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The reservoir anisotropy, perforating skin, and the compressibility of rock and fluids are important factors affecting horizontal
well productivity. In this research, the finite volume method is adopted to develop a three-dimensional unsteady productivity
prediction model for horizontal wells. An improved Peaceman well model is used to predict the productivity of horizontal
wells. The influence of parameters, including the plane anisotropy, horizontal well length, and perforation skin on productivity
were studied and the production law for horizontal wells was further analyzed. The accuracy of the model is verified by CMG
reservoir simulation software. The following conclusions are obtained from study: first, the speed of pressure propagation in
homogeneous and isotropic reservoir is faster than the anisotropic reservoir. Second, the flow rate of the horizontal well is U-
shaped along the horizontal wellbore, and the contribution of perforation sections at both ends of horizontal wells to the total
production is greater than that in the middle of horizontal wells. With the continuous production, the contribution of
perforation sections at both ends gradually increases. Third, the accumulative production of a horizontal well increases with an
increase in rock compressibility. The main reason is that with the increase of the elastic energy in reservoir, the accumulative
production of the horizontal well under the same conditions gets higher. The proposed model can be used to predict pressure
and production distribution for horizontal well in anisotropic reservoirs.

1. Introduction

Horizontal wells increase the contact area between well-
bores, and improve the ultimate oil and gas recovery, which
have been widely used in the petroleum engineering field
nationally and internationally. Since the 1950s, scholars have
conducted many in-depth studies on models for predicting
horizontal well productivity [1]. The main research methods
can be divided into four categories: (1) experimental simula-
tions based on the similarity principle for hydropower; (2)
analytical models; (3) semianalytical models; and (4) numer-
ical models. Generally, a hydropower simulation can only
obtain the steady-state productivity of horizontal wells in
isotropic reservoirs, and experimental results are often used
for qualitative analysis [2–5]. Analytical models are generally
constructed based on potential function theory [6–9], and

there are many assumptions in the models. Some represen-
tative models are the Giger model [10] and Joshi model
[11]. Many improvements and refinements have been made
to the Josh model by domestic and foreign scholars. The
analytical model equation is simple and provides an impor-
tant theoretical basis for early scholars to quickly understand
the production law for a horizontal well. However, this
model can only predict the steady-state productivity of hor-
izontal wells. Most semianalytical models are constructed
based on the theory of source functions; the source functions
established by Griengaten (1973) [12] and Ozkan [13] are
the most widely used. The former is mainly applied to the
seepage problem for a single medium reservoir, while the lat-
ter is mainly applied to a dual medium reservoir with natural
fractures. The semianalytical model can calculate the
unsteady productivity of horizontal wells, which is
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convenient to consider the influence of reservoir anisotropy,
but it is difficult to consider the influence of negative perfo-
ration skin [14]. Comparatively speaking, so complex are the
numerical modeling and solving that the model’s solving
ability is much higher than that of the above three methods
[15–17]

The mechanical properties of porous media, providing
reservoir space for fluid, have an important effect on oil well
production. The early studies mainly focused on the percola-
tion behavior of fluid in pores, while the rock matrix was
regarded as a rigid percolation channel with little consider-
ation of the mechanical properties of each system. Terzaghi
[18] was the first to describe the phenomenon of coupling
between solid deformation and fluid flow and put forward
the concept of effective stress. Biot [19] established the
three-dimensional consolidation theory by analyzing the
rule for the action of the pore pressure on triaxial deformed
materials. Aimed at making this theory consistent with the
traditional seepage model, Geertsma [20], Verruijt [21],
Chen et al. [22], and other scholars redefined and inter-
preted Biot’s theory, and proposed the isotropic stress-
seepage coupling model for a single pore. According to the
references, few scholars have considered the fluid–structure
coupling of porous media in anisotropic reservoirs [23–26]
to establish a three-dimensional unsteady productivity
model for horizontal wells.

By utilizing the finite-volume method, this paper intro-
duces a three-dimensional unsteady productivity-prediction
model developed for horizontal wells in anisotropic reser-

voir. The equivalent permeability and equivalent reservoir
radius is used for characterizing the reservoir anisotropy.
Moreover, a new porosity formula is proposed considering
the rock plastic deformation. In addition, perforated skin is
used to consider the effect of perforation. The influence of
the reservoir anisotropy, perforation skin and horizontal
well length on the production law for horizontal wells were
analyzed, which provides a theoretical basis for understand-
ing the production performance of horizontal wells.

2. Physical Model Description

The physical model of the reservoir is shown in Figure 1. A
horizontal well producing at a constant rate is located at an
arbitrary position in the reservoir. The reservoir permeabil-
ity anisotropy takes into account the compressibility of res-
ervoir rocks and fluids. The fluid is slightly compressible
and obeys Darcy’s law. It is assumed that the reservoir pres-
sure is constant before production and that the reservoir
temperature is constant during production. The influence
of gravity is ignored.

3. Mathematical Model

In the productivity prediction model, the equivalent perme-
ability and equivalent reservoir radius are calculated for res-
ervoir anisotropy. A new porosity formula considering the
plastic deformation of rock is proposed. An improved Peace-
man well model is proposed for the inner boundary condi-
tions of the model. In addition, perforated skin and rock
deformation are also considered in this model, due to which
the model is complicated and needs to be solved by FVM
and Newton–Raphson iterative method.

The three-dimensional reservoir was separated into
orthogonal grids, and the schematic diagram for any grid
is shown in Figure 2.

The volume of the element body is Ω, and the external
surface area of the element body is denoted as ∂Ω. The
lengths of the element body in the X, Y , and Z directions
are △x, △y, and △z.

3.1. Continuity Equation. The fluid mass conservation equa-
tion is

∂
∂t

ð
Ω

φρdx! +
ð
∂Ω
ρν
! ⋅ n!ds =

ð
Ω

qwdx
!
: ð1Þ

In Equation (1), the first term on the left represents the
rate of the mass change caused by the fluid density change
in the unit, and the second term on the left represents the
rate of the mass change caused by the fluid flow out of the
unit. The right end represents the mass change caused by
the source term.

In Equation. (1), φ is the porosity; ρ is the fluid density,
kg/m3; ν

!
is the fluid velocity, m/s; n! is the surface normal

vector; and qw is the source term, kg/s.

Z-axis

Y-axis
X-axis

Figure 1: Schematic diagram of physical model of a horizontal well
in three-dimensional box-like reservoir.

Figure 2: Arbitrary discrete element in a three-dimensional
reservoir.
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Figure 3: Comparison between the calculation results of the model and CMG software.

(a) 20-day pressure cloud map (b) 51-day pressure cloud map

(c) 101-day pressure cloud map (d) 203-day pressure cloud map

11 11.5 12 12.5 13 13.5

Figure 4: Pressure cloud diagram of horizontal wells in homogeneous reservoirs at different production times.

Table 1: Summary of basic reservoir parameters.

(a)

X Length, m Y Length, m Z Length, m Porosity, % Permeability, mD Rock Compressibility, MPa-1

1000 1000 40 15 30 10-6

(b)

Initial formation pressure,
MPa

Fluid viscosity,
mPa∙s

Fluid density,
Kg/m3

Fluid compressibility,
MPa-1

Constant pressure
production, MPa

Skin
coefficient

1000 1000 40 15 30 10-6
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Based on the Gaussian divergence theorem, the above
equation can be written as

ð
Ω

∂
∂t

φρ+∇ ⋅ ρν
!� �� �

dx! =
ð
Ω

qwdx
!
: ð2Þ

In Equation (2), ∇⋅ ðÞis the divergence symbol.
It can be further written as

∂ φρð Þ
∂t

+∇ ⋅ ρν
!� �

= qw: ð3Þ

3.2. Equation of Motion. The fluid movement in the reser-
voir satisfies the Darcy flow equation, as shown as

ν
! = −

K
μ
∇p: ð4Þ

In Equation (4), K is the reservoir permeability, m-2; μ is
the viscosity of crude oil, Pa.s; ▽is the gradient symbol; P is
the pressure, Pa; and g is the gravity, m/s2.

Considering the reservoir anisotropy, the permeability is

K =
Kx 0 0
0 Ky 0
0 0 Kz

0
BB@

1
CCA: ð5Þ

3.3. Equation of State. Assuming that both the rock and fluid
are weakly compressible, the relationship between the poros-
ity, density, and pressure is as follows:

φ pð Þ = φ0e
cr p−p0ð Þ: ð6Þ

In Equation (6), φ0is the porosity under the reference
pressure; cr is the rock compression coefficient, pa-1; and
p0 is the reference pressure, pa.

3.4. Rock Plastic Deformation. The change in the total vol-
ume of the rock and soil minus the expansion term (that
is, the change in the volume of the rock and soil particles)
is the change in the pore volume.

ΔVp = ΔVb − ΔVr: ð7Þ

In Equation (7), ΔVpis the change in the rock and soil
pore volume, m3; ΔVbis the volume change for the rock
and soil, m3; andΔVr is the volume change for the rock
and soil matrix, m.

Therefore, the new porosity is

ϕ =
Vp + ΔVb − ΔVrð Þ

Vb + ΔVb
: ð8Þ

(a) 20-day pressure cloud map (b) 51-day pressure cloud map

(c) 101-day pressure cloud map (d) 203-day pressure cloud map

11 11.5 12 12.5 13 13.5

Figure 5: Pressure cloud diagram of horizontal well in anisotropic reservoir at different production times.

(a) 20-day pressure cloud map (b) 51-day pressure cloud map

(c) 101-day pressure cloud map (d) 203-day pressure cloud map

11 12 13 14 15 16 17 18

Figure 6: Pressure cloud diagram of horizontal well in anisotropic
reservoir at different production times.
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In Equation (8), Vp is the rock pore volume, m3, and φ is
the porosity.

The ratio of the new permeability to the original perme-
ability is

K
K0

=
ϕ/kxSp2

ϕ0/kxSp02
=
ϕSp0

2

ϕ0Sp
2 ð9Þ

In Equation (9), K is the new absolute permeability, m2;
K0 is the original permeability, m2; Sp is the specific surface
area, m2/m3; and Sp0 is the original specific surface area, m

2/
m3.

3.5. Boundary Conditions. The outer boundary is a closed
boundary condition

ν
! ⋅ n! = 0 x! ∈ ∂Ω: ð10Þ

An improved Peaceman well model is used for the inner
boundary

qw = Keh
μB ln re/rwð Þ + S½ � Pe − Pwf

À Á
: ð11Þ

In Equation (11), qw is the flow rate of the perforating
section, m3/s; B is the volume coefficient of crude oil, m3/
m3; Ke is the equivalent permeability, m-2; h is the mesh
thickness of the well, m; re is the equivalent reservoir radius,
m; rw is the wellbore radius, m; S is the skin coefficient; Pe is
the equivalent reservoir pressure, Pa; and Pwf is the bottom-
hole flow pressure, Pa.

For anisotropic reservoirs, the equivalent permeability is

Ke =
ffiffiffiffiffiffiffiffiffiffiffi
KxKy

q
: ð12Þ

(a) 20-day pressure cloud map (b) 51-day pressure cloud map

(c) 101-day pressure cloud map (d) 203-day pressure cloud map

12.5 13 13.5 14 14.5

Figure 7: Pressure cloud diagram of horizontal well in anisotropic reservoir at different production times.
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For the anisotropic horizontal well, its equivalent reser-
voir radius is

re = 0:28 Kz/Kxð Þ1/2 Δxð Þ2Â Ã
+ Kx/Kzð Þ1/2 Δzð Þ2Â ÃÈ É1/2

Kz/Kxð Þ1/4 + Kx/Kzð Þ1/4 :

ð13Þ

3.6. Initial Conditions. The initial reservoir pressure is equal

P t = 0ð Þ = Pr: ð14Þ

In Equation (14), Pr is the initial reservoir pressure, pa.

4. Solution of Mathematical Model

Assuming that the reservoir is separated into M units and N
perforation sections, there are M+N + 1 unknowns for this
physical problem, which are the flow pressure of the M
units, the flow pressure of the N perforation sections, and
the wellhead flow pressure, respectively. Equation (2) is sim-
plified in conjunction with (4-6), and discretized in time, the
mass conservation equation for M units is

Pn+1 − Pn

Δt
−

1
ctμφ

∇ ⋅ K∇ Pn+1À ÁÀ Á
− qnw = 0: ð15Þ

In Equation (15), the superscript n is the nth time step
(known); n + 1 is the n + 1-th time step (unknown); qw is
the perforating flow rate (unknown), kg/s; and ct is the com-
prehensive compression coefficient, and the expression is

ct = cr + cf : ð16Þ

N equations can be obtained by using Equation (11),
M +N equations can be obtained by combining Equation
(15), M +N + 1 equations can be constructed by combining
with constant pressure production, the number of equations
is equal to the number of unknowns, and the solution of the
equations can be obtained by using the Newton–Raphson
iterative method.

5. Correctness Verification and Result Analysis

5.1. Basic Reservoir Data. The three-dimensional box-shaped
reservoir size was 1000m × 1000m × 40m, the horizontal
well length was 220m, the horizontal well location coordi-
nate for the x-axis was 500m, and that for the z-axis was
20m. The well root is located in the y-axis at 400, and the
well toe is located in the y-axis at 600m (that is, the horizon-
tal well is located in the middle of the box-shaped reservoir).
The other basic parameters of reservoirs are shown in
Table 1.

5.2. Model Correctness Verification. Based on the data in
Table 1, the CMG 2015 IMEX black oil module was used
to verify the correctness of the model. The simulation results
are shown in Figure 3. The simulation comparison results
show that there is a little difference between the two models
in the early stage of simulation, and the difference becomes
increasingly small with the advance of production. The little
difference is caused by the error of numerical method to
solve the seepage equation, resulting in small errors in the
results. Therefore, the model solution is basically consistent
with the results of the CMG simulation.

5.3. Analysis of Pressure-Propagation Law of
Horizontal Wells

5.3.1. Homogeneous Reservoir. The reservoir is an isotropic
reservoir, and the basic data are shown in Table 1. When
the horizontal well is in production for 20 days, 51 days,
101 days, and 203 days, the pressure cloud diagram is as
shown in Figure 4. As can be observed from the figure, the
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reservoir pressure spreads outwards in an elliptical shape.
With the progress of production, the pressure distribution
becomes more widespread, with the lowest reservoir pres-
sures near the well area.

5.3.2. Anisotropic Reservoir when Kx = 3mD. The other basic
data for when Ky = Kz = 30mD andKx = 3mD are shown in
Table 1. The pressure cloud diagrams for horizontal wells
over 20 days, 51 days, 101 days, and 203 days of production
are shown in Figure 5. Compared with homogeneous reser-
voirs, the pressure-propagation velocity in the x-axis direc-
tion is slower and the pressure propagation in the y-axis
direction is faster due to the significant decrease
permeability.

5.3.3. Anisotropic Reservoir when Ky = 3mD. The other basic
data for when Kx = Kz = 30mD and Ky = 3mD are shown in

Table 1. The pressure cloud diagrams of the horizontal wells
at 20 days, 51 days, 101 days, and 203 days of production are
shown in Figure 6. Compared with homogeneous reservoirs,
the pressure-propagation velocity in the y-axis direction is
slower and the pressure-propagation velocity in the x-axis
direction is faster due to the significant decrease in the per-
meability in the y-axis direction.

5.3.4. Anisotropic Reservoir when Kz = 3mD. The other basic
data for when Kx = Ky = 30mD and Kz = 3mD are shown in
Table 1. The pressure cloud diagrams for horizontal wells
over 20 days, 51 days, 101 days, and 203 days of production
are shown in Figure 7. The pressure propagation is similar to
that for homogeneous reservoirs, but the overall pressure
drop rate decreases, which can be further observed in
Figure 8.

The change in the average reservoir pressure under four
geological conditions is shown in Figure 8. The average for-
mation pressure for the homogeneous reservoir shows the
fastest decrease when Kx = 3mD. It can also be concluded
from Figure 8 that horizontal wells are more sensitive to
changes in plane permeability than those in vertical perme-
ability. In the case of anisotropic plane permeability, only
when horizontal wells are arranged in the direction of the
maximum plane permeability can high productivity be
obtained. The above knowledge can also be obtained
through the daily production curve for horizontal wells (as
shown in Figure 9).

5.4. Sensitivity Analysis of Plane Anisotropy. From Section
5.2, it is clear that plane anisotropy has a great impact on
horizontal well development, so Kx/Ky is defined as the
plane anisotropy coefficient. Other data are shown in
Table 1. When the plane anisotropy coefficient is 1, 2, 5, or
10, respectively, the variation of the daily production and
cumulative production of the horizontal well is as shown
in Figures 10 and 11. As shown, when horizontal wells are
producing at a constant bottomhole flow pressure, the
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smaller the plane anisotropy coefficient is, the higher the ini-
tial production of horizontal wells will be, but the faster the
production declines. The smaller the plane anisotropy coef-
ficient is, the faster the accumulated production of horizon-
tal wells will increase in the early stage, but the more slowly
it will increase in the later stage.

5.5. Sensitivity Analysis of Horizontal Well Length. The other
data for when the horizontal well length is 220m, 320m,
440m, 560m, and 680m are shown in Table 1, and the
cumulative production changes for horizontal wells are
shown in Figures 12 and 13. It can be seen that when the
horizontal well is producing at a constant bottomhole flow
pressure, the length of the horizontal well is larger. The ini-
tial production of the horizontal well is higher, but the faster

the production declines. The length of the horizontal well is
larger, the accumulated production of the horizontal well
increases faster in the early stage, and the increase in the
later stage is slower.

5.6. Sensitivity Analysis for Perforation Skin. The semianaly-
tical model for horizontal well productivity prediction is
prone to erroneous results when simulating negative perfo-
ration skin. The numerical model developed in this study
overcomes this shortcoming and simulates other data when
the perforation skin is -2, -1, 0, 1, and 2, respectively, as
shown in Table 1, and the productivity change in the hori-
zontal well is as shown in Figures 14 and 15. It is observed
that the smaller the perforating skin coefficient is, the higher
the initial production of horizontal wells will be, while the
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production declines faster. The smaller the perforating skin
coefficient is, the faster the accumulative production of hor-
izontal wells will increase in the early stage, and the slower
the growth will increase in the later stage. The main reason
is that when the perforation skin is negative, the seepage
resistance for the horizontal well reduced. With the increase
of the perforation skin, the discharge area gets smaller, and
the production of the horizontal well becomes lower. It is
an exhaustive exploitation mode for the horizontal well,
therefore the production declines faster in the later stage of
the production.

5.7. Analysis of Flow Rate along the Well. The horizontal well
was 440m long. Other basic data are shown in Table 1 for a
total of 23 horizontal well perforations. When the horizontal
well was produced for 10 days, 20 days, 30 days, 40 days, and
50 days, each perforation flow along the wellbore curve was
as shown in Figure 16. It shows that, with the production
continuing, the flow along the horizontal wellbore became
smaller, but the magnitude of the decrease in the flow rate
was gradually reduced. At different times, the 12th perforat-
ing section in the middle of the horizontal well had the low-
est flow rate, while the perforating sections at both ends had
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the largest flow rate. When the flow rate of the horizontal
well was distributed in the U-shape along the well for 10
days, 20 days, 30 days, 40 days, and 50 days, the relative per-
centage differences between the maximum and minimum
flow rates in the perforating section were 37.88%, 46.11%,
48.08%, 48.59%, and 48.70%, respectively, indicating that
the contribution of perforating sections at both ends of hor-
izontal wells to the total production of horizontal wells
increases.

5.8. Analysis of Horizontal Well Accumulative Production.
The horizontal well was 440m long. Other basic data are
shown in Table 1. When the compressibility of the rock
was 10-3, 10-4, and 10-5 MPa-1, respectively, the cumulative
production curves for the horizontal well were as shown in
Figure 17. It can be observed from Figure 17 that the accu-
mulative production of the horizontal well increased with
an increase in rock compressibility. The main reasons are
the greater compressibility of the rock, the greater elastic
energy of the reservoir. Under the same conditions, the
accumulative production of the horizontal well is higher.

6. Conclusions

By considering the anisotropic, perforation skin, and rock
plastic deformation, the finite-volume method was applied
in this paper to establish a three-dimensional unsteady flow
model for horizontal wells. The reservoir anisotropy is indi-
cated by the equivalent permeability and equivalent reser-
voir radius. And a new porosity equation considering
plastic deformation of rocks is proposed. The CMG reservoir
simulation software was used to verify the correctness of the
model established in this work, and the following conclu-
sions were obtained:

(1) Through simulating the change of average reservoir
pressure under four geological conditions, the aver-

age formation pressure of homogeneous reservoir
has the fastest decrease and the production is the
highest. When anisotropy exists in the reservoir,
horizontal wells must be placed along the direction
of maximum planar permeability to obtain high
production

(2) When the flow rate is U-shaped along the horizontal
wellbore, the contribution of perforating sections at
both ends of the horizontal well is greater than that
in the middle of the horizontal well. The percentage
relative differences between the maximum and min-
imum flow rate in the perforating section are caused
by the decrease of the remaining oil in the middle
horizontal well and the interference between the per-
forated sections

(3) The initial production rate of horizontal wells gets
higher and the accumulative production in the early
stage increases with the decrease of the perforation
skin due to the reduction of seepage resistance in
horizontal well, while the increase of accumulative
production grows slower in the later stage with an
exhaustive exploitation mode of the horizontal well

(4) The accumulative production of a horizontal well
increases with the increase of rock compressibility.
The main reasons are the greater compressibility of
the rock, the greater elastic energy of the reservoir,
and the higher accumulative production of the hori-
zontal well under the same conditions

Data Availability

All data, models, and code generated or used during the
study appear in the submitted paper.
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Figure 17: Variation curve for horizontal well accumulative production.
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