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The pore ratio is an important parameter affecting the stability and safety of tailings reservoirs; however, the relationship between
the pore ratio and physical properties of tailings sand has not been researched in-depth. In this paper, using the tailings from a
tungsten mine in southern Shaanxi as a case study, the correlation between the minimum void ratio and related parameters is
analyzed, based on laboratory test data, and the optimal marginal distribution function of the parameters is determined. The
Gumbel-Hougard copula function that best describes the correlation between parameters is identified, and it is used to establish
the joint probability distribution model of the three parameters, and the guarantee rate α is introduced to estimate and analyze
the minimum void ratio. The results show that the optimal edge distribution of the fine particle content and specific gravity
follows a truncated normal distribution, and the optimal edge distribution of the minimum void ratio follows a logarithmic
normal distribution. According to AIC criterion, the Gumbel-Hougard copula is the best three-dimensional copula function to
fit the minimum void ratio and related parameters. When the guarantee rate α is 0.485, the joint probability distribution model
achieves optimal performance in terms of estimating the minimum void ratio. The maximum error of the estimation is 1.99%,
which is verified through data, and the estimation meets the requirements for practical engineering. The method proposed in
this paper uses the existing measured data to establish a joint probability distribution model and combines the collected fine
particle content and specific gravity data with the guarantee rate to estimate the minimum void ratio, providing a novel basis for
the study of the physical properties of tailings.

1. Introduction

Tailings, as artificial accumulations of rock and soil, have
certain regularity in terms of their particle size distribution
[1]. In particular, the content of coarse and fine particles
has a regular distribution with the length of the sedimentary
beach, making tailings with different particle sizes and
contents exhibit different pore characteristics and struc-
tures, which affects the consolidation degree, seepage char-
acteristics, and the location of the infiltration line of the
tailings [2]. Therefore, the accurate and simple determina-
tion of the pore characteristics has practical engineering
significance for the design of tailings dams and their safe
operation [3, 4].

Void ratio is the main parameter to describe the porosity
characteristics of rock and soil in engineering. The void ratio
can be obtained using a combination of in-situ field tests and

laboratory tests. But the test process is complicated, and the
error fluctuation range of test data is usually large. Mathe-
matical methods such as probability and statistics make it
feasible to find correlations between the minimum void ratio
and related parameters using, that is facilitating the estima-
tion of the minimum void ratio. The copula theory,
proposed by Sklar [5] in 1959, is a way to construct a multi-
parameter correlation model, by establishing the joint
distribution function. The copula theory decomposes
finite-dimensional joint distributions into marginal distribu-
tions of each parameter and a copula function, which repre-
sents the correlations between parameter structures [6]. In
recent years, the copula theory has been used to analyze
the correlations between parameters in geotechnical engi-
neering. Tang et al. [7, 8] used the copula function to
characterize the influence of shear strength parameters on
slope reliability and investigated the influence of sample size
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on the identification of probability models for geotechnical
parameters. Zhang et al. [9, 10] introduced the advantages
of using the copula function for fitting the non-normal dis-
tribution characteristics of shear strength parameters and
established a Bayesian method for modelling the bivariate
distribution using finite data. Zhou et al. [11] proposed an
estimation method based on the copula coupling informa-
tion diffusion technology, which could effectively capture
the random volatility of the real distribution of parameters.
Huang et al. [12] proposed the method of estimating the
shear strength parameters based on the copula function
[13]. However, although the copula theory has been widely
used in determination of correlation between geotechnical
physical parameters and permeability parameters; they do
not give much in sight into the basic physical properties of
rock or soil mass, especially some special rock or soil bodies,
such as tailings. The stability and safety of tailing dam are
closely related to the physical and mechanical properties of
tailing sand, and the determination of minimum void ratio
has a significant impact on the parameter analysis of consol-
idation degree, shear strength, and permeability of tailings
[14–16]. At present, there is a lack of research on the joint
probability distribution model for the minimum void ratio
and related parameters, and there is no appropriate method
to estimate the probability of the minimum void ratio.
Therefore, there is no intuitive understanding of the perme-
ability coefficient, consolidation coefficient, and strength
parameters that affect the safety of tailings reservoirs. This
makes it necessary to establish a joint probability distribu-
tion model for the minimum void ratio and related
parameters to provide strong support for determining the
parameters affecting the safety of tailings.

Due to the influence of tailings filling method, the parti-
cle size and content of fine particles are regularly distributed
along with the length of deposition distribution. Therefore,
particle size and fine particle content will affect the void ratio
of sedimentary tailings and then affect the consolidation
stability of tailings. In this paper, a tungsten mine tailing
from Shaanxi Province, China, is selected as the experimen-
tal material, and the minimum void ratio, specific gravity,
and fine grain content are selected as research parameters.
Based on the measured data from laboratory tests, the joint
probability distribution model for the fine content, specific
gravity, and minimum void ratio of tailings sand is estab-
lished combined with the copula function. The AIC and
BIC criteria are used to identify the optimal edge distribu-
tion function of the minimum void ratio and related param-
eters. An appropriate three-dimensional copula function is
selected for fitting based on the correlation between param-
eters, and the optimal copula function is selected by using
the AIC criterion test to establish the joint probability distri-
bution model between parameters. The minimum void ratio
is estimated by combining the guarantee rate and joint dis-
tribution function, and the estimation error is analyzed.
The establishment of the multivariable joint distribution
function above can quickly estimate the void ratio of tailings
with different particle sizes and fine particle contents and
provide a reliable index range for the consolidation and
seepage analysis and prediction of tailings dam.

2. Correlations between Fine Particle Content
and Minimum Void Ratio of Tailings

2.1. Laboratory Tests. The samples were tailings from a tung-
sten mine in Zhen’an County, Shaanxi Province, China.
Based on the particle size classification of tailing in the
“Technical Code for Geotechnical Engineering of Tailings
Embankment” (GB50547-2010) [17] and some research
paper in tailing [18, 19], the experimental materials were
divided into a coarse-grained group and a fine-grained
group: the coarse-grained group particle sizes were 0.075–
0.1mm, 0.1–0.15mm, 0.15–0.25mm, 0.25–0.3mm, 0.3–
0.5mm, 0.5–1mm, and 1–2mm. The particle size of the fine
group was 0–0.075mm. Previous studies [20, 21] have found
that the critical content of fine particles is 30% when con-
trolling the properties of soil; therefore, the two groups were
mixed according to eight fine particle contents: 0%, 30%,
40%, 50%, 60%, 70%, 80%, and 90%, and a total of 56
groups’ mixture tailing samples were obtained. The specific
experimental proportions are shown in Table 1.

According to the “Technical Code for Geotechnical
Engineering of Tailings Embankment” (GB50547-2010)
[17] and the “Standard for Geotechnical Testing Method”
(GB/T 50123-2019) [22], the calculation requirements for
the minimum void ratio of tailings mud and sand are consis-
tent with that of sand. The specific gravity (Gs) is determined
by the specific gravity bottle method, and the maximum
dry density (ρdmax) is determined by the vibration fork
method. The minimum void ratio emin is obtained accord-
ing to emin = ðGs/ρdmaxÞ − 1. The experiment and calculation
results are shown in Table 2, where the fine particle content
is obtained through transformation. The specific process is as
follows: the equivalent particle size of fine particles is used to
replace the fine particle size, with the formula de = ðdup +
ddownÞ/2 (for example, fine particle size de is 0.038, dup is
0.075, and ddown = 0). The equivalent particle size of coarse
particles is used to replace the coarse particle size, with the
formulaDe = ðdup × ddownÞ1/2. Assuming that the fine particle
content is a and the coarse particle content is ð1 – aÞ, the
expression gðαÞ = de · a +De · ð1 – aÞ for the equivalent parti-
cle size and fine particle content is obtained. The function
f ðαÞ for the maximum dry density ρdmax and fine content
a was obtained by fitting the curve of the equivalent par-
ticle size and maximum dry density under different fine
contents. The inverse function f ðaÞ is obtained as mðxÞ =
f ðaÞ−1, where x is the maximum dry density and m is the
fine content f c.

2.2. Determination of Parameter Correlation. In order to
establish the relationship between minimum void ratio,
specific gravity, and fine particle size content by using the
copula function, the correlation among the three parameters
should be determined first. Different copula functions
describe the correlation between parameters very differently.
Commonly used functions include the (1) elliptic copula
function, which can simultaneously describe the positive
and negative correlations between parameters, (2) the
Plackett copula function, which describes the positive and
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negative correlations between two-dimensional parameters,
and the (3) Archimedes copula function, which can only
describe the positive correlation between parameters. The

commonly used Pearson linear correlation coefficient γ
[23], Spearman rank correlation coefficient ρ [24], and
Kendall rank correlation coefficient τ [6] are selected to

Table 1: Proportioning scheme of experimental tailings.

Skeleton particle size Equivalent diameter
0–0.075mm fine particle content

0 30 40 50 60 70 80 90

0.075-0.1 0.0866 T1−0 T1−30 T1−40 T1−50 T1−60 T1−70 T1−80 T1−90

0.1-0.15 0.1225 T2−0 T2−30 T2−40 T2−50 T2−60 T2−70 T2−80 T2−90

0.15-0.25 0.1936 T3−0 T3−30 T3−40 T3−50 T3−60 T3−70 T3−80 T3−90

0.25-0.3 0.2739 T4−0 T4−30 T4−40 T4−50 T4−60 T4−70 T4−80 T4−90

0.3-0.5 0.3873 T5−0 T5−30 T5−40 T5−50 T5−60 T5−70 T5−80 T5−90

0.5-1 0.7071 T6−0 T6−30 T6−40 T6−50 T6−60 T6−70 T6−80 T6−90

1-2 1.4142 T7−0 T7−30 T7−40 T7−50 T7−60 T7−70 T7−80 T7−90

Table 2: Laboratory results.

Samples Gs emin ρdmax f c Samples Gs emin ρdmax f c
T1−0 2.801 0.90544 1.47 87.44% T4−60 2.6084 0.5434 1.69 64.71%

T1−30 2.7966 0.69488 1.65 51.59% T4−70 2.651 0.60667 1.65 70.84%

T1−40 2.7262 0.67249 1.63 55.41% T4−80 2.6309 0.73082 1.52 84.98%

T1−50 2.7183 0.62773 1.67 60.36% T4−90 2.6761 0.8456 1.45 90.89%

T1−60 2.7568 0.68097 1.64 49.34% T5−0 2.711 0.81946 1.49 93.01%

T1−70 2.5778 0.69589 1.52 80.49% T5−30 2.7455 0.50853 1.82 61.65%

T1−80 2.6034 0.73558 1.5 83.42% T5−40 2.5548 0.42728 1.79 50.67%

T1−90 2.7017 0.83792 1.47 87.44% T5−50 2.6174 0.48717 1.76 61.44%

T2−0 2.79 0.89796 1.47 90.22% T5−60 2.6141 0.50237 1.74 65.59%

T2−30 2.5927 0.5433 1.68 52.97% T5−70 2.6378 0.56084 1.69 73.35%

T2−40 2.6241 0.59038 1.65 63.63% T5−80 2.722 0.65974 1.64 79.37%

T2−50 2.6356 0.55952 1.69 50.69% T5−90 2.7734 0.7553 1.58 85.39%

T2−60 2.6054 0.55082 1.68 52.97% T6−0 2.719 0.80066 1.51 89.71%

T2−70 2.5817 0.57421 1.64 66.02% T6−30 2.5194 0.45632 1.73 55.77%

T2−80 2.5679 0.68939 1.52 84.67% T6−40 2.563 0.473 1.74 48.36%

T2−90 2.691 0.81825 1.48 89.17% T6−50 2.6545 0.56146 1.7 57.11%

T3−0 2.788 0.90959 1.46 91.51% T6−60 2.7177 0.67757 1.62 75.32%

T3−30 2.7499 0.60815 1.71 57.96% T6−70 2.727 0.6527 1.65 70.04%

T3−40 2.7035 0.57182 1.72 49.46% T6−80 2.7494 0.71837 1.6 78.39%

T3−50 2.7044 0.60973 1.68 55.14% T6−90 2.7914 0.77798 1.57 82.53%

T3−60 2.6879 0.65919 1.62 70.72% T7−0 2.738 0.75513 1.56 77.95%

T3−70 2.5877 0.61729 1.6 74.14% T7−30 2.563 0.43989 1.78 43.31%

T3−80 2.6393 0.69184 1.56 79.99% T7−40 2.631 0.51207 1.74 56.47%

T3−90 2.6936 0.7957 1.5 87.28% T7−50 2.627 0.58253 1.66 59.89%

T4−0 2.738 0.85 1.48 88.45% T7−60 2.617 0.63562 1.6 71.86%

T4−30 2.7168 0.52627 1.78 56.10% T7−70 2.568 0.62532 1.58 75.02%

T4−40 2.6587 0.49367 1.78 46.16% T7−80 2.647 0.69679 1.56 77.95%

T4−50 2.6535 0.52498 1.74 52.54% T7−90 2.688 0.81622 1.48 88.02%

Notes: Gs denotes specific gravity; emin denotes minimum void ratio; ρdmax denotes maximum dry density; and f c denotes fine grain content.
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calculate the correlation between parameters. The calcula-
tion results are shown in Table 3. There is a positive correla-
tion between f c − emin, Gs − emin, and f c −Gs.

3. Copula Model and Construction

The joint distribution function of the three-dimensional
parameters constructed using the copula function primarily
includes four steps:

(1) Determination of correlation coefficient between
parameters, as shown in Section 2.2

(2) Determining the edge distribution function of the
parameters, as shown in Section 3.1

(3) Constructing joint distribution function of parame-
ters based on the copula theory, as shown in Section
3.2

(4) Identifying the optimal copula function, as shown in
Section 3.3.

The flow chart of the process for predicting the mini-
mum void ratio based on the copula theory is shown in
Figure 1.

3.1. Edge Distribution Function Model for the Minimum
Void Ratio of Tailings. In the process of constructing the
copula function, the marginal distribution function of each
parameter must first be determined. The joint distribution
function can be constructed by combining the edge distribu-
tion function of a single parameter, and the joint distribution
density function can be constructed by combining the edge
density function of a single parameter and the density func-
tion of the copula function. Because the three parameters—
specific gravity (Gs), fine particle content (f c), and minimum
pore ratio (emin)—are all positive, this study selects four
distribution functions, the truncated normal distribution,
logarithmic normal distribution, truncated extreme value
type I, and Weibull distribution, to identify the optimal
edge distribution function of the above three parameters
[1, 25, 26]. Table 4 lists the probability density function
and probability distribution function of the four aforemen-
tioned distributions, where μ is the mean and σ is the
standard deviation.

The optimal edge distribution function of the mini-
mum void ratio and related parameters is identified by
the AIC criterion or BIC criterion, based on measured
data [27, 28]. The AIC [29] criterion and BIC [30] crite-
rion are widely used in engineering, simple to calculate,
accurate, and reliable for data fitting [13]. Their expres-
sions are as follows:

AIC = −2〠
N

i=1
lnf xi ; p, qð Þ + 2k1, ð1Þ

BIC = −2〠
N

i=1
lnf xi ; p, qð Þ + k1 ln N , ð2Þ

where xi (i = 1, 2,⋯,N) is the measured data of the min-
imum void ratio and related parameters, N is the number
of samples, f ðxi ; p, qÞ is the probability density function of
the alternative edge distribution function, where p and q
are distribution parameters, and k1 is the number of distri-
bution parameters for the alternative edge distribution
function. Kong et al. [13] pointed out that, when the num-
ber of alternative edge distribution function parameters is
the same, the optimal edge distribution function recogni-
tion results based on AIC criterion and BIC criterion are
the same. Therefore, the BIC criterion is selected to iden-
tify the marginal distribution function of the minimum
void ratio and related parameters. The identification
results for the optimal marginal distribution function of
the minimum void ratio and related parameters of
coarse-fine mixed tailings with different fine contents are
shown in Table 5. It can be seen that the optimal edge
distribution type in terms of fine grain content f c and spe-
cific gravity Gs satisfies the truncated normal distribution,
and the optimal edge distribution of emin satisfies the log-
arithmic normal distribution.

To better verify the accuracy of the BIC rule in identify-
ing the optimal edge distribution function, Figure 2 shows
the probability density function curve and nonlinear
strength parameter histogram of four alternative edge distri-
butions of fine particle content, specific gravity, and mini-
mum void ratios. It can be seen from the graph that the
optimal edge distribution type identified by BIC can accu-
rately fit the distribution characteristics of the nonlinear
strength parameters.

3.2. Constructing Joint Distribution Function. The copula
function is a function that relates the joint distribution of
variables and their marginal distribution, which is, in
essence, also a joint distribution function. For the three-
dimensional case, the copula function is defined as a joint
distribution function whose edge distribution is uniformly
distributed in the ½0, 1�3 space. According to the Sklar [5]
theorem, the joint distribution function of parameters can
be decomposed into two parts: the marginal distribution
function of parameters and the copula function (it can
be divided into two parts: (1) the correlation structure,
describing the correlation between parameters, and (2) the
correlation coefficient, describing the correlation between
parameters). The copula function focuses on the characteris-
tics of the marginal distribution function and correlation
structure separately and can construct any required joint dis-
tribution function. The joint distribution function for the

Table 3: Correlation coefficient between parameters.

Parameter
Correlation coefficient

γ ρ τ

fc - emin 0.8549 0.8453 0.6788

Gs - emin 0.6203 0.5711 0.4081

fc - Gs 0.3210 0.3026 0.1964

Notes: γ denotes Pearson linear correlation coefficient; ρ denotes Spearman
rank correlation coefficient; τ denotes Kendall rank correlation coefficient.
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minimum void ratio and related parameters constructed by
the Copula function is

F f c,Gs, eminð Þ = C F1 f cð Þ, F2 Gsð Þ, F3 eminð Þ ; θ½ �
= C u1, u2, u3 ; θð Þ, ð3Þ

where C is the copula function and u1 = F1ð f cÞ, u2 = F2ðGsÞ,
and u3 = F3ðeminÞ are the marginal distribution function of
the minimum void ratio and related parameters. θ is the
parameter of the copula function that characterizes the corre-
lation between random parameters.

The joint probability density function of the minimum
void ratio and related parameters is

f f c,Gs, eminð Þ = f 1 f cð Þf 2 Gsð Þf 3 eminð Þc F1 f cð Þ, F2 Gsð Þ, F3 eminð Þ ; θ½ �:
ð4Þ

f 1ð f cÞ, f 2ðGsÞ, f 3ðeminÞ are the edge distribution density
function of the minimum void ratio and its related parame-
ters, and c½F1ð f cÞ, F2ðGsÞ, F3ðeminÞ ; θ� is the density func-
tion of the copula function.

It can be seen from Equations (3) and (4) that when the
copula function, the marginal distribution function of the
minimum void ratio and related parameters, the marginal
distribution density function, and the parameter θ of the
copula function are known, the joint distribution function
and joint probability density function of the minimum void
ratio and its related parameters can be obtained.

3.3. Constructing an Appropriate Copula Function. In
Section 3.1, the marginal distribution function suitable for
the three-parameter relationship is determined. And the cor-
relation of the three parameters is also shown in Section 2.2.

Nelsen [6] proposed appropriate seven single-parameter
symmetric Archimedean copula functions to describe the
correlations between variables, as shown in Table 6, which
can reasonably describe the positive correlation between
parameters. The three-dimensional functional expression is

C u1, u2, u3 ; θð Þ = φ−1 φ u1ð Þ + φ u2ð Þ + φ u3ð Þ½ �, ð5Þ

where φðuiÞ is the generator function for the Archimedean
copula function. It satisfies certain properties, φð1Þ = 0, and
φðu1Þ + φðu2Þ + φðu3Þ ≤ φð0Þ; for any t ∈ ½0, 1�, φ’ðtÞ < 0,
φ”ðtÞ > 0, the generator function is a convex minus function.
The Archimedean function is uniquely determined by its
generator function. Different generator functions can con-
struct different Archimedean copula functions. φ−1 is the
inverse function of φðuiÞ; and u1, u2, and u3 are the edge
distribution functions of the fine grain content f c, specific
gravity Gs, and minimum void ratio emin, respectively. θ is
the parameter of the copula function, and its estimated value
is generally obtained using the maximum likelihood estima-
tion method, shown in the following equations:

L θð Þ = 〠
n

i=1
lnc u1i, u2i, u3i ; θð Þ, ð6Þ

c u1, u2, u3ð Þ = ∂3C u1, u2, u3ð Þ
∂u1∂u2∂u3

, ð7Þ

θ
∧
= θ

����
L=Lmax

, ð8Þ

AIC criteria

Target parameters (emin) and related variables ( f
c
,Gs)

Measurement of correlation between variables

BIC criteria

Determining edge distribution functions of variables

Choosing the appropriate three -parameter copula function

Calculating the 𝜃 of copula functions

Calculating AIC of copula functions

Guarantee rate 𝛼Determine the optimal copula function

Constructing joint probability distribution model of target parameters and related variables

Estimating the value of the target parameter emin

Figure 1: Flow chart of predicting minimum void ratio based on Copula theory.
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Table 5: Parameter optimal edge distribution function recognition.

Parameter
Number of
samples

Mean
value

Standard
deviation

Identification
type

Truncated
normal

Lognormal
Truncated

extreme value I
Weibull

distribution
Optimal edge

distribution type

f c 56 0.697 0.148 BIC -39.759 -38.507 -33.727 -32.734 Truncated normal

Gs 56 2.671 0.072 BIC -119.983 -119.973 -111.379 -107.975 Truncated normal

emin 56 0.653 0.128 BIC -56.641 -58.068 -55.084 -46.196 Lognormal
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Figure 2: Frequency histogram of the minimum void ratio and related parameters. (a) Fine content. (b) Specific gravity. (c) Minimum
void ratio.
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u1i =
rank x1ið Þ
n + 1 ,

u2i =
rank x2ið Þ
n + 1 ,

u3i =
rank x3ið Þ
n + 1 , i = 1, 2, ::, n,

ð9Þ

where n is the sample observation number; u1i, u2i, and u3i
are the empirical distribution values of the sample observa-
tion value of fine grain content f c, specific gravity Gs, and
minimum void ratio emin, respectively, calculated using
Equation (9); and rank is the sorting function, where rank
(xi) represents the position of xi in the entire series of obser-
vation data in ascending order. c is the density function of
Cðu1, u2, u3Þ, where u1, u2, and u3 are the edge distribution
functions of each parameter; L is the logarithmic likelihood
function; and Lmax is the maximum value obtained by
the L function.

The goodness-of-fit of the seven selected copula func-
tions is tested, and the copula function with the highest
goodness-of-fit is selected as the optimal copula function.
According to the AIC criterion, the calculation formula is

AIC = −2〠
n

i=1
lnc u1i, u2i, u3i ; θð Þ + 2k2, ð10Þ

where Cðu1, u2, u3 ; θÞ is the density function of the copula
function and k2 is the number of parameters of the copula
function.

Using Equation (10), the AIC value of the alternative
copula function is calculated, the results of which are shown
in Table 6, indicating that the joint distribution model estab-
lished by the Gumbel-Hougard copula function has the
minimum AIC value. The θ value estimated by Equations
(6)–(8) is substituted into the Gumbel-Hougard function,
that is, the optimal copula function to describe the fine grain
content f c, specific gravity Gs, and the minimum void ratio
emin is

C u1, u2, u3ð Þ = exp − −ln u1ð Þ1:618 + −ln u2ð Þ1:618
h�

+ −ln u3ð Þ1:618
i1/1:618


:

ð11Þ

4. Estimating Minimum Void Ratio Using the
Copula Method

The sedimentary environment of the tailings makes their
particle size, particle size content, and pore ratio change
significantly in different regions within the tailings accumu-
lation area, which makes it difficult to estimate the relation-
ship between the pore ratio and particle size distribution in
these regions [31, 32]. The joint probability distribution
model of the fine particle content, specific gravity, and min-
imum pore ratio is established to predict the minimum pore

ratio of tailings with different particle sizes and fine particle
contents [33].

The minimum pore ratio of tailings is the densest state
that describes the accumulation of tailings. Therefore, the
measured minimum pore ratio can easily be greater than
or equal to the minimum pore ratio estimation emin′ [34].
The probability of the actual observation value being greater
than or equal to emin′ is defined as the guarantee rate α
[35, 36] (0 ≤ α ≤ 1), as follows:

F emin′
� �

= P emin ≥ emin′
� �

= α: ð12Þ

In the case of known fine particle content f c and specific
gravity Gs, by Equation (11), the copula function of the
minimum void ratio and related parameters are established,
and the guarantee rate α is as follows:

α = F emin′ f c = f c0j ,Gs = Gs0
� �

= P emin ≥ emin′ f c = f c0j ,Gs = Gs0
� �

=
∂2/∂f c0∂Gs

� �
F f c0,Gs0, emin′
� �

f emin,f c0,Gs
f c0,Gs0, emin′

� �
= C u3 ≥ u03 u1 ≤ u01, u2 ≤ u02jð Þ

= ∂2/∂u1∂u2
� �

C u01, u02, u03ð Þ
∂2/∂u1∂u2
� �

C u01, u02ð Þ
:

ð13Þ

The minimum void ratio emin′ can be obtained when the
guarantee rate α is certain, and different α values correspond
to different minimum void ratios emin′ . Therefore, there is an
optimal α value that makes the estimation of the minimum
void ratio emin′ fit the actual experimental results. In engineer-
ing, the correlation coefficient r is often selected to measure
the fitting degree of the function. The larger the value of
r (0 ≤ r ≤ 1), the higher the fitting degree, and the better
the fitting effect. The formula for r is shown in the follow-
ing equation:

r =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ∑n

i=1 emin i − emin 0ið Þ2
∑n

i=1 emin i − eminð Þ2
s

: ð14Þ

Using Equations (13) and (14), the joint distribution
model of the minimum void ratio and related parameters
is established based on the 56 groups of data from the lab-
oratory test. The estimation and correlation coefficient r of
the minimum void ratio emin under different α values is
calculated, and the predicted value of the minimum void
ratio emin is compared with the converted value from lab-
oratory data, the data value under partial guarantee rate as
shown in Table 7 (a negative value indicates that the pre-
dicted value is greater than the actual value, and a positive
value indicates that the predicted value is less than the
actual value). In the range of the α value (0 ≤ α ≤ 1), when
the r value is the maximum rmax, the corresponding α
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Table 7: Comparison of the predicted and actual values of different assurance rates.

Tailings sand samples
Minimum void

ratio emin

0.285 predicted
value emin′ Error

0.485 predicted
value emin′ Error

0.685 predicted
value emin′ Error

T1−0 0.90544 0.8226 9.15% 0.8746 3.41% 0.9163 -1.20%

T1−30 0.69488 0.5357 22.91% 0.5889 15.25% 0.3116 55.16%

T1−40 0.67249 0.5507 18.11% 0.6043 10.14% 0.6617 1.60%

T1−50 0.62773 0.5737 8.61% 0.6279 -0.03% 0.6838 -8.93%

T1−60 0.68097 0.5263 22.71% 0.5793 14.93% 0.6404 5.96%

T1−70 0.69589 0.5307 23.74% 0.5838 16.11% 0.6404 7.97%

T1−80 0.73558 0.554 24.69% 0.6076 17.40% 0.6649 9.61%

T1−90 0.83792 0.6889 17.78% 0.7443 11.17% 0.7998 4.55%

T2−0 0.89796 0.8461 5.78% 0.8972 0.08% 0.9476 -5.53%

T2−30 0.5433 0.5098 6.17% 0.5625 -3.53% 0.6199 -14.10%

T2−40 0.59038 0.5493 6.96% 0.6029 -2.12% 0.6599 -11.78%

T2−50 0.55952 0.5184 7.35% 0.5712 -2.09% 0.6293 -12.47%

T2−60 0.55082 0.5148 6.54% 0.5676 -3.05% 0.625 -13.47%

T2−70 0.57421 0.525 8.57% 0.578 -0.66% 0.636 -10.76%

T2−80 0.68939 0.5236 24.05% 0.5765 16.38% 0.6338 8.06%

T2−90 0.81825 0.6721 17.86% 0.7277 11.07% 0.7833 4.27%

T3−0 0.90959 0.8563 5.86% 0.9071 0.27% 0.9569 -5.20%

T3−30 0.60815 0.5643 7.21% 0.6182 -1.65% 0.6752 -11.03%

T3−40 0.57182 0.5247 8.24% 0.5777 -1.03% 0.6349 -11.03%

T3−50 0.60973 0.5475 10.21% 0.601 1.43% 0.6582 -7.95%

T3−60 0.65919 0.6156 6.61% 0.6707 -1.75% 0.7114 -7.92%

T3−70 0.61729 0.5362 13.14% 0.5895 4.50% 0.6467 -4.76%

T3−80 0.69184 0.5899 14.73% 0.6444 6.86% 0.7013 -1.37%

T3−90 0.7957 0.6744 15.24% 0.7299 8.27% 0.7854 1.29%

T4−0 0.85 0.758 10.82% 0.8121 4.46% 0.8647 -1.73%

T4−30 0.52627 0.5531 -5.10% 0.6067 -15.28% 0.6638 -26.13%

T4−40 0.49367 0.5088 -3.06% 0.5615 -13.74% 0.6188 -25.35%

T4−50 0.52498 0.5286 -0.69% 0.5817 -10.80% 0.6389 -21.70%

T4−60 0.5434 0.5412 0.40% 0.5946 -9.42% 0.6517 -19.93%

T4−70 0.60667 0.5866 3.31% 0.641 -5.66% 0.6979 -15.04%

T4−80 0.73082 0.5833 20.19% 0.6377 12.74% 0.6945 4.97%

T4−90 0.8456 0.648 23.37% 0.7035 16.80% 0.7596 10.17%

T5−0 0.81946 0.7136 12.92% 0.7687 6.19% 0.8232 -0.46%

T5−30 0.50853 0.5836 -14.76% 0.638 -25.46% 0.6949 -36.65%

T5−40 0.42728 0.4902 -14.73% 0.5426 -26.99% 0.6002 -40.47%

T5−50 0.48717 0.5403 -10.91% 0.5936 -21.85% 0.6508 -33.59%

T5−60 0.50237 0.5467 -8.82% 0.6002 -19.47% 0.6574 -30.86%

T5−70 0.56084 0.5798 -3.38% 0.6341 -13.06% 0.691 -23.21%

T5−80 0.65974 0.6896 -4.53% 0.745 -12.92% 0.8002 -21.29%

T5−90 0.7553 0.7842 -3.83% 0.8375 -10.88% 0.8897 -17.79%

T6−0 0.80066 0.7252 9.42% 0.7802 2.56% 0.8343 -4.20%

T6−30 0.45632 0.4803 -5.26% 0.5325 -16.69% 0.5903 -29.36%

10 Geofluids



value is the Gumbel-Hougard copula function (Equation
(11)). Calculations show that, when α = 0:485, the maximum
value of r is 0.8403. The Gumbel-Hougard copula selected in
this paper can achieve an optimal fitting guarantee rate α0 of
0.485. We randomly selected three sets of data (T1−80, T3−70,
and T7−60) to draw a “guarantee rate-error curve” (Figure 3);
it can be seen from Figure 3 and Table 7 that, when the guar-
antee rate α = α0, the error between the estimation of the
minimum void ratio and the measured value is the smallest,
and the estimation effect is the best. When α > α0, with

increases in α, the predicted value of the minimum void ratio
becomes larger and larger. The greater the probability of the
predicted value being greater than the measured value, the
worse the estimation. When α < α0, with decreases in α, the
predicted value of the minimum void ratio becomes smaller
and smaller. The greater the probability that the predicted
value is less than the measured value, the worse the estima-
tion effect.

Using the Gumbel-Hougard copula function with the
best correlation between the description specific gravity, fine

Table 7: Continued.

Tailings sand samples
Minimum void

ratio emin

0.285 predicted
value emin′ Error

0.485 predicted
value emin′ Error

0.685 predicted
value emin′ Error

T6−40 0.473 0.4897 -3.53% 0.542 -14.59% 0.5996 -26.77%

T6−50 0.56146 0.5445 3.02% 0.598 -6.51% 0.6551 -16.68%

T6−60 0.67757 0.6615 2.37% 0.7171 -5.83% 0.773 -14.08%

T6−70 0.6527 0.6323 3.13% 0.6877 -5.36% 0.744 -13.99%

T6−80 0.71837 0.7049 1.88% 0.7601 -5.81% 0.8149 -13.44%

T6−90 0.77798 0.763 1.93% 0.817 -5.02% 0.8698 -11.80%

T7−0 0.75513 0.6942 8.07% 0.7496 0.73% 0.8046 -6.55%

T7−30 0.43989 0.4806 -9.25% 0.5329 -21.14% 0.5906 -34.26%

T7−40 0.51207 0.534 -4.28% 0.5872 -14.67% 0.6443 -25.82%

T7−50 0.58253 0.5416 7.03% 0.595 -2.14% 0.6521 -11.94%

T7−60 0.63562 0.5588 12.09% 0.6126 3.62% 0.6696 -5.35%

T7−70 0.62532 0.5215 16.60% 0.5744 8.14% 0.6317 -1.02%

T7−80 0.69679 0.5964 14.41% 0.651 6.57% 0.7078 -1.58%

T7−90 0.81622 0.6658 18.43% 0.7213 11.63% 0.7771 4.79%
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Figure 3: Valuation error curves under different guarantee rates.
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grain content, and the minimum void ratio, identified in the
Section 3, in combination with the guarantee rate α, the con-
ditional probability function (Equation (13)) is established.
The optimal guarantee rate α0 for predicting the minimum
void ratio is 0.485 verified by 56 sets of data in Table 2.
The specific gravity and fine grain content of the other 16
sets of data tested in the laboratory are combined with the
optimal guarantee rate α0 into Equation (13) to predict the
estimation emin′ of the minimum void ratio under the optimal
guarantee rate α0, the results of which are given in Table 8 (a
negative value indicates that the predicted value is greater
than the actual value, and a positive value indicates that
the predicted value is less than the actual value). The maxi-
mum error is 1.99%, and the minimum error is 0.16%. This
error is within the acceptable range in practical engineering.
In general, the data predicted by the joint probability distri-
bution model based on the Gumbel-Hougard copula are
more realistic.

5. Conclusions

In this paper, the tailings of a tungsten mine in southern
Shaanxi were taken as the research object. The correlation
between fine particle size content, specific gravity, and the
minimum void ratio was analyzed, and the optimal marginal
distribution of the minimum void ratio and related parame-
ters was determined. The joint distribution function between
the minimum void ratio and related parameters was con-
structed, the joint probability distribution model is estab-
lished by combining the joint distribution function and
guarantee rate, and the value of the minimum void ratio
was predicted by the joint probability distribution model.
The conclusions are as follows:

(1) There was a strong positive correlation between the
fine particle content and minimum pore ratio, and
a strong positive correlation between the specific
gravity and minimum pore ratio. The optimal edge
distribution of the fine particle content and specific

gravity was a truncated normal distribution, and the
optimal edge distribution function of the minimum
void ratio was a logarithmic normal distribution

(2) The optimal Archimedean copula function fitting
fine grain content, specific gravity, and the minimum
void ratio was a Gumbel-Hougard copula function.
The optimal fitting guarantee rate of the Gumbel-
Hougard copula function was 0.485; the joint proba-
bility distribution model established by combining
the guarantee rate α and Gumbel-Hougard copula
function could effectively predict the minimum pore
ratio when the fine particle content and specific
gravity were known, and the error meets the accu-
racy requirements of practical applications.
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