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A high-precision marine gravity gradient reference map is key to enabling underwater gravity gradient matching navigation. At
present, the construction of the reference maps is based on quadrilateral geographic grids. However, quadrilateral grids lead to
detriangulation at high latitudes, which limits the global applicability of such maps to underwater gravity navigation. To
circumvent the limitations of quadrilateral grids, a hexagonal grid is introduced for constructing the reference map. This paper
analyzes the characteristics of the icosahedral Snyder equal area aperture 4 hexagon (ISEA4H) and H3 grid systems and selects
an appropriate grid system. In addition, we calculate and analyze the grid model errors and matching positioning errors of
hexagonal and quadrilateral grids at the same resolution. The experimental results show that the grid model and matching
positioning errors of a hexagonal grid system are more than 14% and 15% less than those of a quadrilateral grid system,
respectively, indicating the feasibility and effectiveness of applying hexagonal grids to gravity gradient matching navigation.
Given the low construction efficiency of a marine hexagonal grid gravity gradient reference map, we propose an efficient
CPU+GPU hybrid parallel scheme. A global total tensor marine hexagonal grid gravity gradient reference map model is
then constructed.

1. Introduction

Given China’s strategy to become a maritime power and the
proposed 14th five-year plan for future ocean and deep-sea
tasks, underwater vehicles have become a development focus
of the national marine strategy, which plays an indispensable
role in both military and civil fields in China. How to realize
the long-term, autonomous, and high-precision positioning
and navigation of submarines has become the research focus
of multiple scholars. Inertial navigation systems (INSs) are
often used in the passive positioning and navigation of
underwater vehicles; however, the navigation error of INS
systems cannot be independently eliminated and gradually
accumulates with time. Therefore, the navigation accuracy
of passive positioning and navigation using only an INS sys-
tem is greatly reduced over long periods of time. This has
spurred the development of underwater gravity matching

navigation technology. The goal of such technology is to
use the gravity sensor carried by underwater vehicles to per-
form real-time gravity measurements and then to match
these measurements with a high-precision gravity map using
a relevant algorithm, so as to correct the positioning infor-
mation and component errors of the INS system. As the
second-order differential of the gravity potential, measure-
ments of the gravity gradient are not affected by the acceler-
ation of the underwater vehicle carrier. The gravity gradient
has five independent observational components. Therefore,
compared with gravity anomaly matching navigation, grav-
ity gradient matching navigation can obtain higher precision
positioning and navigation information [1, 2].

The construction of a marine gravity gradient reference
map is a prerequisite for the realization of gravity gradient-
assisted INS navigation; such a map would be stored in a
geographic grid composed of longitude and latitude in the
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form of discrete points on the basis of a geographic coordi-
nate system [3, 4]. This type of geographic grid has a simple
distribution and can easily be used to determine the grid size
and index location. A geographic grid system can effectively
map and facilitate data management for all types of data
structures. However, geographical grids have many limita-
tions because they are closely related to longitude and lati-
tude. For example, the area and shape of geographical
grids deform at higher latitudes and gradually degenerate
close to the poles. Moreover, the geographical grid structure
does not have adjacent consistency and the distance between
any quadrilateral grid element with common edges or angles
is not equal, which increases the difficulty of spatial analyses.
To effectively solve these problems, this paper introduces a
hexagonal grid based on polyhedron projection to construct
a marine gravity gradient reference map. Compared with
geographical grids, hexagonal grids have the following
advantages. (1) Hexagonal grids have a good characteristic
of equal area. The grid area of a hexagonal grid does not
decrease with increasing latitude, and the grid will not
degrade in the polar region. (2) Hexagonal grids have good
adjacent consistency, and the distance between adjacent
grids is relatively fixed. This effectively suppresses errors
caused by the inconsistent grid distances of different match-
ing points in the process of gravity matching navigation.
(3) Compared with quadrilateral grids, hexagonal grids
have greater angular resolution and the particle sense of the
discretized boundary is weak. When using a reference map
with the same or similar resolution for gravity matching
navigation, hexagonal grids provide a higher matching accu-
racy for tracks. (4) Hexagonal grids are closer to circles.
When calculating the disturbing gradient, the influence of
the surrounding flow grid points on the center point is the
same. Therefore, compared with quadrilateral grids, hexago-
nal grids can weaken errors caused by asymmetry.

Based on the above advantages, this paper first explores
and analyzes the impact of quadrilateral and hexagonal grid
geometry errors on matched navigation and positioning.
Then, hexagons are selected as the basic grid construction
units of the marine gravity gradient reference map. Based
on Stokes’ theory, the calculation of the actual disturbing
gravity gradient is divided into two parts: the model disturb-
ing gravity gradient TM and the residual disturbing gravity
gradient δT . Finally, according to the characteristics of the
hexagonal TM and δT in their calculation processes and
using a central processing unit (CPU) parallel method based
on OpenMP and a graphics processing unit (GPU) parallel
method based on CUDA, a hybrid CPU+GPU parallel pro-
gramming scheme is designed to enable the efficient construc-
tion of a hexagonal marine gravity gradient reference map.

2. Materials and Methods

At present, the most commonly used hexagonal grid systems
include the icosahedral Snyder equal area aperture 4 hexa-
gon (ISEA4H) and H3 geospatial indexing systems.

2.1. The ISEA4H System. To understand the ISEA4H system,
we start with an icosahedron. An icosahedron has the largest

number of faces of the five types of regular polyhedrons (the
others being the regular tetrahedron, regular hexahedron,
regular octahedron, and regular dodecahedron). Therefore,
when it is projected onto a sphere, the deformation of each
face element is the smallest. When using an icosahedron to
project the Earth, it is also necessary to consider the relative
positional relationship between the icosahedron and the
Earth. A common positioning method is to align two
vertices of the icosahedron with the North and South Poles
of the Earth, such that the edge passing through the North
Pole is coplanar with the central meridian (0° longitude),
as shown in Figure 1.

In Figure 1, point P coincides with the North Pole of the
Earth, point Q coincides with the South Pole, and the side
PC is in the same plane as the central meridian. According
to the properties of an icosahedron, points A, B, C, D, and
E are on the same latitude circle, with the latitude being
approximately 26° 34′ and the longitude interval of each
point being 72°.

Expanding the regular icosahedron in Figure 1 into a
plane results in the plane area shown in Figure 2(b), which
can be used to establish the corresponding positional rela-
tionship between the surface of the Earth and the map plane
via a projection using the equal area polyhedron ortho-
graphic projection method proposed by the American map
projection expert Schneider. First, based on the plane trian-
gles in Figure 2(b), the triangular areas are segmented by a
hexagonal grid, as shown in Figure 2(c). Then, the Schneider
inverse projection transformation is used and the regular
icosahedron segmented by hexagons is projected onto the
sphere. Finally, the ISEA4H grid is generated. The number
of grid cells at each level of the grid system and the grid
information are given in Table 1.

2.2. The H3 System. The H3 geospatial index system is a
discrete global grid system that is composed of hexagonal
tiles with hierarchical indexes [5, 6]. Its positioning method
differs from that of ISEA4H; however, it uses a map posi-
tioning method similar to that of Dymaxion [7–9] proposed
by Fuller. The H3 system gives priority to ensuring that
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Figure 1: Positive icosahedral positioning diagram.
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planes expanded in land regions are broken as little as possi-
ble. Therefore, a vertex is not located at the pole but at
(5.2454°E, 2.3009°N) and the azimuth of the adjacent vertices
is fixed at 7.46658°. The H3 system is composed of 16 levels
of hexagonal grids. The number of grid cells in each level of
the grid system and the grid information are given in
Table 2.

2.3. Hexagonal Grid System Selection. Even though the
ISEA4H and H3 grid systems both use hexagonal grids as
their units, there are some differences between them.

(1) The ISEA4H grid system adopts the four-aperture
division method; that is, the number of grids
between adjacent levels increases by four times (as
shown in Figure 3(a)). The H3 system adopts the
seven-aperture division method; that is, the number
of grids between adjacent levels increases by seven
times (as shown in Figure 3(b))

(2) The ISEA4H grid system adopts the Schneider equal
area projection, and the area of the hexagonal ele-
ments in the grid system is basically the same after
splitting. To ensure rapid indexing between levels,
the H3 system sacrifices the equal area, and its hex-
agonal grid unit area is not consistent

(3) The ISEA4H grid system adopts a regular icosahe-
dral projection. The two vertices of the icosahedron
are located at the North and South Poles, and the
edge passing through the North Pole is coplanar with
the central meridian. Therefore, the ISEA4H grid
system is relatively regular and has a stronger corre-
lation with the South and North Poles of the Earth
and longitude and latitude. The H3 system adopts a
positioning similar to a map. To minimize the split-
ting of land regions when expanded into a plane, the
positioning point deviates from the pole

(4) In terms of the coding index and management at all
levels, the H3 system is more flexible than the
ISEA4H system and can quickly index grids at
different levels

Based on the above comparison of the advantages and
disadvantages of the two grid systems and the actual require-
ments of marine gravity gradient matching navigation, we
selected the ISEA4H grid system as the basis to construct
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Figure 2: Hexagonal grid generation process.

Table 1: Parameter statistics of the icosahedral Snyder equal area
aperture 4 hexagon (ISEA4H) grid (with a spherical radius of
R = 6378:136 km).

Level
Lð Þ

Number of
grids

Grid area
(km2)

Grid spacing (km)

0 12 4:260 × 107 7:530 × 103

1 42 1:217 × 107 3:682 × 103

2 162 3:156 × 106 1:968 × 103

3 642 7:963 × 105 1:002 × 103

4 2,562 1:995 × 105 5:035 × 102

5 10,242 4:991 × 104 2:520 × 102

6 40,962 1:248 × 104 1:260 × 102

7 163,842 3:120 × 103 6:303 × 10
8 655,362 7:800 × 102 3:152 × 10
9 2,621,442 1:950 × 102 1:576 × 10
10 10,485,762 4:875 × 10 7.879

11 41,943,042 12.161 3.767

12 167,772,162 3.040 1.884

13 671,088,642 0.760 0.942

14 2,684,354,562 0.190 0.471

n 10 × 4n + 2
ffiffiffi
3

p

22n+1 L
2 4R ⋅ arcsin 1

2n

ffiffiffiffiffiffiffiffiffiffi
3
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⋅
L
2R
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Note: L represents the hexagonal grid level, and R represents the average
radius of the Earth.
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the marine gravity gradient reference map. The main rea-
sons are as follows. (1) The ISEA4H grid system has a good
characteristic of equal area, and the grid size and shape are
relatively consistent; this is conducive to the solution process
of the gravity matching navigation algorithm. Conversely,
the H3 system grid has a poor characteristic of equal area;
therefore, the error caused by the inconsistent grid size
needs to be compensated for in the solution process of the
gravity matching algorithm. (2) Even though the H3 system
has less segmentation in the land regions, this does not have
a substantive effect on the construction of a marine gravity
gradient reference map and projection positioning of the
H3 grid has little correlation with the geographical poles
and the central meridian, which is not conducive to solving
the gravity matching navigation algorithm. (3) The ISEA4H
grid system is a four-aperture grid system; that is, the num-
ber of grids at each level increases by four times and the
average grid distance is reduced to 1/2. Meanwhile, the H3
system adopts a seven-aperture grid system; that is, the
number of grids at each level is increased by seven times
and the average grid distance is reduced by 0.378 times.
The resolutions of the grids at all levels of the H3 system
therefore vary greatly. For example, on the sixth level of
the H3 system, the average side length of the grid is
3.23 km and the grid area is 36.13 km2. The number of grids
per unit area is equivalent to that of a 3′ 20″ geographic
grid, but the number of grids per unit area for the next
level, that is, the seventh level, is equivalent to that of a
75″ geographic grid. Because of the large variations
between the levels, the corresponding resolution does not
actually match the quadrilateral grid resolution used in
navigation. The 12th level of the ISEA4H grid system
has a grid spacing of 1.884 km and a grid area of
3.040 km2. The number of grids per unit area is therefore
equivalent to the 1′-resolution geographic grid currently
used in gravity matching navigation, making the ISEA4H
grid system a more suitable grid division method for the
construction of a gravity gradient reference map.

2.4. Error Analysis of the Grid Geometry for Matching
Navigation and Positioning. Here, we analyze the effective-
ness of a reference map based on the hexagonal grid unit
for gravity matching navigation. Then, without considering
the measurement error of the gravity/gravity gradiometer,
the measurement error of the inertial components, or errors
in the gravity/gravity gradient reference map, we examine
the error caused by the geometric structure of the reference
map grid in the process of discretizing the track. Using the
inertial navigation solution program and the gravity gradient
matching navigation program, we calculate and analyze the
hexagonal grid model error and the grid matching position-
ing error, respectively. The experimental area is a marine
area with range of 10° × 10° (from 19°N to 29°N and from
41°W to 51°W). The inertial navigation track simulation pro-
gram is used to simulate the track and measurement data of
an underwater vehicle. The inertial navigation sampling rate
is 100Hz. The simulation data include the output of the
inertial components (the angular and velocity increments),

the gravity gradient observation data, and the real track of
the underwater vehicle. The error settings of the inertial
components are listed in Table 3.

We used the simulation program to generate two simu-
lated tracks as experimental objects; the navigation speed
was set to 10 nautical miles per hour, the navigation time
of track 1 was 93,453 s (approximately 25.96 h), and the nav-
igation time of track 2 was 90,984 s (approximately 25.27 h).

2.4.1. Grid Model Error Analysis. The grid model error is the
distance from the grid midpoint to the inertial navigation
track when the discrete grid is used to approach the inertial
navigation track. As shown in Figure 4, when the track is
determined, this error is related solely to the grid model.
It is the inherent error that occurs when using a grid to
generate the track and cannot be compensated for by the
algorithm.

In Figure 4, the dark blue line represents the inertial nav-
igation track and the light blue grid represents the grid
through which the track passes. These grids can be used as
a discrete representation of the track. The distance from
the midpoint of the grid to the track is the grid model error.
Obviously, a smaller grid model error corresponds to the
simulation of the discrete grid sequence being closer to the
track and the track restoration degree being higher.

For the two simulated tracks, the 11th, 12th, and 13th
levels of the ISEA4H hexagonal grid system were used for
the calculations. According to the number of hexagonal
grids per unit area and the midpoint distance of the adjacent
grids at the different levels, the equivalent quadrilateral grid
was selected for comparison. The error of the hexagonal grid
model was then evaluated via an analysis of the calculation

Table 2: Parameter statistics of the H3 grid (with a spherical radius
of R = 6378:136 km).

Level
Lð Þ Number of grid Area of grid (km2)

Average side
length (km)

0 122 4,250,546.8477000 1,107.712591000

1 842 607,220.9782429 418.676005500

2 5,882 86,745.8540347 158.244655800

3 41,162 12,392.2648621 59.810857940

4 288,122 1,770.3235517 22.606379400

5 2,016,842 252.9033645 8.544408276

6 14,117,882 36.1290521 3.229482772

7 98,825,162 5.1612932 1.220629759

8 691,776,122 0.7373276 0.461354684

9 4,842,432,842 0.1053325 0.174375668

10 33,897,029,882 0.0150475 0.065907807

11 237,279,209,162 0.0021496 0.024910561

12 1,660,954,464,122 0.0003071 0.009415526

13 11,626,681,248,842 0.0000439 0.003559893

14 81,386,768,741,882 0.0000063 0.001348575

15 569,707,381,193,162 0.0000009 0.000509713

Note: the information in this table is taken from the Internet (https://h3geo
.org/).
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results. The correspondence between the grids is shown in
Table 4.

Table 4 indicates that the 11th level of the hexagonal grid
roughly corresponds to a geographical quadrilateral grid
with 2′ resolution; the 12th level corresponds to a 1′-reso-
lution geographic quadrilateral grid; and the 13th level
corresponds to a 30″-resolution geographic quadrilateral
grid. The inertial navigation solutions were found for the
two tracks, and on this basis, the grid model errors of the
hexagonal and quadrilateral grids at different levels and
resolutions were calculated, compared, and analyzed. The
calculation results are shown in Table 5.

Table 5 shows that, compared with those of the corre-
sponding resolution quadrilateral grid, the grid model errors
of the hexagonal grid system at different levels are reduced to
a certain extent.

For track 1, compared with that of the 2′-resolution
quadrilateral grid, the average grid model error of the 11th

level of the hexagonal grid is reduced by 24.87% and the
standard deviation is reduced by 20.12%. Compared with
that of the 1′-resolution quadrilateral grid, the average grid
model error of the 12th level of the hexagonal grid is reduced
by 20.00% and the standard deviation is reduced by 20.62%.
Compared with that of the 30″-resolution quadrilateral grid,
the average grid model error for the 13th level of the hexag-
onal grid is reduced by 20.41% and the standard deviation is
reduced by 20.54%.

For track 2, compared with that of the 2′-resolution
quadrilateral grid, the average grid model error of the 11th
level of the hexagonal is reduced by 14.01% and the standard
deviation is reduced by 14.25%. Compared with the 1′-res-
olution quadrilateral grid, the average grid model error of
the 23th level of the hexagonal grid is reduced by 14.54%
and the standard deviation is reduced by 14.86%. Compared
with the 30″-resolution quadrilateral grid, the average grid
model error of the 13th level of the hexagonal grid is reduced
by 14.02% and the standard deviation is reduced by 14.29%.

For tracks 1 and 2, the adoption of a hexagonal grid
reduces the average value and standard deviation of the
grid model error by more than 14% and the grid model
error accuracy of track 1 is improved by more than 20%.
It can be seen therefore that a hexagonal grid has more
advantages for track discretization than a quadrilateral
geographic grid. In addition, for the same track, the accu-
racy improvement between each level of the hexagonal
grid and its corresponding resolution quadrilateral gird is

(a) Four apertures (b) Seven apertures

Figure 3: Schematic diagrams of four- and seven-aperture division.

Table 3: Error settings of the inertial components.

Inertial components Error term Error parameter

Gyro
Constant drift 0:001∘/h

Angle random walk 0:001∘/
ffiffiffi
h

p

Accelerometer
Zero bias 50 μg

Speed random walk 5 μg/
ffiffiffiffiffiffi
Hz

p
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small, indicating that the grid model error for the same
track is related to only the grid selection not the level or
resolution.

2.4.2. Grid Matching Positioning Error Analysis. The grid
midpoint of the matching point is usually selected as the
matching track position when using the gravity gradient
matching algorithm for matching navigation. The grid
matching positioning error is the distance between the real
track position point and the grid midpoint of the grid where
the matching track located at the corresponding time (i.e.,
the distance between the two points

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δx2 + Δy2

p
), which

can reflect the effect of the grid system applied to the match-
ing navigation, as shown in Figure 5.

In Figure 5, the dark blue line represents the matching
track, the pink line represents the real track, the black point
represents the grid midpoint of the matching track, the red
points represent the real track points, and the distance from
the real track points to the grid midpoints of the matching
track at the corresponding time is the grid matching posi-
tioning error. A smaller grid matching positioning error cor-
responds to a higher gravity gradient matching navigation
accuracy.

The two simulated tracks were matched via gravity gra-
dient filtering, and the navigation speed was set to 10 nauti-
cal miles per hour. The measurements were made every
3min. Taking the matched tracks as the experimental
objects, the matching positioning errors of the two tracks
using the different grid systems were calculated. The results
are shown in Table 6.

Table 6 shows that, compared with those of correspond-
ing resolution quadrilateral grids, the grid matching posi-
tioning errors of the hexagonal grid system at different
levels and are reduced to a certain extent.

For track 1, compared with that of the 2′-resolution
quadrilateral grid, the average grid matching positioning
error of the 11th level of the hexagonal grid is reduced by
15.26% and the standard deviation is reduced by 17.05%.
Compared with that of the 1′-resolution quadrilateral grid,
the average grid matching positioning error of the 12th level
of the hexagonal grid is reduced by 17.25% and the standard
deviation is reduced by 20.36%. Compared with that of the
30″-resolution quadrilateral grid, the average grid matching
positioning error of the 13th level of the hexagonal grid is
reduced by 19.73% and the standard deviation is reduced
by 22.06%.

Figure 4: Schematic diagram of the grid model error.

Table 4: Correspondence between the ISEA4H hexagonal grids and the quadrilateral grids.

Grid Resolution (level)
Distance between adjacent

grid midpoint (km)
Average area of

grid (km2)
Number of grids in

the test area

Hexagon

11th level 3.767 12.161 92,767

12th level 1.884 3.040 371,059

13th level 0.942 0.760 1,484,237

Quadrilateral

2′ 3.711 13.771 90,000

1′ 1.855 3.441 360,000

30″ 0.927 0.859 1,440,000
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Table 5: Grid model error statistics, where Std indicates the standard deviation.

Track Grid Resolution Track grid number Maximum (km) Minimum (km) Average (km) Std (km)

1

Hexagon 11th level 305 2.1375 0.0046 0.9955 0.5725

Quadrilateral 2′ 361 2.5376 0.0131 1.2442 0.7167

Hexagon 12th level 606 1.0944 0.0015 0.4964 0.2845

Quadrilateral 1′ 721 1.2668 0.0030 0.6205 0.3584

Hexagon 13th level 1202 0.5530 0.0010 0.2456 0.1420

Quadrilateral 30′′ 1435 0.6314 0.0012 0.3086 0.1787

2

Hexagon 11th level 314 2.1532 0.0174 1.0555 0.6103

Quadrilateral 2′ 348 2.5376 0.0052 1.2274 0.7117

Hexagon 12th level 625 1.1001 0.0015 0.5233 0.3042

Quadrilateral 1′ 695 1.2668 0.0036 0.6123 0.3573

Hexagon 13th level 1255 0.5530 0.0011 0.2638 0.1524

Quadrilateral 30′′ 1390 0.6314 0.0021 0.3068 0.1778

Figure 5: Schematic diagram of the grid matching positioning error.

Table 6: Statistics of the grid matching positioning error.

Track Matching points Grid Resolution Maximum (km) Minimum (km) Average (km) Std (km)

1 519

Hexagon 11th level 4.5587 0.2973 2.0117 1.2539

Quadrilateral 2′ 5.4560 0.2569 2.3741 1.5116

Hexagon 12th level 3.9888 0.1045 1.5601 0.8121

Quadrilateral 1′ 4.7149 0.1294 1.8855 1.0197

Hexagon 13th level 2.4434 0.0345 0.9136 0.4129

Quadrilateral 30′′ 3.6127 0.0311 1.1382 0.5297

2 505

Hexagon 11th level 4.7454 0.3128 1.9120 1.3632

Quadrilateral 2′ 5.6110 0.2812 2.2575 1.6521

Hexagon 12th level 3.8101 0.1463 1.5581 0.9199

Quadrilateral 1′ 4.3525 0.2130 1.9024 1.1242

Hexagon 13th level 2.5012 0.1038 0.9004 0.4008

Quadrilateral 30′′ 3.5649 0.1249 1.1332 0.5041
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For track 2, compared with that of the 2′-resolution
quadrilateral grid, the average grid matching positioning
error of the 11th level of the hexagonal grid is reduced by
15.30% and the standard deviation is reduced by 17.48%.
Compared with the 1′-resolution quadrilateral grid, the
average grid matching positioning error of the 12th level
of the hexagonal grid is reduced by 18.09% and the stan-
dard deviation is reduced by 18.17%. Compared with the
30″-resolution quadrilateral grid, the average grid match-
ing positioning error of the 13th level of the hexagonal
grid is reduced by 20.54% and the standard deviation is
reduced by 20.50%.

For track 1, different level hexagonal grids are used for
the simulation matching. The average grid matching posi-
tioning error obtained by matching with the corresponding
resolution quadrilateral grid is reduced by more than
15.26% and the standard deviation is reduced by more than
17.05%. For track 2, the average grid matching positioning
error is reduced by more than 15.30% and the standard devi-
ation is reduced by more than 17.48%. It can be seen that the
hexagonal grid system has more advantages than the quadri-
lateral geographic grid. With increasing grid resolution, the
advantages of the hexagonal grid for matching and position-
ing gradually increase. Compared with that of quadrilateral
geographic grids at the same resolution, the standard devia-
tion of the grid matching positioning error of the hexagonal
grids at all levels is reduced by more than 15%, which can
effectively suppress the matching positioning error caused
by the discretization of the grid model.

3. Fast Construction Method for a Hexagonal
Marine Gravity Gradient Reference Map

Because satellite gravity gradient measurements only have
access to low-frequency gradient signals, the current global
marine gravity gradient grid numerical model used to assist
inertial navigation is generally based on satellite altimetry
gravity anomalies and calculated using remove–restore
technology according to Stokes’ theory [4, 10]. The gravity
gradient data obtained via this method can be regarded as
new observational information to some extent. However,
the calculation process is complex and time-consuming
and it is difficult to efficiently complete the construction
requirements for a large-scale, or even global, hexagonal
marine gravity gradient grid model. Therefore, it is also
necessary to design an effective scheme to parallelize the
construction process and improve its calculation efficiency.
Figure 6 shows the calculation process of reference map’s
construction.

3.1. Calculation Process for a Disturbing Gravity Gradient.
According to the Stokes remove–restore method, the dis-
turbing gravity gradient can be expressed as [26]

Tαβ = TM
αβ + δTαβ, α, β = x, y, z: ð1Þ

Here, Tαβ represents the disturbing gravity gradient, T
M
αβ

represents the model disturbing gravity gradient calculated
using the gravitational field model of the Earth, and δTαβ

DTU18
global gravity anomaly

Eigen6C4
earth gravity field model Starting data

Model disturbance
gravity gradient

Model gravity
anomaly

Residual gravity
anomaly

Residual disturbance
gravity gradient

Hexagonal marine
gravity gradient
Rreference map

Model perturbation
gradient CPU
parallel algorithm

Residual disturbing
gradient GPU
parallel algorithm 

Figure 6: Reference map’s construction flowchart.
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represents the residual disturbing gravity gradient. Because
of the symmetry of the gravity gradient, the sum of the main
diagonal elements is 0 and six components (five independent
components and one as the check condition) are usually
selected for calculation when constructing the marine grav-
ity gradient reference map. The calculation process and the
method used for each component are similar. As an exam-
ple, we introduce the calculation process for the Txx disturb-
ing gravity gradient.

3.1.1. Calculation of the Model Disturbing Gravity Gradient.
The spherical harmonic series calculation of the ocean
model disturbing gravity gradient can be expressed as [11]

TM
xx R, φ, λð Þ

= fM

R3 〠
N

n=2
〠
n

m=0
�C∗

nm cos mλ + �Snm sin mλ
À Á

Pn
xx
m sin φð Þ,

ð2Þ

where TM
xx is the horizontal east-west component of dis-

turbed gravity gradient, R is the average radius of the Earth,
ðφ, λÞ represents the geocentric latitude and longitude of the
ocean calculation point, f is the geocentric gravitational
constant, M is the mass of the earth, n and m represent the
truncation degrees and orders, �C∗

n,m and �Sn,m are the coeffi-
cients of the gravitational field model of the Earth, and �Pnm
ðsin φÞ represents the associated Legendre function. Because
the latitude of the hexagonal grid in a single latitude circle is
not completely consistent, the exchange integration order
method cannot be used to improve the calculation efficiency
for the model disturbing gradient calculation based on the
hexagonal grid.

Because the ocean gravity gradient needs to be con-
structed in any region of the world, we need to consider that
the recurrence of the quadratic differential of the Legendre
function in equation (2) will be singular near the pole.

Therefore, the recurrence formula of Pn
xx
m ðsin φÞ needs to

be de singular. The expression after desingularity is as
follows [11].

Using equations (2) and (3), the model disturbing
gravity gradient component of an arbitrary point on the
globe can be calculated.

3.1.2. Calculation of the Residual Disturbing Gravity
Gradient. Because the gravitational field model of the Earth
is a spherical harmonic series truncated to a finite order, it
can only represent the gravitational field information of

the Earth to a finite order, which will inevitably produce a
truncation error. The purpose of the remove–restore method
is to remove the long-wave component in the disturbing
gravity gradient and calculate the remaining part using the
residual gravity anomaly δΔg of the surrounding points.
δΔg = Δg − ΔgM , where Δg represents the actual gravity
anomaly and ΔgM represents the model gravity anomaly
calculated using the gravitational field model of the Earth.

Pn
xx
m sin φð Þ =

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n n − 1ð Þ n + 1ð Þ n + 2ð Þ

2

r
�Pn,2 sin φð Þ − 1

2 n + 1ð Þ n + 2ð Þ�Pn,0 sin φð Þ m = 0,

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n − 2ð Þ n − 1ð Þ n + 2ð Þ n + 3ð Þ

p
�Pn,3 sin φð Þ − 1

4 3n + 1ð Þ n + 2ð Þ�Pn,1 sin φð Þ m = 1,

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n − 3ð Þ n − 2ð Þ n + 3ð Þ n + 4ð Þ

p
�Pn,4 sin φð Þ − 1

2 n2 + 3n − 2
À Á

�Pn,2 sin φð Þ +
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n n − 1ð Þ n + 1ð Þ n + 2ð Þ

p
�Pn,0 sin φð Þ m = 2,

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n −m − 1ð Þ n −mð Þ n +m + 1ð Þ n +m + 2ð Þ

p
�Pn,m+2 sin φð Þ +

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n +m − 1ð Þ n +mð Þ n −m + 1ð Þ n −m + 2ð Þ

p
�Pn,m−2 sin φð Þ −

1
2 n2 + 3n −m2 + 2
À Á

�Pn,m sin φð Þ m > 2:

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð3Þ
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In this paper, the DTU18 model data retrieved from satel-
lite altimetry data were selected as the actual gravity
anomaly values. Because of the singularity in the calcula-
tion of the central area, the calculation process needs to
be divided into a central area and an inner area.

(1) Calculation of the Residual Disturbing Gravity Gradient
in the Inner Area. The influence of the residual gravity
anomaly on the disturbing gravity gradient is [11]

δTxx =
R
4π∬

σ

1
r2 cos φ2

∂2S r, ψð Þ
∂ψ2

∂ψ
∂λ

� �2
+ ∂S r, ψð Þ

∂ψ
∂2ψ
∂λ2

 !"

−
tan φ

r2
∂S r, ψð Þ

∂ψ
∂ψ
∂φ

+ 1
r
∂S r, ψð Þ

∂r

#
δΔgdσ,

ð4Þ
where

∂S r, ψð Þ
∂r

= −
t2

R
1 − t2

D3 + 4
D

+ 1 − 6D − t cos ψ
�

Á 13 + 6 ln 1 − t cos ψ +D
2

� ��
,

∂S r, ψð Þ
∂ψ

= −t2 sin ψ
2
D3 + 6

D
− 8 − 3 1 − t cos ψ −D

D sin ψ

�

− 3 ln 1 − t cos ψ +D
2

�
,

∂2S r, ψð Þ
∂r2

= t2

R2 1 − t cos ψð Þ 3 1 − t2
À Á
D5 −

4
D3

� �
−
1 + t2

D3

�

−
10
D

− 18D + 2−3t cos ψ

Á 15 + 6 ln 1 − t cos ψ +D
2

� ��
,

∂2S r, ψð Þ
∂ψ2 = −t2 cos ψ 2

D3 + 6
D

− 8 − 3 1 − t cos ψ −D

D sin2ψ

�

− 3 ln 1 − t cos ψ +D
2

�

+ t3 sin2ψ 6
D5 + 6

D3 + 3 D − 1
D2 sin2ψ

�

+ 3 D + 1
D 1 − t cos ψ +Dð Þ−3

1 − t cos ψ −D

D sin2ψ

Á 2 cos ψ
t sin2ψ + 1

D2

� ��
,

∂2S r, ψð Þ
∂r∂ψ

= t3 sin ψ

R

3 1 − t2
À Á
D5 + 4

D3 + 6
D

− 13
�

− 6 ln 1 − t cos ψ +D
2 + 6 cos ψ D + 1ð Þ

D 1 − t cos ψ +Dð Þ
�

t = R
r
,D = 1 − 2t cos ψ + t2

À Á1/2
ψ = cos−1 sin φ sin φ′ + cos φ cos φ′ cos λ′ − λ

� �� �
:

ð5Þ
Using equations (4) and (5), the gravity gradient compo-

nent of the residual disturbing δTxx at any point in the world
can be calculated.

(2) Singular Integral Processing in the Central Region. It can
be seen from equations (2) and (4) that the Stokes kernel
function and its derivative are used in the calculation pro-
cess; the Stokes kernel function is equal to the square of
the distance between the flow point and the calculation point
divided by the radial diameter. Therefore, when the flow
point approaches the calculation point, its derivative will
abnormally increase, resulting in a singularity, especially
when calculating the radial disturbing gravity gradient [4,
12]. Therefore, the original formula cannot be used to cal-
culate the disturbing gravity gradient in the central area.
We use the Taylor series expansion method to solve the
singularity problem in the central region.

First, the regional geoid can be approximately regarded
as a plane. Then, the coordinate of the calculation point on
the geoid is ðx, y, 0Þ and the central area is regarded as a
circular area with the calculation point at the center and a
distance of 1–2′ as the radius. Then, the radius is s0 = Rψ0,
where ψ0 is the angular distance between the center of the
central region and the edge. After gridding the central area,
the radius s0 can be approximated to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δx × Δy

p
.

If the rectangular coordinate ðx, yÞ is transformed into
the polar coordinate system with the calculation point as
the origin, the coordinate of the flow point in the polar coor-

dinate system is ðs, αÞ, where s =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx′ − xÞ2 + ðy′ − yÞ2

q
, x

and y are the coordinates of the calculation point, and x′
and y′ are the coordinates of the flow point. Then, it is easy
to obtain x = s cos α, y = s sin α, and dx′dy′ = sdsdα. There-
fore, the residual disturbing gravity gradient in the central
area can be obtained as follows:

δTxx =
1
2π

ð2π
0

ðs0
0

δΔg
s2

3 cos2α − 1
À Á

dsdα: ð6Þ

The Taylor series expansion δΔg at the calculation point
in equation (6) can then be obtained:

δΔg = δΔgP + xg1 + yg2 +
1
2 x2g11 + 2xyg12 + y2g22
À Á

+⋯,

ð7Þ
where g1 = ∂Δg/∂x, g2 = ∂Δg/∂y, g11 = ∂2Δg/∂x2, g2 =
∂2Δg/∂y2, and g12 = ∂2Δg/∂x∂y.

Using the above conversion relationship between rectan-
gular and polar coordinates, equation (7) can be converted
into polar coordinates in the following form:

δΔg = δΔgP + s g1 cos α + g2 sin αð Þ

+ s2

2 g11 cos2α + 2g12 sin α cos α + g22 sin2α
À Á

+⋯:

ð8Þ
In equation (8), only the linear term (assuming that the

higher-order terms are small) is considered and the residual
gravity anomaly grid data can be used to obtain the coeffi-
cient parameters g1, g2, g11, g12, and g22.
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Using the above conversion relationship between rectan-
gular and polar coordinates, equation (7) can be converted
into polar coordinates in the following form.

g1n,m = δΔgn+1,m − δΔgn−1,m
2Δx ,

g2n,m = δΔgn,m+1 − δΔgn,m
2Δy ,

g11n,m =
g1n+1,m − g1n−1,m

2Δx ,

g12n,m =
g1n,m+1

− g1n,m−1

2Δy ,

g22n,m =
g2n,m+1

− g2n,m−1

2Δy :

ð9Þ

Here, n represents the number of grid rows, n = 1,⋯,N ,
and m represents the number of grid columns, m = 1,⋯,M.

Substituting equations (8) and (9) into equation (6) gives

δTxx =
5g11 − g22

16 s0: ð10Þ

The gravity gradient component of the residual disturb-
ing δTxx in the central region at any point in the world can
then be calculated using equation (10).

3.2. The CPU+GPU Hybrid Parallel Scheme. It can be seen
from Section 3.1 that, because the latitude of the hexagonal
grid in a single latitude circle is not completely consistent,
when using the hexagon as the grid unit to construct the
marine gravity gradient reference map, it is impossible to
use methods such as exchanging the integral order to reduce
the time-consuming calculation process of the model dis-
turbing gradient. Moreover, the calculation of the residual
disturbing gradient increases rapidly with increasing resolu-
tion, calculation range, and integration radius. Therefore, it
is necessary to accelerate the construction of the hexagonal
marine gravity gradient reference map using the CPU
+GPU hybrid parallel algorithm to parallelize the process.
According to the calculation process described in Section 3
and the calculation characteristics of the model disturbing
and residual disturbing gradients, the calculation of the
model disturbing gradient is allocated to the CPU and that
of the residual disturbing gradient is assigned to the GPU.

3.2.1. Model Perturbation Gradient CPU Parallel Algorithm.
CPUs have a strong overall regulation ability, and the
memory in the CPU is easier to expand to create a large
memory space for calculations. Currently, the number of
CPU threads on a personal computer (PC) can reach 16 or
more and the threads of a multi-CPU server can exceed
100. Even though the number of threads on a CPU is often
less than that on a GPU, the single thread computing power
of a CPU is much stronger than that of a GPU. The single-
thread processing frequency of a CPU can generally reach
more than 2GHz. Therefore, CPUs are suitable for overall

parallel tasks with large memory consumption and relatively
concentrated computing. OpenMP is a parallel algorithm
designed and developed for multicore/shared memory
processors [13, 14]. Using OpenMP does not necessitate
large modifications to the original serial program and only
requires making simple improvements to avoid memory
read/write conflicts during multithreaded computing.
Therefore, it is suitable for parallelizing the model disturbing
gradient calculation, which has a large amount of recursive
computations. After determining the parallel computational
mode, it is necessary to create parallel units. The parallel
computing unit is the smallest unit used to allocate tasks to
each thread during parallel computing, and the memory
space allocated to each computing unit should be indepen-
dent of the other units. Because of the differing latitudes of
the hexagonal grids in the same latitude circle, the method
of exchanging the integral order cannot be used to reduce
the calculation amount; accordingly, the calculations can
only be done one by one using a separate grid as the calcu-
lation unit. Therefore, it was decided to take a grid point
as the parallel computing unit.

The division of the parallel computing units in the above
manner can only be implemented when calculating the
small-scale and low-order model disturbing gradient. How-
ever, when calculating large-scale and high-order models,
such a division will lead to excessive memory consumption,
such that most PCs will have difficulty completing the
calculation. To reduce the dependence of the parallel com-
putation on the memory, this paper proposes the “array
dimensionality reduction + thread grouping”method, which
can reduce the memory occupied by the parallel computa-
tion and weaken the dependence of the parallel computation
on memory.

Array dimensionality reduction: when calculating the
Legendre function �Pnmðcos θÞ, it is often necessary to create
a two-dimensional array P½n�½M� to store �Pnmðcos θÞ. How-
ever, the Legendre function �Pnmðcos θÞ is not a complete
two-dimensional array but rather an array in the form of a
triangular matrix. Directly using a two-dimensional array
to store the function will waste half of the memory; there-
fore, a dimensionality reduction is performed, as shown in
Figure 7. We can save half the memory by removing all
the zeros in the two-dimensional array and then arranging
the Legendre function stored in the lower triangle into a
one-dimensional array from left to right for each row.

Thread grouping: in general, high-performance computers
have more CPU threads and more memory, while ordinary
PCs have fewer threads and less memory. Generally speaking,
the number of CPU threads on a computer is often positively
correlated with the size of its memory. Therefore, to make the
proposed method applicable to as many types of computers as
possible, this paper proposes grouping the parallel computing
units according to the number of threads used in the parallel
computation, as shown in Figure 8. The computing units in
each group are serially computed and share memory. Taking
a range of 10° × 10° and the 12th level of the hexagonal grid
in Table 3 as an example, the number of parallel computing
units is equal to the number of grids: 371,059. If the computing
order is 100, each parallel unit needs to create at least a double
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array with a size of ð1 + 100Þ × 100/2 to store the Legendre
functions. Such an array requires 39.5KB of memory. If it is
directly parallelized, at least 371,059 × 39:5KB of memory is
required, that is, 13.98GB. With increasing order, the memory
consumption will increase exponentially, which is not practical
for ordinary PCs. According to the above “thread grouping”
scheme, when the number of available threads I is 100, only
3.86MB of memory is required, which is achievable for most
computers.

Using the above “array dimensionality reduction + thread
grouping” method, the parallel calculation of the model dis-
turbing gradient can be completed on a multicore processor
computer.

3.2.2. Residual Disturbing Gradient GPU Parallel Algorithm.
CUDA is a heterogeneous parallel platform developed by NVI-
DIA for its GPU products [15]. With the further development
of hardware technology, the number of GPU cores is increasing
[24, 25]. Taking rtx3080 as an example, the number of CUDA
cores has reached 5,120, with a price of less than 10,000 yuan,
which greatly reduces the threshold for parallel computing.
Ordinary computers equipped with this type of graphics card
can use the CUDA platform to complete parallel computing
tasks. Even though GPUs have a large number of threads, their
disadvantages are more prominent than those of CPUs. First,
the single-thread GPU computing ability is weak and GPUs
have high requirements for the amount of computation of a
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parallel computing unit. If the amount of computation of the
parallel computing unit is too large, the GPUwill crash. Second,
the GPU video memory is smaller than the computer memory
and cannot be expanded; therefore, it is suitable for operations
with less initial data but more computing units. The calculation
process of the residual disturbing gradient conforms to the
above characteristics; therefore, a GPU was selected to acceler-
ate its calculation process in parallel.

The CUDA programming language organizes the GPU
threads in the form of a thread grid, as shown in Figure 9.
There are 15 (3 × 5) thread blocks in a single thread grid,
each of which contains 9 (3 × 3) threads. To accurately index
these threads, four built-in variables are introduced: threa-
dIdx, representing the index in the thread block; blockIdx,
representing the index in the thread grid of the thread block;
and blockDim and gridDim, representing the dimensions
(i.e., the length and width) of the thread grid and the thread
block, respectively [16–18]. Using these variables, the x and
y indexes of a thread in the process grid can be calculated.
The calculation formulas are shown in

Idx = blockIdx:x ∗ blockDim:xð Þ + threadIdx:x,

Idy = blockIdx:y ∗ blockDim:yð Þ + threadidx:y:
ð11Þ

When calculating various gravity gradient maps, the
number of grid points is large. Taking a range of 10° × 10°
and the 12th level of the hexagonal grid as an example, there
are 371,059 grid points and the edges of the hexagonal grid
are irregular. Directly using the two-dimensional grid for
indexing not only increases the time consumption of the
thread scheduling process [16, 19] but also is not conducive
to thread indexing at the edge of the grid. Therefore, it is
necessary to reduce the dimension of the thread grid; how-
ever, after dimension reduction, the original adjacent grids
will be separated, resulting in a reduction of the overall spa-
tial clustering. Therefore, spatial clustering of the one-
dimensional grid needs to be ensured as much as possible
during the dimension reduction process. Accordingly, this
paper uses the one-dimensional thread indexing method to
divide the tasks of the GPU threads, taking the calculation
of the residual disturbing gravity gradient of any grid point
as a calculation unit and sorting all of the calculation units.
To ensure the spatial clustering of the grid data in the one-
dimensional indexing process, the regional hexagonal grid
is sorted accordingly, as shown in Figure 10, and the grid
in the left panel is sorted into rows (or columns). Each row
(or column) is connected end to end into the form shown
in the right panel, the grid of which is recoded. Taking the
red hexagonal grid in the 3rd row of the 15th column in
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Figure 9: CUDA thread index diagram.
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the figure as an example, its grid code after dimension reduc-
tion sorting is 150.

Using the parallel computing scheme designed in Sec-
tions 4.1 and 4.2, the rapid construction of a hexagonal
marine gravity gradient reference map can be completed
using CPU+GPU hybrid programming.

4. Experimental Verification and Analysis

To verify the effectiveness of the proposed method, the algo-
rithm was experimentally tested on the following hardware
and software experimental platforms. The hardware envi-
ronment was a high-performance desktop computer with
an Intel®Xeon(R) Gold 6130 @ 2.10GHz processor having
22 cores and 44 threads. The GPU was a Tesla V100 16G
with 64.00GB of memory. The software environment was
a 64-bit Windows 10 operating system, with a VS2013+
CUDA9 2 platform.

The selection range of the test area (the range of the
marine grid) was from 19°N to 29°N and from 41°W to
51°W. The deepest sea depth in this area is 6,872m, the shal-
lowest sea depth is 0m, and the regional average elevation is
−3,657.22m. The maximum value of the gravity anomaly in
this area is 89.8mGal, the minimum value is −83.3mGal,
and the average gravity anomaly is 4.4mGal. The specific
relationship between the regional gravity anomaly and the
submarine topography is shown in Figure 11.

The GPU is sensitive to the selection of the data types in
the calculation, and the calculation efficiency of different
data types varies greatly [16, 18]. The efficiency of using
single-precision floating-point data for calculations is four
times that of using double-precision data. Therefore, when
using GPUs for parallel calculations, single-precision data
should be used as much as possible to ensure the accuracy
and improve the calculation efficiency. However, in the pro-
cess of calculating the residual disturbing gravity gradient
tensor, it is necessary to use sine and cosine functions and
the square operation. The influence of the truncation error
caused by using only single-precision data on the calculation
results cannot be ignored. Therefore, this section uses both
single-precision floating-point data and double-precision
type data and uses the GPU to calculate the total tensor of
the residual disturbing gravity gradient in the experimental
area. We take the serial calculation results of the CPU using

the double-precision data as the “true value” and perform a
comparative analysis with the GPU calculation results, so as
to select the data type of the parallel calculation and verify
the reliability of the proposed parallel calculation method.
By comparing the GPU calculation results with the CPU
calculation results, the accuracy of the parallel calculation
results of the different data types on the GPU can be
obtained, as shown in Table 7.

Table 7 shows that the significant-digit limitation causes
the truncation error generated by the calculation results
using single-precision data to have a significant impact on
the results. The maximum error is 2:72 E, the minimum
error is −4:66E, the average error is 0:18 E, and the root
mean square (RMS) error is 0:37 E. The absolute value of
the error calculated with double-precision data is less than
or equal to 10−6 E, and the average difference and RMS value
are less than 10−12 E. The experimental results show that,
even though the single-precision data can effectively
improve the calculation efficiency, this precision has diffi-
culty meeting the calculation requirements of the disturbing
gravity gradient tensor. Therefore, we chose to use double-
precision data to construct the gravity gradient reference
map.

To further verify the reliability of the mathematical
model of the parallel scheme and the correctness of the
programming software, according to the constraint condi-
tion Txx + Tyy + Tzz = 0, the above parallel calculation
scheme was used to calculate the disturbing gravity gradient
tensor and evaluate the internal consistency of the calcula-
tion results. The experimental results are shown in Table 8.

It can be seen from Table 8 that the maximum value of
Txx + Tyy + Tzz is 0:105 E, the minimum value is −0:127 E,
the standard deviation is 0:0075E, and the RMS error is
0:0091 E. The calculation results fluctuate randomly around
0 and meet the internal consistency conditions of the dis-
turbing gravity gradient tensor. This, to a certain extent,
indicates the reliability of the mathematical model of the
proposed parallel scheme and the correctness of program-
ming software.

4.1. Efficiency Analysis of the Parallel Algorithm. In the pre-
vious section, the data type selection, calculation reliability,
and calculation accuracy of the parallel computing were

1 2 3 4 5 6 148 149 151150 178 179

Figure 10: Schematic diagram of the one-dimensional coding of a hexagonal grid.
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Figure 11: Physical characteristic map of the calculation area.

Table 7: Accuracy analysis of performing parallel computing using different data types, where RMS indicates the root mean square.

Data type Maximum difference Eð Þ Minimum difference Eð Þ Average difference Eð Þ RMS Eð Þ
Double precision data 10-6 -10-6 <10-12 <10-12

Single precision data 2.72 -4.66 0.18 0.37

Table 8: Numerical characteristics of Txx + Tyy + Tzz , where T is the disturbing gravity gradient tensor.

Maximum Eð Þ Minimum Eð Þ Average Eð Þ Std Eð Þ RMS Eð Þ
Txx + Tyy + Tzz 0.105 -0.127 <10-4 0.0075 0.0091
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analyzed. This section analyzes the efficiency of the proposed
parallel computing scheme on the basis of the results found
in the previous section.

4.1.1. Efficiency Analysis of Different Parallel Schemes. To
fully verify the effectiveness of the proposed parallel scheme,
four calculation schemes are examined in this section: (1) a
serial computing scheme, (2) a pure CPU parallel computing
scheme, (3) a pure GPU parallel computing scheme, and
(4) the proposed CPU+GPU hybrid parallel scheme. These
four calculation schemes were used to calculate the dis-
turbing gravity gradient tensor in the test area shown in
Table 9. The 12th level of the ISEA4H hexagonal grid
was used for the calculation, and the EIGEN-6C4 gravity
field model was selected to calculate the disturbing gravity
gradient tensor of the model, with the truncation order
calculated to 2,160 [20–23]. The actual gravity anomaly
of the DTU18 data retrieved via satellite altimetry data
was selected, and the actual gravity anomaly of the hexag-
onal grid was interpolated. The central area incorporated
the grid area 1′ from the midpoint of the central grid,
and the integral radius was in the range of 1°. The calcu-
lation results are shown in Figure 12, and the calculation
time statistics are shown in Table 9.

Table 9 indicates that the total tensor of the disturbing
gravity gradient in the experimental area is calculated by
the serial calculation in 120.35 h or more than 5 days. The
pure CPU parallel computing scheme takes 3.18 h, for an
acceleration ratio of 40.33 times. The pure GPU parallel
computing scheme takes 6.74 h and has an acceleration ratio
of 19.03 times. The CPU+GPU hybrid parallel computing
scheme takes 2.99 h and has an acceleration ratio of 42.90
times. The acceleration effect of the hybrid parallel comput-
ing scheme is better than that of the CPU or GPU single
system parallel computing schemes. When only the CPU is
used for the parallel calculation, the acceleration ratio of cal-
culating the disturbing gravity gradient of the model is 40.38
times and the acceleration ratio of calculating the residual
disturbing gravity gradient is 39.24 times. Using only the
GPU for the parallel calculation results in the acceleration
ratio of calculating the disturbing gravity gradient of the
model being 17.86 times and the acceleration ratio of cal-
culating the residual disturbing gravity gradient being
1126.38 times. It can be seen that the proposed CPU
+GPU hybrid parallel computing scheme can fully exploit
the available computing power and effectively improve the

computing efficiency according to the CPU and GPU
characteristics.

4.1.2. Calculation Efficiency Analysis for Different
Resolutions. To further verify the universal effectiveness of
the proposed CPU+GPU parallel algorithm, here we use
ISEA4H hexagonal grid data at different levels to conduct
numerical experiments, calculate the marine area within
the 10° × 10° test area, and calculate the model disturbing
gravity gradient to order 2,160, with an integral radius of
1°. The hexagonal grid levels used are the 11th, 12th, and
13th levels. The calculation time and acceleration are shown
in Table 10.

It can be seen from Table 10 that, with increasing hex-
agonal grid level, the calculation time increases; therefore,
a large-scale high-resolution hexagonal gravity gradient
reference map is increasingly difficult to obtain in a short
time. The proposed CPU+GPU parallel algorithm was
used to calculate the marine gravity gradient reference
map within the test area. The acceleration ratio of the hex-
agonal gravity gradient reference map at the different
levels can reach more than 40 times and up to 50.92
times. It takes 0.70 h to construct the hexagonal marine
gravity gradient reference map at the 11th level with a
range of 10° × 10°, while it takes 28.45 h for a traditional
serial calculation. In parallel, it takes 2.98 h to construct
of the 12th-level hexagonal marine gravity gradient refer-
ence map, while the serial method takes 120.35 h or more
than 5 days. In parallel, it takes 11.84 h to construct the
13th-level hexagonal marine gravity gradient reference
map, while the serial method takes 602.95 h or more than
25 days. This demonstrates that the proposed parallel
scheme is generally effective for the construction of hexag-
onal disturbing gravity gradient reference maps at different
levels and can effectively improve the construction speed
of gravity gradient reference maps at various resolutions.

Table 10 shows that, for increasing hexagonal grid level
(resolution), the calculation ratio of the proposed hybrid
parallel scheme increases. The main reason for this is that
the calculation time of the disturbing gravity gradient part
of the different level models is different from that of the
residual disturbing gravity gradient part. Taking level 12
as an example, even though the calculation ratio using
the GPU to calculate the residual disturbing gravity gradi-
ent can reach more than 1,000 times, the overall accelera-
tion ratio is less than 43 times. The main reason is that,
when using a hexagonal grid to calculate the disturbing

Table 9: Time consumption of the different parallel schemes.

Parallel scheme Model TM

calculation time

Model TM

calculation
acceleration ratio

Residual δT
calculation time

Residual δT
calculation

acceleration ratio

Total
time

Total acceleration
ratio

Serial computing 120.35 h 1 7.92 h 1 128.27 h 1

Pure CPU parallelism 2.98 h 40.38 12.11min 39.24 3.18 h 40.33

Pure GPU parallelism 6.73 h 17.86 25.32 s 1126.38 6.74 h 19.03

GPU+CPU hybrid parallel 2.98 h 40.38 25.32 s 1126.38 2.99 h 42.90
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Figure 12: Continued.
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gravity gradient, because the latitude of the hexagonal grid
in the same latitude circle is not completely consistent, it
is impossible to use methods such as exchanging the inte-
gration order to accelerate the calculation process of the
model disturbing gradient. In the process of calculating
the disturbing gravity gradient using the 12th-level hexag-
onal grid, the calculation time of the gravity gradient part
of the model accounts for 93.8% of the total calculation
time, while that of the residual gravity gradient part
accounts for 6.2% of the total. Therefore, the acceleration
effect of the calculation of the model part is dominant.
With increasing level (resolution), the calculation amount
of the disturbing gradient part of the model increases lin-
early, while that of the residual disturbing gradient part
increases exponentially; accordingly, the proportion of the
calculation acceleration effect of the residual part gradually
increases. Therefore, the acceleration effect of the CPU
+GPU hybrid parallel scheme gradually increases with
increasing level (resolution), making it more suitable than
other schemes to building a high-resolution marine gravity
gradient reference map.

5. Construction of the Global Marine
Hexagonal Gravity Gradient Reference Map

Based on the proposed CPU+GPU hybrid parallel scheme,
we used the ISEA4H hexagonal grid system to rapidly con-
struct a global, full-tensor, 12th-level hexagonal marine
gravity gradient reference map. The EIGEN-6C4 gravity
field model was used for the calculation, and the truncation
was calculated to order 2160. Using the satellite altimetry
DTU18 model gravity anomaly, the hexagonal grid data
were formed first and then the residual disturbing gravity
gradient was calculated. An integral radius of 1° was
selected for the calculation in the inner area, and the
central area selected the central grid point and the six sur-
rounding grid points, totaling seven grid areas. The calcu-
lation results are shown in Table 11 and Figure 13, and the
internal consistency of the gravity gradient tensor is shown
in Table 12.
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Figure 12: Gravity gradient reference map of the calculation area.

Table 10: Calculation time for different resolutions.

Level
Serial computing

time (h)
Parallel computing
time consuming (h)

Acceleration
ratio

11th level 28.45 0.70 40.64

12th level 120.35 2.98 42.90

13th level 602.95 11.84 50.92

Table 11: Numerical characteristics of the global marine gravity
gradient.

Maximum Eð Þ Minimum Eð Þ Average Eð Þ Median Eð Þ
Txx 131.43 -118.97 <10-4 0.0725

Tyy 102.45 -106.05 <10-4 0.0584

Tzz 221.83 -117.77 <10-4 0.0100

Txy 78.66 -74.72 <10-4 0.0000

Tzx 112.31 -111.50 <10-4 0.0037

Tzy 103.02 -107.41 <10-4 -0.0064
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The results in Tables 11 and 12 show that the maximum
absolute value of the global full-tensor hexagonal marine
gravity gradient reference map model is less than 0:18 E
and that the standard deviation is less than 0:0002 E, which
meets the internal conditions of the disturbing gravity gradi-
ent tensor. The global marine gravity gradient value is small.
The absolute value of the gravity gradient of more than 80%
of the grid points is less than 10 E, the average value is less
than 10−6 E, the median is near 0 E, and the gravity gradient
is related to the seabed topography. The variation in the
gravity gradient value is obvious in areas with severe topo-
graphic fluctuations.

6. Discussion and Conclusions

This paper first introduced the hexagonal grid system as a
grid unit for constructing a marine gravity gradient refer-
ence map, compared the advantages and disadvantages of
the ISEA4H and H3 grid systems, and selected the ISEA4H
hexagonal grid system according to the characteristics of
gravity gradient matching navigation. Then, via calculations,
statistics, and analyses of the grid model error and grid
matching positioning error, the feasibility and effectiveness
of the hexagonal grid for gravity gradient matching naviga-
tion were verified. Consequently, based on Stokes’ remove–
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Figure 13: Global hexagonal ocean gravity gradient reference map model.

Table 12: Numerical characteristics of the global Txx + Tyy + Tzz .

Maximum (E) Minimum (E) Average (E) Std (E) RMS (E)

Txx + Tyy + Tzz 0.175 -0.168 <10-4 0.00012 0.00037
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restore theory and according to the characteristics of the
hexagonal grid disturbing gravity gradient calculation, we
proposed an efficient CPU+GPU hybrid parallel scheme,
which can effectively improve the construction efficiency of
a hexagonal marine gravity gradient reference map. The
experimental calculations and analyses show the following.

(1) Compared with the H3 hexagonal grid system, the
ISEA4H hexagonal grid system has a better charac-
teristic of equal area; that is, the number of grids
between adjacent levels changes less. In addition,
the grid levels of the ISEA4H system better corre-
late with quadrilateral geographic grids, which is
conducive to the construction of reference maps
based on existing data. Therefore, the ISEA4H grid
system was selected to construct the hexagonal
marine gravity gradient reference map

(2) On the premise of only considering errors caused by
the geometric structure of the reference grid in the
process of discretizing a track, the grid model error
and matching positioning error of a hexagonal grid
and quadrilateral geographic grid with the same res-
olution were analyzed for the process of matching
navigation. The experimental results show that the
standard deviation of the grid model error of a
hexagonal grid is more than 14% less than that of a
quadrilateral grid with the same resolution. The
standard deviation of the grid matching positioning
error is reduced by more than 15% for a hexagonal
grid, which effectively proves the feasibility and
effectiveness of hexagonal grids in gravity gradient
matching navigation

(3) Based on the hexagonal grid, we constructed a refer-
ence map of the marine gravity gradient using the
Stokes remove–restore technique. To address the
low efficiency of calculating the disturbing gravity
gradient on a hexagonal grid, a CPU+GPU hybrid
parallel computing scheme was proposed. This
scheme can make full use of the computing power
of the available equipment and effectively improve
the computing efficiency. Compared with a serial
algorithm, the calculation acceleration ratio of the
parallel computing scheme can reach more than 40
times, which is beneficial for the construction of
high-resolution gravity gradient reference maps. A
global full-tensor hexagonal marine gravity gradient
reference map was constructed under the following
accuracy conditions: an absolute error of the parallel
computing of less than or equal to 10−6 E, a
maximum absolute value of less than 0:18 E, and a
standard deviation of less than 0:0002 E
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