, the surface of rock samples should be polished elabo-
rately. The procedure of sample preparation includes the fol-
lowing steps (see Figure 1):

(1) Cutting. Divide sandstone block into small pieces of
1-2 cm

(2) Resin Inlay. Put rock pieces in moulds and then pour
the specific resin solution into the moulds. After cur-
ing for three hours, the rock pieces were stably half-
embedded in the epoxy resin. Cylindrical samples
with 3 cm in diameter and 2 cm in height were then
taken out from the moulds

(3) Mechanical Polishing. The samples were elaborately
ground by using a semiautomatic polishing machine
(Struers Tegramin-25). Sand disks with different par-

ticle sizes were applied with a gradual transition from
coarse to fine grinding to ensure the top and bottom
ends of samples were parallel to each other

(2)Grid Test Based on Nanoindentation. Nanoindentation
tests were conducted on a nanoindenter (Hysitron Triboin-
denter, Hysitron Inc., USA) with a load resolution of 3 nN
and a displacement resolution of 0.04 nm at the School of
Materials Science and Engineering in Xiangtan University.
As shown in Figure 2, a matrix of 100 indents covering 450
× 450 μm2 on the sample surface was chosen for tests. The
distance between neighboring indents was set to be 50μm
to avoid the influence of neighboring indents [46].

Figure 3 illustrates the loading scheme in nanoindenta-
tion tests. The load increases to the maximum value of
350mN, followed by a holding step with a duration of 15 s.
The holding step is necessary for accurate experimental
results [35]. After that, the load gradually decreases to zero.
The loading and unloading rates are constant at 35mN/s.

(3)Calculation of Micromechanical Parameters and Micro-
fracture Toughness. Figure 4(a) shows a standard P-h curve
of an indent in the nanoindentation test. From which, some
basic micromechanical parameters can be further obtained,
such as microelastic modulus (Emi), stiffness (S), and hard-
ness (H), residual indentation depth (hf ), maximum indenta-
tion depth (hm), and indentation depth of beginning holding
step (hl) [47].

The indentation hardness (H) and reduced elastic modu-
lus (Er) can be calculated as

H = Pmax
A

,

Er =
ffiffiffi
π

p
S

2β
ffiffiffiffi
A

p ,

8>>><
>>>:

ð8Þ

where Pmax is the maximum value of the load, A is the
contact area, and β is the geometric constant of the Berko-
vich indenter (β = 1:034). If the effects of nonrigidity on
the measurements of elastic modulus are neglected, the
microelastic modulus (Emi) of indents can be represented
by the reduced elastic modulus [36]. Otherwise, it should
be calculated by [47]

1 − v2

Emi
= 1
Er

−
1 − vin

2

Ein
, ð9Þ

where v and Er are the Poisson ratio and reduced elastic
modulus of the sample, respectively; vin and Ein are the
Poisson ratio and elastic modulus of the indenter, respec-
tively. For the Berkovich indenter, vin = 0:07 and Ein=
1140GPa [26]. Also, for the tested sandstone, v = 0:25.
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The microfracture toughness (Kmi
IC ) of each indent is cal-

culated by [26]

Kmi
IC =

ffiffiffiffiffiffiffiffiffiffi
GcEr

p
, ð10Þ

where Gc is the critical energy release rate and Er is the
reduced elastic modulus. The Gc can be expressed by [26]

Gc =
Wc
Amax

, ð11Þ

where Wc is the fracture energy and Amax is the maximum
crack area. For the Berkovich indenter, Amax = 24:5h2m. The
constant load phase of the P-h curve is smooth without any
fluctuation, which indicates that cracks do not develop signif-
icantly. Therefore, we can consider the contact area between
the indent and the material as the maximum crack area.
According to the energy conservation law, if tiny energy

Cutting Resin inlay

Prepared samples for tests Mechanical polishing

Figure 1: Sample preparation in the nanoindentation test.
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Figure 3: Schematic diagram of the loading scheme.
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(such as heat and acoustic energy) is ignored, the Wc can be
estimated as [26]

Wc =Wt −We −Wp, ð12Þ

where Wt, We, and Wp are the total energy, elastic energy,
and plastic energy, as depicted in Figure 4(b). They can be
calculated as [35, 48]

Wt =
ðhl
0
Ploadingdh +

ðhmax

hl

Pholdingdh,

We =
ðhmax

hf

Punloadingdh,

Wp = 1 − 1 +mð Þ 1 − hf /hmð Þ
1 + nð Þ 1 +m 1 − hl/hmð Þð Þ

� �
Wt ,

8>>>>>>>>><
>>>>>>>>>:

ð13Þ

where n and m are fitting constants for the loading and
unloading curves; Ploading is the function of the loading curve;
Punloading is the function of the unloading curve; Pholding is the
load during the holding stage, which is 350mN in this
research. The function of loading and unloading curves can
be expressed as [47]

Ploading = ahm,
Punloading = b h − hfð Þn:

(
ð14Þ

Substituting Equations (11)–(14) into Equation (10), the
microfracture toughness of each indent in the sandstone
sample can be obtained.

2.2.3. Macro-Quasi-Static Fracture Toughness Test. To vali-
date our proposed method, we carried out notched semicir-
cular bending (NSCB) tests to obtain the macrofracture
toughness of the sandstone. The schematic view of the NSCB
sample is shown in Figure 5. The loading speed is maintained

at 0.05mm/min. The actual macrofracture toughness of the
sandstone (K IC) can be calculated as [9]

KIC = Y ′ Pm
ffiffiffiffiffiffiffi
πln

p
2RB , ð15Þ

where Pm is the maximum loads on the NSCB sample; ln is
the notch length; B and R are the thickness and radius of
the sample, respectively; Y ′ is a nondimensional stress inten-
sity factor related to sample geometry as [9]

Y ′ = −1:297 + 9:516α − 0:47 + 16:457αð Þβ
+ 1:071 + 34:401αð Þβ2,

ð16Þ

where α = S/2R; β = ln/R; S is the distance between the two
supporting pins. A total of five NSCB tests were conducted.
The average fracture toughness is 0.51MPa·m0.5.

3. Results and Discussion

3.1. Multifactor Cluster Results

3.1.1. Determination of the Optimal Clustering Number.
Figure 6 presents the variation of the minimum SSE versus
clustering number (n). It can be clearly seen that with the rise
of the clustering number, the minimum SSE first decreases
sharply and then decreases slowly. The elbow point occurs
at n = 5. According to the elbow method, the optimal cluster-
ing number should be five. In other words, the nanoindenta-
tion results of the sandstone can be divided into five different
mechanical phases. The 3D diagrams of the final clustering
results are shown in Figure 7.

3.1.2. Clustering Center. In this study, the clustering center of
each mechanical phase is determined by iteration using SPSS
software. The initial clustering center is stochastically gener-
ated. After every iteration, the clustering center will be chan-
ged until the SSE value becomes stable. To characterize the
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Figure 4: Schematic of the (a) standard P-h curve and (b) energy partition.
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variation of the clustering center, the change distance of the
clustering center after the n-th iteration (Dn) in the Cartesian
coordinate system was introduced as

Dn =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
En+1 − Enð Þ2 + Hn+1 −Hnð Þ2 + Sn+1 − Snð Þ2

q
, ð17Þ

where En, Hn, and Sn are the elastic modulus, hardness, and
stiffness of the clustering center in the n-th clustering
iteration.

Figure 8 depicts the change distance of the clustering cen-
ter versus the number of iterations. Evidently, except for
phase 5, the change distances of the clustering center for
the other four phases gradually decrease with the increasing
number of iterations in six iterations. After that, the value
of Dn is equal to zero. This means that the clustering center
does not change anymore. As shown in Figure 7, the cluster-
ing center of phase 5 is 776.21μN/nm in stiffness, 154.50GPa
in elastic modulus, and 17.66GPa in hardness. The indenta-

tion response with the strongest phase in the sandstone likely
presents hematite minerals. However, phase 1 with a cluster-
ing center of 397.35μN/nm in stiffness, 23.00GPa in elastic
modulus, and 2.72GPa in hardness is the weakest in the
sandstone, which could be due to the presence of clay min-
erals. Therefore, the value of Gmin in Equation (3) should be
that of phase 1.

3.2. Upscaling Results of the Fracture Toughness of Sandstone

3.2.1. Microfracture Parameters of Each Mechanical Phase. In
our study, for each mechanical phase, the microfracture
toughness is calculated by the average energy release rate
(Gi

a) (i.e., the average value of the energy release rate of all
indents in the respective phase) and the elastic modulus of
the i-th phase’s clustering center (Ei) as

Ki
IC =

ffiffiffiffiffiffiffiffiffi
Gi
aEi

q
: ð18Þ

Figure 9 depicts the energy release rate and microfracture
toughness of five phases. We can clearly observe that for the
sandstone, the average energy release rate of the mechanical
phase is between 0.032 and 0.353mN·nm/nm2, and the frac-
ture toughness ranges from 0.85 to 7.25MPa·m0.5. Generally,
the higher the average energy release rate, the greater the
microfracture toughness. Except for phase 5, it holds the
maximum fracture toughness but has the second energy
release rate. This may be due to the fact that there is only
one datum of indent categories into phase 5.

3.2.2. Comparison between Upscaling Results and NSCB
Results. As discussed above, the critical energy release rate
(Gmin) of the weakest phase (phase 1) should be
0.032mN·nm/nm2. According to Equations (4)–(6), the
upscaling macroelastic modulus (Ema) of the sandstone is
6.75GPa, which fairly approximates the elastic modulus
obtained from uniaxial compression tests (7.21GPa).
Substituting calculated values of Gmin and Ema into Equation
(3), the upscaling fracture toughness of the sandstone is
obtained as 0.465MPa·m0.5. The difference between the
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Figure 5: Schematic of the NSCB sample.
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upscaling value and the NSCB tested value (0.51MPa·m0.5)
is within an acceptable scale (10%). Therefore, it is proved
that our proposed method is effective for fracture toughness
upscaling. It can be also found that the upscaling fracture
toughness is about 8.8% lower than that measured in NSCB

tests. This may be due to the heterogeneity of the sandstone.
In fact, on newly formed fracture surfaces, not only the
weakest phase exists but also other phases do. This would
result in the higher apparent fracture toughness obtained
in NSCB tests.
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Figure 10 shows the upscaling fracture toughness by
three methods for comparison. In method 1 [37], the upscal-
ing value is the minimum fracture toughness of the phase
(0.85MPa·m0.5). This is 1.67 times greater than the NSCB
tested value. Method 2 is proposed by Liu et al. [34]. They
take the average fracture toughness of all tested indents as
the macrofracture toughness. By this method, the upscaling
fracture toughness is 2.91MPa·m0.5, even 5.71 times greater
than the NSCB tested value. Among the three methods, the
upscaling fracture toughness by our proposed method holds
the least deviation with the real macrofracture toughness of

the sandstone. Hence, our proposed method is suggested to
be applied to estimate macrofracture toughness of rock mate-
rials from nanoindentation results.

4. Conclusions

In the present study, an upscaling method for macrofracture
toughness based on nanoindentation tests is proposed. Firstly,
nanoindentation tests are performed on sandstone samples
to obtain micromechanical parameters of indents, including
elastic modulus, hardness, and stiffness. Secondly, the three
microparameters are used in multifactor cluster analysis to
classify nanoindentation data into several mechanical phases.
Thirdly, the macroelastic modulus of the sample is estimated
by the Mori-Tanaka scheme, and the critical energy release
rate is calculated by the average value of the energy release
rate of all indents in the weakest phase. Finally, the macro-
fracture toughness is upgraded based on the energy method.
Compared with the macrofracture toughness measured in
NSCB tests and the upscaling results from other methods, it
is proved that our proposed method can estimate the macro-
fracture toughness of rock more accurately.
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