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Fractured horizontal wells have been widely used to develop unconventional oil and gas reservoirs. In previous studies, most studies
on the transient pressure behavior of multistage horizontal wells were based on the assumption of single porosity medium, in which
the coupling relationship of natural fractures and artificial fractures was not taken into account or artificial fractures were assumed
to be infinitely conductive. In this paper, the fracture is finite conductive, which means that there is flow resistance in the fracture.
Based on point-source method and superposition principle, a transient model for multistage fractured horizontal wells, which
considers the couple of fracture flow and reservoir seepage, is built and solved with the Laplace transformation. The transient
pressure behavior in multistage fractured horizontal wells is discussed, and effects of influence factors are analyzed. The result of
this article can be used to identify the response characteristic of fracture conductivity to pressure and pressure differential and
provide theoretical basis for effective development of tight oil reservoirs. The findings of this study can help for better
understanding of transient pressure behavior of multistage fractured horizontal wells with finite conductivity in tight oil reservoirs.

1. Introduction

Tight oil reserves are always be seen as the alternative
resources for conventional oil reservoirs due to their abun-
dant reserves. However, the physical property of tight oil res-
ervoirs is extremely poor, and therefore, almost no
commercial oil and gas flow can be obtained under conven-
tional recovery method. Horizontal well and hydraulic frac-
turing are proved to be the key techniques for efficiently
developing unconventional oil and gas reservoirs [1, 2]. As
the artificial fractures caused by massive hydraulic fracturing
and natural fractures form a complicated fracture system
near wellbore, the percolation mechanism and production
performance of multistage fractured horizontal wells are
different from conventional fractured horizontal wells. It
is extremely necessary to study the percolation mechanism

and production performance of multistage fractured hori-
zontal wells in tight oil reservoirs, in order to maximize
its productivity.

A variety of researches have been made on behavioral
characteristics and evaluation and productivity of fractured
horizontal wells since the 1990s. Early studies were mainly
based on single fracture caused by conventional fracturing
and analyzed development effect, transient pressure, and
behavioral characteristics of fractured horizontal wells [3–8].
Fractured horizontal wells have recently been widely used to
develop unconventional reservoirs and lead to a more com-
plicated percolation theory. Wang et al. [9] built the cou-
pling model for stepwise inflow into fractures, stepwise
inflow into horizontal wellbore, and percolation in the reser-
voir for fractured horizontal wells. Lian et al. [10] presented
a transient model in which fractured horizontal wellbore is
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coupled with a box anisotropic reservoir of low permeability.
By using Green function and Newman integral principle,
Sun et al. [11] built a transient model for fractured horizon-
tal wells in which the reservoir is coupled with horizontal
wellbore, and the flow is fed by the matrix and the artificial
fractures. Valkó and Amini [12] and Zhu et al. [13] pre-
sented a productivity evaluation model for fractured hori-
zontal wells in a box reservoir of low permeability with
discrete volume-source method and presented a model for
complicated fractures near multistage fractured horizontal
wellbores in single porosity medium with slab-source
method, assuming that the dominant flow regime in the
fractures is radial flow [14]. Yao et al. presented a semiana-
lytical model for multistage horizontal wells in which the
pressure drawdown in horizontal wellbore is coupled with
the reservoir, taking account of the finite conductivity of
the fractures with point-source function method [15].
Researches above are all based on conventional plane frac-
ture, and fail to taking account of the coupling of natural
fractures and artificial fractures. Zhao et al. [16] and Guo
et al. [17] presented a transient percolation model for multi-
stage horizontal wells in shale gas reservoirs with dual-
porosity medium assuming that the artificial fractures are
infinitely conductive. Brown et al. [18] and Imad et al. [19]
developed a tri-linear model for multi-stage fractured hori-
zontal wells with composite zoning, assuming the near well-
bore region to be dual-porosity medium. Based on the tri-
linear model. Stalgorova and Mattar [20, 21] proposed
composited models with three zones and five zones, respec-
tively. The abovementioned method to deal with natural
fractures is inconsistent with the actual microseismic moni-
toring materials, and the flow in the fractures is not taken
into account [22, 23].

On basis of the current research of fractured horizontal
wells, this article builds a transient model in dual-porosity
medium for multistage horizontal wells in tight oil reser-
voirs which takes into account of finite conductivity in
the artificial fractures. The model is solved by using the
source function method and superposition principle.
Meanwhile, type curves are plotted to identify different
flow regimes, and influential factors of transient pressure
are analyzed as well. The structure of the article is as fol-
lows. First, the physical model is presented. Then, a math-
ematical model is built on the basis of the physical model,
and the related characteristics of the curve are further ana-
lyzed. Finally, it is applied in the actual block.

2. Physical Model

After tight oil reservoirs are artificially fractured, the natural
fractures and artificial fractures form a complicated fracture
system, and the whole reservoir can be viewed as a dual-
porosity medium composed of the matrix and the fracture
system. The transient flow from the reservoir to the wellbore
can be divided into two parts: the flow from the matrix to the
fractures and the flow in the fractures. The pressure at any
point in the formation at any time and the flow rate of every
fracture grid can be obtained by coupling the pressure and
the flow rate of the two flow regimes at the fracture surface.
The physical model is shown in Figure 1. Some basic assump-
tions are given as follows:

(1) The reservoir is homogeneous and laterally infinite,
with uniform thickness and impermeable parallel
boundaries at the top and the bottom. The thickness
of the reservoir is h, the porosity is ϕ, the average per-
meability is k, and the artificial permeability is kf

(2) The reservoir rock and fluid are slightly compressible.
The total compressibility is ct , and the viscosity of the
fluid is μ. The storage of the fractures is neglected

(3) The artificial fractures cut across the entire reservoir
and traverse along the direction of the maximum
horizontal principal stress. There are M artificial
fractures which are uniformly spaced. The dis-
tance between each two neighboring fractures is
L. Half-length of these fractures is, respectively,
xf 1, xf 2,⋯, xfM, and the conductivity is kf ⋅w

3. Mathematical Model

3.1. Reservoir Flow Model. The top and bottom boundaries of
the reservoir are impermeable, and the reservoir is laterally
infinite. The natural microfractures and the artificial frac-
tures form a fracture network. Half-length of the artificial
fractures is discretized into N segments equally as shown in
Figure 2. The coordinate of the midpoint of discrete segment
ði, jÞ is ðxmi j, ymi jÞ, and the coordinate of the starting point

and the end point is ðxij, yi,jÞ and ðxi j+1, yi,jÞ, respectively.
Therefore, the pressure at the number i discrete fracture seg-
ment caused by any discrete fracture segment in any artificial
fracture in the reservoir is

2xf

w L

h

y

x
z

Figure 1: The physical model for multistage fractured horizontal wells.
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pDi tDð Þ = 〠
M⋅2N

j=1

ðtD
0
qfDj τð ÞpDi,j′ xD, yD ; tD − τð Þdτ: ð1Þ

The total flow rate from the reservoir to each discrete
segment in each fracture is the production rate of the hor-
izontal well:

〠
M⋅2N

j=1
qfDj tDð Þ = 1: ð2Þ

Transform Eq. (1) and Eq. (2) to Laplace space as
follows:

〠
M⋅2N

j=1
�qfDi,j sð Þ =

1
s
, ð3Þ

�pDi sð Þ = 〠
M⋅2N

j=1
s�qDi�pDi,j xD, yDð Þ: ð4Þ

According to the study of Ozkan and Raghavan [22], pres-
sure drawdown at a particular point in the reservoir caused by
linear source in Laplace domain space is

�pDi,j xD, yDð Þ = 1
sΔxfD

ðxDi, j+1
xDi, j

K0
ffiffiffiffiffiffiffiffiffi
f uð Þ

p�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xD − xmDj − x
� �2 + yD − ymDj

� �2r �
dx,

ð5Þ

where the dimensionless variables are defined as follows:

xD = x
L
,

yD = y
L
,

xwD = xw
L
,

ywD = yw
L
:

ð6Þ

There are M ⋅ 2N equations satisfying Eq. (4). The matrix
form is

sp1,1 ⋯ sp1,j ⋯ sp1,M⋅2N

⋮ ⋮ ⋮

spi,1 ⋯ spi,j ⋯ spi,M⋅2N

⋮

spM⋅2N,1 ⋯

⋮

spM⋅2N,j ⋯

⋮

spM⋅2N,M⋅2N

2
66666666664

3
77777777775

⋅

qfD1,1

⋮

qfDi,j

⋮

qfDM⋅2N

2
6666666664

3
7777777775
=

pfD1,1

⋮

pfDi,j

⋮

pfDM⋅2N

2
66666666664

3
77777777775
:

ð7Þ

3.2. Model for the Flow in the Fractures with Finite
Conductivity. As dominant flow regime in the fracture is tran-
sient flow as shown in Figure 3, the one dimensional flow
equation for one particular fracture can be expressed in a
dimensionless form as Eq. (8):

x1,2N + 1

x1,2N
xm1,2N

xi,2N + 1

xi,2N
xmi,2N

xm,2N + 1

xm,2N
xmM,2N

x1,2

x1,1

xm1,1

xi,j + 1

xi,j

xi,2

xi,1

xmi,j

xmi,1

xM,2

xM,1

xmM,1

1 Mi

Figure 2: Discretion of fracture network.
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∂2pfD
∂xD2 −

2π
CfD

qfD xD, tDð Þ
ΔxfD

= 1
ηf D

∂pfD
∂tD

, ð8Þ

where qfDðxD, tDÞ is the dimensionless flow rate from the res-
ervoir into one unit fracture length. The end of the fracture is
impermeable, and the production of the producing well is con-
stant. The total amount of the production from all the frac-
tures into the wellbore is the production of the producing
well. Transforming Eq. (8) in Laplace domain space, we can
obtain the following equation:

∂2�pfD
∂xD2 −

2π
CfD

�qfD xD, sð Þ
ΔxfD

= s
ηf D

�pfD: ð9Þ

Discretize Eq. (9) for the discrete segment as showed in Eq.
(10) and rearrange it as follows:

�pfDi,j−1 sð Þ − 2�pfDi,j sð Þ + �pfDi,j+1 sð Þ
ΔxfD2 −

2π
CfD

�qfDi,j xDi,j, s
� �
ΔxfD

= s
ηf D

�pfDi,j:

ð10Þ

Rearrange Eq. (10) as follows:

�pfDi,j−1 sð Þ − 2 +
s ⋅ ΔxfD2

ηf D

 !
�pfDi,j sð Þ + �pfDi,j+1 sð Þ

=
2π ⋅ ΔxfD

CfD
�qfDi,j xDi,j, s

� �
:

ð11Þ

The discrete fracture grids are divided into three types: the
grid at the end of the fracture, interior grids, and the grids con-
necting with the wellbore. The discretized equation for the
grids at the end of the fracture is

�pfDi,2 sð Þ − 1 +
s ⋅ ΔxfD2

ηf D

 !
�pfDi,1 sð Þ = 2π ⋅ ΔxfD

CfD
�qfDi,1 xDi,1, sð Þ:

ð12Þ

The equation for the interior fracture grid is

�pfDi,j−1 sð Þ − 2 +
s ⋅ ΔxfD2

ηf D

 !
�pfDi,j sð Þ + �pfDi,j+1 sð Þ

=
2π ⋅ ΔxfD

CfD
�qfDi,j xDij, s

� �
:

ð13Þ

The equation for the grids connecting with the wellbore is

8
3
�pwD sð Þ − 4 +

s ⋅ ΔxfD2

ηf D

 !
�pfDi,N sð Þ + 4

3
�pfDi,N−1 sð Þ

=
2π ⋅ ΔxfD

CfD
�qfDi,N xDi,N , sð Þ:

ð14Þ

Tackling the boundary condition and combining the
above N equations result the following matrix equation for
the flow in the fracture:

− 1 + αð Þ 1 0 ⋅ ⋅ ⋅ 0 0

1 − 2 + αð Þ 1 ⋅ ⋅ ⋅ 0 0

0 1 − 2 + αð Þ ⋅ ⋅ ⋅ 0 0

0 0 0

⋱
4
3 − 4 + αð Þ

2
666666666664

3
777777777775

⋅

pfDi,1

pfDi,2

pfDi,3

⋅

pfDi,N

2
66666666666664

3
77777777777775
= β

qfDi,1

qfDi,2

qfDi,3

⋅

qfDi,N

2
66666666666664

3
77777777777775
+

0

0
0
⋅

0

−
8
3 pwD

2
66666666666664

3
77777777777775
,

ð15Þ

where α = s ⋅ ΔxfD2/ηf D and β = 2π ⋅ ΔxfD/CfD. The dimen-
sionless variables are

H
or

iz
on

ta
l w

el
l

qi,j + 1

Xi,j

Xmi,j – 1 Xmi,j Xmi,j + 1

Xi,j – 1 Xi,j + 1

qi,jqi,j – 1

Figure 3: Schematic of discrete fracture segments.
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tD = kt

ϕμctL
2 ,

ΔxfD =
Δxf
L

,

ηf D =
kfϕct
kϕcft

,

CfD =
kf w

kL
,

qfD =
qf
qw

,

pD = 2πk pi − pð Þ
μqw

:

ð16Þ

3.3. Solution for the Coupling Model of the Reservoir and the
Fractures. Combining the flow equations for the reservoir
(Eq. (7)), the equation for the flow in the fracture (Eq.
(15)) results in the following matrix equation for cou-
pling flow:

BA − C

0
⋮

0
⋮

8
3

s ⋯ s ⋯ s 0

2
6666666666664

3
7777777777775
⋅

qMfD1,1

⋮

qMfDi,j

⋮

qMfDM⋅2N

pwD

2
666666666664

3
777777777775
=

0
⋮
0
⋮
0
1

2
66666666664

3
77777777775
:

ð17Þ

In which, the matrix A is

A =

sp1,1 ⋯ sp1,j ⋯ sp1,M⋅2N

⋮ ⋮ ⋮

spi,1 ⋯ spi,j ⋯ spi,M⋅2N

⋮

spM⋅2N,1 ⋯

⋮

spM⋅2N,j ⋯

⋮

spM⋅2N,M⋅2N

2
666666664

3
777777775
:

ð18Þ

The matrix B is

B =

− 1 + αð Þ 1 0 ⋅ ⋅ ⋅ 0 0
1 − 2 + αð Þ 1 0 0
0 1 − 2 + αð Þ ⋅ ⋅ ⋅ ⋅ ⋅

⋱ 0 0

0 0 0 4
3 − 4 + αð Þ

0 0 0 4
3 − 4 + αð Þ

⋰ 0 0
0 1 − 2 + αð Þ ⋅ ⋅

1 − 2 + αð Þ 1 ⋅ ⋅ ⋅ 0 0
− 1 + αð Þ 1 0 ⋅ ⋅ ⋅ 0 0

2
66666666666666666666666664

3
77777777777777777777777775

:

ð19Þ

The matrix C is β ⋅ I, and I is a unit matrix whose
dimension is M ⋅ 2N ×M ⋅ 2N.

Solving Eq. (17) with Newton iteration method results in
the bottom hole pressure and production distribution in
Laplace domain space for any fracture long the multistage
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Figure 4: Type curves for multistage fractured horizontal wells in tight oil reservoirs.
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fractured horizontal well. The solution in the real space is
obtained by Stehfest inversion [24]. If the artificial fracture
is viewed as infinitely conductive, Eq. (7) and Eq. (3) can be
combined to solve the model for multistage fractured hori-
zontal wells with infinite conductivity.

4. Characteristic of Type Curves and
Sensitivity Analysis

The coupling equation is solved, and the type curves are con-
structed for the pressure and differential of pressure in mul-
tistage fractured horizontal wells in tight oil reservoirs as
shown in Figure 4. There are six flow regimes: (1) the flow

from the fracture into the wellbore, (2) the linear flow in
the fracture (the first linear flow period), (3) the crossflow
from the matrix to the fracture, (4) the radial flow around
the fracture (the first radial flow period), (5) the linear flow
from outside of the reservoir to fractured region (the second
linear flow period), and (6) the boundary-dominant radial
flow (the second radial flow period).

Figure 5 shows the effect of finite conductivity on the
pressure behavior of multistage fractured horizontal wells
in tight oil reservoirs. It is observed that the conductivity
has a significant influence on the pressure behavior in the ini-
tial production period. The pressure and differential of pres-
sure become smaller as the conductivity of fractures

tD
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Figure 5: Effect of conductivity of fractures on pressure behavior of multistage fractured horizontal wells.
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Figure 6: Effect of storability ratio on pressure behavior of multistage fractured horizontal wells.
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increases. Once the conductivity is large enough, the pressure
drawdown in the fracture can be neglected, and the model is
reduced to infinite conductivity model. Therefore, increasing
fracturing intensity is an effective way to maximize the initial
productivity of fractured horizontal wells.

Figure 6 shows the effect of storability ratio on pressure
behavior of multistage fractured horizontal wells in tight oil
reservoirs. Storability ratio influences the duration of cross-
flow from the matrix to the fracture system. The duration
increases, and the “concavity” gets deeper when storability
ratio decreases.

Figure 7 shows the effect of the interporosity flow coeffi-
cient on pressure behavior of multistage fractured horizontal

wells in tight oil reservoirs. The interporosity flow coefficient
influences the duration of first linear flow, the time when the
crossflow from the matrix to the fracture begins and the time
when the first radial flow begins. As the interporosity flow
coefficient decreases, the duration of first linear flow
decreases, the “concavity” comes out later, and the first radial
flow begins later. When the interporosity flow coefficient is
big enough, the first radial flow is overwhelmed, and the flow
regime switches to the second linear flow directly.

Figure 8 shows the effect of fracture quantity on pressure
behavior of multistage fractured horizontal wells in tight oil
reservoirs. The quantity of fractures has a significant influ-
ence on the pressure behavior of fractured horizontal wells

tD

𝜆 = 1, 5, 10

1.E – 4

1.E – 3

1.E – 2

1.E – 1

1.E + 0

1.E + 1

1.E – 8 1.E – 6 1.E – 4 1.E – 2 1.E + 0 1.E + 2 1.E + 4

P
w
D

, P
w
D

, t
D



Figure 7: Effect of interporosity flow coefficient on pressure behavior of multistage fractured horizontal wells.
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Figure 8: Effect of quantity of fractures on pressure behavior of multistage fractured horizontal wells.
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in the early and midterm period. The stimulated region near
wellbore becomes larger under more fractures, and thus, the
filtrational resistance decreases, and the productivity of frac-
tured horizontal wells increases.

Figure 9 shows the effect of fracture spacing on pressure
behavior of multistage fractured horizontal wells in tight oil
reservoirs. The fracture spacing has a significant influence
on the duration of first radial flow in the midterm to late
period. The duration of the first radial flow increases as the
fracture spacing increases. Once the fracture spacing is too
small, the interference between fractures is intensified, and
thus, the first radial flow period is overwhelmed.

5. Field Example

In order to verify the correctness of the model, a test case of
an oil field is taken for verification. The basic parameters of
the reservoir are as follows. The average effective thickness
and porosity is 35m and 0.18. The wellbore radius is 0.1m.
The horizontal interval length is 80m. Crude oil viscosity
and volume coefficient are 2MPa·s and 1.02. The compre-
hensive compressibility coefficient is 9:2 × 10−4MPa-1, and
pretest production is 54m3/d. The model presented in this
paper is applied, and the genetic algorithm is used to auto-
matically fit the theoretical pressure response and the
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Figure 9: Effect of fracture spacing on pressure behavior of multistage fractured horizontal wells.
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Figure 10: Fitting diagram of theoretical curve and actual curve of test well.
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measured pressure response. The fitting results are shown in
Figure 10. The average reservoir permeability is 180 × 10−4
μm2. The elastic storage capacity ratio is 0.199. The channel
flow coefficient is 9:89 × 10−6. The fracture number is 3,
and the fracture half-length is 62m.

6. Summary and Conclusions

(1) A new analytical model for multistage fractured hor-
izontal wells in tight oil reservoirs with dual-porosity
medium is built, in which the fracture assumed to be
finitely conductive. The type curves are constructed
for pressure behavior in multistage fractured hori-
zontal wells by numerical inversion

(2) The conductivity of artificial fractures has a signifi-
cant influence on the initial production period of
multistage fractured horizontal wells. As the conduc-
tivity increases, the pressure drawdown in fracture
decreases, which leads to a higher initial productivity

(3) The storability ratio affects the duration of the cross-
flow from the matrix into the fracture. The duration
of crossflow increases with the decrease of storability
ratio. The interporosity flow coefficient influences the
time when the fluid starts to flow from the matrix
into the fracture. As the interporosity flow coefficient
becomes smaller, the duration of the first linear flow
decreases, the “concavity” comes out earlier, and the
first radial flow period begins earlier

(4) The quantity of fractures has an influence on the
midterm pressure behavior. The productivity of hor-
izontal wells increases with the increase of fractures.
The interference between fractures is intensified
under smaller fracture spacing. When the fracture
spacing is too small, the first radial flow period is
overwhelmed

Nomenclature

ϕ: Porosity, dimensionless
pi: Initial formation pressure, MPa
xf : Half-length of artificial fracture, m
kf : Permeability of fracture, mD
w: Fracture width, m
qi,j: Flux per unit length of discrete segment ði, jÞ,

m3/s
xmi,j, ymi,j: Coordinates of midpoint of discrete segment ði, jÞ
L: Spacing of hydraulic fractures, m
CfD: Dimensionless conductivity of hydraulic

fractures
ω: Storativity ratio
μ: Fluid viscosity, mPa·s
pW : Wellbore pressure, MPa
k: Reservoir permeability, mD
h: Reservoir thickness, m
tD: Dimensionless time
ði, jÞ: The jth discrete segment of the ith fracture

xi,j, yi,j: Coordinates of endpoint of discrete segment ði, jÞ
M: Number of hydraulic fractures
N : Number of segments on the wing of each fracture
λ: Interporosity flow coefficient.

Data Availability

The (A Practical Solution Model for Transient Pressure
Behavior of Multi-stage Fractured Horizontal Wells with
Finite Conductivity in Tight Oil Reservoirs) data used to sup-
port the findings of this study are included within the article.
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