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Hydraulic diffusivity is a fundamental parameter in studying groundwater flow. An analytical solution for groundwater flow
within a finite-length one-dimensional aquifer has been introduced. This analytical solution simplifies the river water level
(RWL) by a piecewise linear function, accurately describing the arbitrary variation pattern. An inversion method for hydraulic
diffusivity has been provided based on the analytical solution. Then, the method was employed to estimate the hydraulic
diffusivity of a limestone aquifer in the Xiluodu reservoir and was verified by the FEFLOW software. The parameter sensitivity
increases with the RWL fast increasing and reaches its peak value when the RWL approaches the maximum value. Given the
sensitivity analysis, great attention should be paid to the stage when RWL fluctuates drastically for estimating hydraulic
diffusivity. The proposed method is flexible to conditions that lack observation data or RWL fluctuating drastically.

1. Introduction

Hydraulic diffusivity is a fundamental hydraulic parameter
of an aquifer, and it is vital for the transient simulation of
groundwater flow. The method of estimating hydraulic dif-
fusivity includes the pumping test, flood wave response anal-
ysis, tidal response analysis, and numerical modelling [1, 2].
Analytical models are essential tools for estimating hydraulic
diffusivity based on river-aquifer interaction [3]. Pinder et al.
[4] proposed a method for calculating the hydraulic diffusiv-
ity, in which a series of discrete steps represented the stage
hydrograph. Shih [5] derived an inversion model for the
inversion of hydraulic diffusivity using a variation of
groundwater. Shapiro et al. [6] proposed a method to esti-
mate the hydraulic diffusivity through fluid-injection-
induced seismic. The conventional approach to studying
hydraulic diffusivity using river-aquifer interaction assumes
that the RWL is a periodical variation [1, 7–9]. In addition
to the above methods, the recently popular nature-inspired
algorithms may be a good choice for estimating hydraulic
diffusivity [10–13].

There is often irregular fluctuation in the process of peri-
odic variation of RWL. Many slight irregular fluctuations
will be ignored when a periodic function fits the RWL. To
reflect the fluctuation characteristics, it is necessary to use
the arbitrary variation function to fit the RWL. Based on
the assumption of an infinite aquifer, some studies have pro-
posed the analytical solution for aquifer water level (AWL)
with the arbitrary variation of RWL [14, 15]. Ramp kernels
were presented by Singh [14] to accurately calculate
responses within an infinite aquifer with an arbitrary RWL.
The ramp kernel function requires a fixed time step, which
sometimes brings difficulties to practical applications. Most
methods estimate the hydraulic diffusivity with the assump-
tion of the infinite-length aquifer [15–18]. However, there is
rarely a study that estimates hydraulic diffusivity with the
assumption that a finite-length aquifer with arbitrary water
fluctuation.

This study proposes an inversion method to estimate the
hydraulic diffusivity with arbitrary fluctuation of RWL
within a finite-length aquifer. We first introduce an analyti-
cal solution for the AWL response to RWL variations. Then,
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the solution was employed to estimate the hydraulic diffusiv-
ity of an aquifer buried beneath the Xiluodu reservoir. The
accuracy of the proposed method is verified by the numeri-
cal solution of the FEFLOW software. Furthermore, the sen-
sitivity of hydraulic diffusivity was discussed to examine the
importance of observation data of different stages on param-
eter estimation.

2. Methodology

The confined aquifer extends horizontally, and the change of
AWL far away from the river bank is tiny, which can be
regarded as a fixed value. The conceptual diagram of the
hydraulic process of the confined aquifer is shown in
Figure 1.

Here are some assumptions: (1) The confined aquifer is
homogeneous and isotropic, the formation extension is hor-
izontally, and the extension length is l. (2) The boundary
condition on one side of the confined aquifer is the con-
stant water level, and the other is consistent with the
RWL. (3) The hydraulic gradient of the confined aquifer
is minimal under natural conditions. We use a piecewise
linear function to represent the RWL. The initial boundary
value problem of the hydraulic response of the confined
aquifer can be expressed as

∂u x, tð Þ
∂t

= a
∂2u x, tð Þ

∂x2
, x > 0, t > 0, ð1Þ

subject to the boundary conditions:

u 0, tð Þ = βit − βiti−1 + 〠
i−1

j=1
βi t j − t j−1
� �

, t > 0,

u l, tð Þ = 0, t > 0,

ð2Þ

and the initial condition is

u x, 0ð Þ = 0, x > 0, ð3Þ

where uðx, tÞ is the change of AWL and a is the hydraulic
diffusivity, which can also be expressed as K/Ss. K is the
hydraulic conductivity, and Ss is specific storage. l is the
extended length of the aquifer. After the RWL is linearized,

ti represents the time demarcation point, and βi represents
the slope of time period i and t0 = 0. The solution of this
problem has been given by Zhuang et al. [19, 20]:

u x, tð Þ = βi t − ti−1ð Þ + 〠
i−1

j=1
βj t j − t j−1
� �" #

1 − x
l

� �
−

2l2
π3a

〠
i

j=1
β j 〠

∞

n=1

1
n3

�
exp −n2π2 a

l2
t − t j
� �

∅ i − jð Þ
� �

−exp −n2π2 a

l2
t − t j−1
� �� �

8>>>><
>>>>:

9>>>>=
>>>>;

sin nπ
x
l

� �
,

ð4Þ

where

∅ i − jð Þ =
0 j = ið Þ
1 j ≠ ið Þ

(
: ð5Þ

To understand the above analytical solution, we take the
RWL data of the Jinsha River as an example to analyze the
variation process of AWL near the river bank. A total of 54
RWL values from January 10, 1992, to December 20, 1992,
were examined. First of all, the RWL was subtracted from
the initial value to obtain the fluctuations (see Figure 2
and Table 1). Then, it was divided into 42 periods, within
which the RWL changes linearly. The RWL at the time

l

u0

Reservoir

Ground

ut

x

z

Confined aquifer (a)

Aquiclude
Constant 

head
boundary

Figure 1: Schematic diagram of the hydraulic response of a confined aquifer.

0 50 100 150 200 250 300 350 400
−5

0

5

10

15

20

1/10/1992 - 12/20/1992

Observation
Approximation

Ri
ve

r w
at

er
 le

ve
l (

m
)

Time (d)

Figure 2: Linearization of reservoir water level.
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segment point between the adjacent periods is equal. As
shown in Figure 2, the linearization result can well reflect
the main characteristics and ignore the small changes in
RWL. Table 1 shows the segmentation point and the slope
of the change of the RWL in each period.

Assuming that the confined aquifer's horizontal extension
length (l) is 5 km, the hydraulic diffusivity is 70000m2/d. The
hydraulic response duration is calculated at multiple points at
different distances from the river bank. The response at points
0, 0.1 l, 0.2 l, 0.5 l, and 0.8 l distance from the river bank are
shown in Figure 3. It can be seen that after the same time,
the AWL near the river bank varies drastically and reflects
the periodic variation characteristics of RWL. With the
increased distance from the river bank, the variation ampli-
tude of AWL decreases gradually.

Although the storativity of the confined aquifer is small,
the large horizontal extension length gives the aquifer some
water storage capacity, so the hydraulic response of each
point within the aquifer has hysteresis. There is a more obvi-
ous hysteresis farther away from the bank slope. When the

RWL keeps stable periodic fluctuation, the hysteresis of the
hydraulic response of the confined aquifer can also be
reflected by the phase difference between AWL and RWL.
The AWL's phase lag increases with the distance between
observed points and the bank slope.

Assuming that the confined aquifer's horizontal exten-
sion length (l) is 5 km, the hydraulic diffusivity of the aqui-
fer is 10,000, 20,000, 50,000, and 80000m2/d, respectively.
At point 0.1l, the AWL duration curve of the confined aqui-
fer is shown in Figure 4. The hydraulic response has the fol-
lowing characteristics: (1) With the decreased hydraulic
diffusivity (a), the variation of the AWL gradually decreases,
and hysteresis characteristics become more obvious. (2)
When the hydraulic diffusivity is large enough, its influence
on the AWL curves is small (see curves 50000m2/d and
80000m2/d).

The hydraulic diffusivity can be estimated by parameter
estimation approaches such as the PEST parameter estima-
tion package [21] and the Markov chain Monte Carlo
(MCMC) algorithm [22]. All these approaches are through

Table 1: Linear piecewise time node and curve slope.

No. Time node slope No. Time node slope No. Time node slope

1 0 – 15 157 –0.3 29 233 0.782

2 70 –0.02127 16 162 0.402 30 238 –0.196

3 80 0.133285 17 167 0.14 31 243 –0.658

4 91 0.015455 18 172 0.594 32 248 –0.038

5 101 0.221 19 177 0.571 33 253 0.374

6 111 –0.028 20 187 0.333 34 258 0.152

7 116 0.31 21 192 0.075 35 263 –0.034

8 121 0.236 22 197 –0.944 36 268 –0.434

9 126 –0.312 23 202 –0.338 37 274 –0.15611

10 131 –0.072 24 208 0.476667 38 284 0.028

11 136 0.224 25 213 0.024 39 289 0.371333

12 141 –0.256 26 218 –1.028 40 294 –0.242

13 147 0.101667 27 223 0.074 41 304 –0.38375

14 152 0.136 28 228 0.136 42 355 –0.08513
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Figure 3: Hydraulic response duration curve in a confined aquifer at different points.
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the continuous trial calculation to find the parameters that
minimize the difference between the simulation result and
the observed data. In this study, the PEST parameter estima-
tion package was used to estimate a. PEST is a “model-
independent” program, which constantly provides estimated
parameters to the model and obtains the calculation results
from the model. Using Equation (4), calculate the hydraulic
head in a confined aquifer for any RWL hydrograph.
MATLAB software is used to code Equation (4) and then
combined with the PEST program. The objective function
Φ of PEST, without considering the observation weight,
can be expressed as

Φ =〠 u∗i − uið Þ2, ð6Þ

where u∗i is the observation value and ui is the calcu-
lation value.

The parameter means squared error (MSE) is used to
estimate the accuracy of the estimation result. MSE =Φ/N ,
where Φ is the result of the objective function in PEST and
N is the number of the observation.

3. Field Application

The study area of the Xiluodu hydropower station is located
in Yongsheng Basin, on the Jinsha River in Yunnan Prov-
ince. Before the construction of the hydropower station,
many geological surveys were carried out, among which
some water level observation wells were set up on both sides
of the Jinsha River. Upper Permian Emeishan basalt (P2β)
and Lower Permian Yangxin limestone (P1y) are the primar-
ily exposed strata in the dam site (Figure 5). The thickness of
the basalt formation in the dam area is 490~520m, and the
thickness of the limestone formation is 512m. The confined
aquifer formed by Lower Permian Yangxin limestone is the
main object of this study. The limestone is exposed at the
bottom of the river upstream of the dam. In the exposed part
of limestone, the exchange between groundwater and surface
water is robust, and the degree of karst development is high.
Along the downstream direction of the river, the buried
depth of limestone gradually increases, and the degree of
karst development decreases slowly. Restricted by the upper
and lower aquitards, the limestone confined aquifer is only
recharged at the basin’s edge and discharged into the Jinsha
River [23]. Near the bank slope, the AWL is mainly affected

Initial
water level

x (m) 

u (m) 

u (x, 0)
u (x, t)

Hydraulic head

Basalt (P2𝛽)

Interlayer

Limestone (P1y) 

0

Figure 5: Generalized geology cross section of the river bank in the research area.
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Figure 4: Hydraulic response duration curve in a confined aquifer for different hydraulic diffusivity.
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by the RWL for a short time. Four observation wells are
located in the slope on both sides of the Jinsha River, X25,
X35, X41, and X71. The location of these wells is shown in
Figure 6, and the details are shown in Table 2.

The water level data for 1992 and 1995 are used to study
the hydraulic diffusivity. First, all observation data are sub-
tracted from the initial value to get the water level changes.
Then, the RWL data are linearized, as shown in Figures 2
and 7. The linearization can accurately reflect the character-
istics of water level changes.

The exposed area of the limestone formation near the
dam is very far away from the exposed area on the basin
edge. The formation on the left and right banks near the
dam site is approximately horizontally distributed. It can
be assumed that the exposed area in the basin edge has no
effect on the short-term groundwater level of the limestone
aquifer near the dam site. Hydrological data show that the
annual variation of RWL is about 20 meters. The variation
of RWL is very small compared to the aquifer length. Con-
sidering the hydrogeological conditions and the amplitude
of RWL, it is considered that the boundary far from the river
bank has no effect on the AWL. In the estimation in this
work, we assume that the aquifer length is 5000m. The

impact of aquifer length will be discussed below. The dis-
tance between the well and the river bank is set according
to the real space (see Table 2).

The estimation result of hydraulic diffusivity is obtained
using the PEST program (Table 3). The comparison between
the observed and calculated AWL is shown in Figure 8. The
calculation results show that the range of hydraulic diffusiv-
ity is 1.09 to 6:3 × 104 m2/d except well X41 with diffusivity
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Figure 6: Location of study site and monitoring wells.

Table 2: Information of observation wells.

Well Year Location Orifice elevation (m)
Well bottom
elevation (m)

Aquifer thickness (m)
Distance with
river bank (m)

Karst development

X25 1992 Ground 402.07 202.97 172.67 57.10 Quartz hole 2 cm

X35 1992 Ground 420.26 119.09 256.87 85.70 Small fracture

X41 1995 Ground 409.05 208.35 176.84 142.00 Fracture

X71 1995 Adit 404.35 -14.17 399.01 68.60 Small solution gaps and pores
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Figure 7: Linearization of the river water level in the year 1995.
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equal to 2:08 × 106 m2/d. Generally speaking, the hydraulic
diffusivity in the upstream aquifer is higher than that of
the downstream. The difference of hydraulic diffusivity
between the left and right banks is not obvious. The main
reason for the difference in diffusivity is the nonuniformity
of karst development in the limestone formation (Table 2).
We can expect that specific storage is constant for the whole
aquifer, so higher diffusivity means higher permeability. And
this nicely corresponds to Table 2–Karst development–big-
ger fractures, and holes means higher permeability (diffusiv-
ity). Observation well X41 is located in the upstream area,
where karst is developed, and fractures are revealed in the

process of drilling. Therefore, the hydraulic diffusivity of
well X41 is larger than that of other wells. There are also
small solution gaps in well X71, so the hydraulic diffusivity
is slightly larger than that of wells X35 and X25. Wells X25
and X71 are located on the left bank and are very close to
each other. Comparing these two wells, the ratio of the aqui-
fer thickness is X71/X25 = 2:31, and the ratio of hydraulic
diffusivity is X71/X25 = 5:78. The slight difference between
the two ratios indicates that the aquifer thickness has little
effect on hydraulic diffusivity. For limestone, the karst devel-
opment degree has a great influence on the hydraulic con-
ductivity, but has little influence on the specific storage.

Table 3: Calculation results of hydraulic diffusivity.

Well
Hydraulic diffusivity (proposed method) Hydraulic diffusivity (FePEST)

MSE Value (×104m2/d) MSE Value (×104m2/d)

X25 0.47 1.09 0.52 1.13

X35 0.51 2.53 0.53 2.81

X41 0.66 207.80 1.20 285.46

X71 0.81 6.30 0.50 11.38
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Figure 8: Observed and calculated water level fluctuations in wells.
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4. Compare with the Numerical Solution

To verify the reliability of the analytical results, the numeri-
cal method is also applied by the FEFLOWmethod [24]. The
settings of the 2D FEM model are as follows: the range
5000m × 500m; the observed well is settled as the distance
of the well shown in Table 2; the total element is 3200; total
node is 3609; the simulated periods are 365 days with an ini-
tial time-step length of 0.001 d; one boundary condition was
set as the observed RWL; and the other boundary condition
was set as a constant value. The hydraulic parameters were
set as follows: the initial water level of the total model was
assumed to be 0m; the specific storage was assumed 1 ×
10−6 m−1. After the finite element model is established by
FEFLOW, the model can be imported into the inversion
program (FePEST) through the PEST plug-in. The hydraulic
conductivity was estimated by the PEST module with the
initial value of 0.13m/d. The hydraulic diffusivity is obtained
by the ratio of hydraulic conductivity and specific storage.
Figure 8 shows AWL fluctuations calculated using FEFLOW
based on the estimation result of FePEST.

Table 3 shows the estimation results of Equation (4) and
the FEFLOW method. The mean square error (MSE) values
in the three wells obtained using Equation (4) are lower than
those obtained using the FEFLOWmethod. The MSE in X71
was determined to be 0.81 and 0.50 using Equation (4) and
the FEFLOW method, respectively. It indicates that Equa-
tion (4) performed better than the FEFLOW method for
X71. From a comprehensive point of view of the four wells,
the estimation results of the newly proposed method are
consistent with those of the numerical method.

5. Sensitivity Analysis

To analyze the influence of various factors on the inversion
results and determine the sensitivity of RWL to parameters,
we conduct a sensitivity analysis. As a is the parameter we
estimate, we apply the normalized sensitivity analysis [25]
to analyze the effect of a on the aquifer water level u. The
normalized sensitivity of a is defined as

Sa = a
∂u
∂a

: ð7Þ

Based on Equation (4), Sa is further derived as

Sa = a
∂u
∂a

= 2l2
π3a
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>>>>;
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� �
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ð8Þ

Hydraulic diffusivity measures diffusion speed of pres-
sure disturbances [26]. Figure 9 shows the sensitivity of u
to a value with time at a different place of the aquifer. In
the initial stage, the RWL changes gently, and the sensitivity
of the entire aquifer is minimal. When the RWL fluctuates
slightly, the pressure disturbance in the aquifer is feeble,
and the effect of hydraulic diffusivity on the diffusion speed
cannot be reflected. In the middle stage, along with the rapid
change of RWL, the sensitivity increases rapidly and reaches
the peak value. With the RWL’s fast change, there is a great
pressure disturbance in the aquifer, and the influence of
hydraulic diffusivity is highlighted. In the final stage, with
the decrease of the RWL’s change rate, the sensitivity
decreases rapidly.

Figure 9 also reveals that the sensitivity increases at first
and then decreases with the distance from the river bank.
The low sensitivity near the river bank is that the very short
distance is not enough to reflect the difference in the diffu-
sion velocity of water pressure represented by the hydraulic
diffusivity. The increased distance from the river bank
makes the difference in pressure and diffusion velocity obvi-
ous. The sensitivity reaches the peak value when the space
of the river bank is about 0.2 l (1000m). As the influence
of the fluctuation of RWL weakens with the increase of dis-
tance, the sensitivity decreases when it is very far away from
the river bank.

If one conducts parameter estimation, it is recom-
mended to focus on the period of RWL’s fast change,
according to the sensitivity analysis. In addition, if multiple
observation wells are available, an observation well near
0.2 l from the bank slope seems to produce more reliable
estimation parameters. If the water level is observed in mul-
tiple hydrological years, the observation data with rapid
changes should be preferred.

6. Discussion

To verify the validation of the model proposed, we conduct a
comparison with the results in the literature. For sinusoidal
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RWL, the analytical solution of the AWL was proposed by
Ferris [9], which is written as

u x, tð Þ =M0 exp −x
ffiffiffiffiffi
ω

2a

r !
sin ωt − x

ffiffiffiffiffi
ω

2a

r !
, ð9Þ

where M0 is the amplitude of RWL fluctuation, ω is radians
per time unit, ω = 2π/t0, t0 is duration of the flood wave, and
a is the hydraulic diffusivity. The river boundary condition is
uð0, tÞ = sin ðωtÞ.

Singh [14] developed solutions for the aquifer response
in an infinite aquifer for arbitrary variation of RWL with
time, which is given as

u x, nΔtð Þ = 〠
n

i=1

Hi −Hi−1
Δt

δ x, n − i + 1ð ÞΔt½ �,

δ x,mΔtð Þ = Δt 1 − F1 m − 1ð Þ½ � − mΔt + x2

2a

	 

ΔF1 mð Þ

− x

ffiffiffiffiffiffi
Δt
πa

r
ΔF2 mð Þ,

F1 mð Þ = erf x

2
ffiffiffiffiffiffiffiffiffiffiffi
amΔt

p
	 


,

F2 mð Þ = ffiffiffiffi
m

p
exp −

x2

4amΔt

	 

,

ð10Þ

where Δt is the uniform time step size; i, n, andm indices for
time steps; H is RWL; δ is the ramp kernel function; a is the
hydraulic diffusivity; and ΔF1ðmÞ = F1ðmÞ − F1ðm − 1Þ, Δ
F2ðmÞ = F2ðmÞ − F2ðm − 1Þ.

To verify the accuracy of the new method, we consider a
synthetic river-aquifer response test. The parameters were
M0 = 10m; x = 50m; ω = 0:04π; a = 10000m2/d; Δt = 2 d;
and l = 5000m. The AWL is compared to that calculated
using the analytical solution, Singh’s solution, and the newly
proposed solution (Figure 10). Figure 10 shows that in the
initial stage, there is a big gap between these two solutions
and the analytical solution. The reason is that both Singh’s
and the newly proposed method assume that the water level
is horizontal at the initial condition, which is different from
Ferris’ assumption. Figure 10 shows that the performance of
the newly proposed solution is equivalent to the analytical
solution and as good as Singh’s solution.

To understand the impact of aquifer length on results,
the AWL with different aquifer lengths (l) is calculated.
We use MSE to characterize the error between the proposed
and analytical methods (Figure 11). It can be found that
when the aquifer length is short, there is a large difference
between the newly proposed method and the analytical
method of Ferris. When the length of the aquifer reaches a
certain value (e.g., larger than 1000m in this condition),
the error tends to be stable, and the calculated results are
very close to the analytical solution. We define this certain
value as the influence length. The above results show that a

great difference between finite-length and infinite-length
aquifers when the aquifer length is less than the influence
length. That is to say, when the aquifer length is less than
the influence length, the nonriver boundary conditions have
a noticeable effect on the AWL near the river valley. The
influence length is related to the amplitude of the river water
level. With the increase of the amplitude of the RWL, the
influence length will be lengthened.

Singh’s method assumes that the time step Δt must have
the same length. However, it is difficult in some cases that
the observation data are not fully obtained, such as data like
1992, Figure 2. When the RWL fluctuates greatly (Figure 7),
Singh’s method needs a shorter time step to ensure the over-
all simulation accuracy. The newly proposed method not
only can automatically determine the time step according
to the characteristics of the RWL, but also it is more flexible
for the condition when there is a lack of observations.
Figure 11 shows that when the aquifer length is less than
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the influence length, the effect of the nonriver boundary on
the AWL is obvious. Therefore, when the extension length
of the aquifer is limited, it is more reliable to use the new
method to estimate the hydraulic diffusivity.

7. Conclusions

This study introduced an analytical solution for groundwa-
ter flow in a finite-length aquifer with arbitrary variation
boundary conditions of water level. The hydraulic diffusivity
of a limestone confined aquifer was estimated by the PEST
method. The normalized sensitivity of water level to the
hydraulic diffusivity is then conducted. The main conclu-
sions of this study can be drawn as follows:

(1) The arbitrary fluctuation of river water level
(RWL) is linearized. The analytical solution of
aquifer water level (AWL) within a finite-length
aquifer with arbitrary fluctuation boundary condi-
tions was introduced. Based on the proposed
method, the hydraulic diffusivity of a confined
aquifer was estimated.

(2) The parameter sensitivity increases with the mag-
nitude of change of the RWL, and its peak value
is obtained when the RWL changes fast. For esti-
mating hydraulic diffusivity, great attention should
be paid to the period of RWL’s fast change. The
observation well is recommended to place at the
location of 0.2 l to improve the accuracy of the
parameter estimation.

(3) The calculated hydraulic diffusivity is consistent with
those reported by the FEFLOW method. The newly
proposed model is usable for cases when there is a
lack of observations and the RWL fluctuates greatly
capering with the literature model Singh [14].
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