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Boise sandstone has a variety of grain diameter, and the heterogeneity makes it difficult to characterize. In this paper, a model of
viscous squirt is used to simulate velocity and attenuation of ultrasonic P-wave in the sandstone saturated with water. Phase
velocity yielding from the model is fitted against the velocity measured at frequency of 500 kHz, which determinates the quality
factor due to viscous squirt (Qps) as a function of frequency. The resulting Qps appears to be 14.64 at frequency of 0.8MHz.
With the use of the measured total quality factor (Qp) of 6.9 at 0.8MHz, the dry quality factor (Qpd) appears to be 13.0 at
0.8MHz. The resulting dimension of the rock unit is 0.150 multiplied by 0.140mm, pretty consistent with the mean grain
diameter of 0.150mm. The relative first and second porosities are ascertained to be 0.976 and 0.024, respectively, and the
aperture distance of the second porosity is 0.84 μm. Nonetheless, the model represents analytical continuation of small rock
samples. Consequently, seismic attenuation predicted by the model is far smaller than field observation. The discrepancy shows
that strong seismic attenuation in the field is associated with a scale much larger than pore scale.

1. Introduction

Rocks in the subsurface contain a variety of pore. Ground-
water, oil, or gas may saturate pores. Such rocks are compos-
ites consisting of two phases (solid and fluid). In rock
physics [1], skeleton (voided solid or dry rock) is more
extensively used than solid. In this paper, a rock unit is
defined from the Lagrange perspective, which is different
from REV (representative elemental volume) defined in the
Euler (spatial) sense. The Lagrange approach is tracking of
a mass point or an object (which is widely used in theoretical
mechanics), i.e., there is no mass into or out of the object.
The Euler approach is a field approach (which is widely used
in fluid mechanics), i.e., fixing a certain spatial area/volume,
and there is mass into or out of the area/volume.

From the perspective of elasticity, fluid flow is free shear
dislocation of fluid parcel due to the vanishing shear modu-
lus. From the Lagrange perspective, fluid particles physically
migrate long distances. In contrast, although stress waves
propagate far away, solid particles just vibrate locally.
Undrained rock refers to the extreme case that pore is
completely sealed on the boundary of the rock unit (water
is not allowed to enter or leave out of the pore). Undrained

isotropic rock was firstly studied by [2, 3]. Compressional
(P-) wave changes the volume of a rock unit, the volume
of pore, and the pressure of fluid [1–6]. For isotropic porous
rocks saturated with fluid, shear (S-) wave changes none of
the volumes of the rock unit and pore, the fluid pressure,
and the shear modulus. Below is the explanation.

According to the invariance of stress tensor [1, 4], for
isotropic porous rock, shear stress can be decomposed into
a positive pressure (compressional) in one principal direc-
tion and a negative pressure (tensional) in the other princi-
pal direction with the same magnitude. Suppose that the
positive pressure decreases the volumes of the rock unit
and pore and increases the pressure of fluid. The negative
pressure will increase the volumes of the rock unit and pore
and decrease the pressure of fluid. The two effects will cancel
each other, resulting in the volumes and fluid pressure
unchanged. The above conceptualization is an approxima-
tion model with high accuracy and is precisely the basis that
Biot [5, 6] constructed his constitutional relations; see equa-
tion (2.11) in [5].

Biot [5] used the Darcy permeability to quantify viscous
stress between solid and fluid, while Biot [6] used dynamic fluid
viscosity (equivalent to dynamic permeability) to quantify the
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viscous stress. In view of fluid mechanics, the latter is more rea-
sonable, especially at high frequencies. For S-wave, Biot [6]
works pretty well because as aforementioned, shear stress
changes none of the volumes of the rock unit and pore and
the average fluid pressure within the pore. In short, attenuation
of S-wave comes solely from viscous stress between fluid and
solid induced by velocity difference between them.

However, the Biot [5, 6] theory severely underestimated
the measured velocity and attenuation of ultrasonic P-wave
in consolidated rocks [7–9]. More recently, Li et al. [10]
demonstrated that the Biot theory worked pretty well for
ultrasonic P-wave in unconsolidated glass beads but failed
for ultrasonic P-wave in compressed glass beads. Same as
any other single-porosity models, the Biot [5, 6] theory is a
model in which the average pressure alone is used for a
whole pore. There lacks evidence that fluid pressure within
a pore is uniform everywhere. Actually, contact of grains
(COG) invariably has a volumetric strain much higher than
the main pore space (the former is often called as compliant
while the latter is called as stiff). As active skeleton com-
presses passive fluid, COG has a fluid pressure much higher
than the main pore space. Consequently, the pressure imbal-
ance drives a viscous squirt between them [11–14], i.e., water
mass leaves out of COG and enters the main pore space.

Distinctly different from interpore seepage, viscous
squirt is defined as the internal exchange of fluid mass
within a pore, in which fluid mass leaves out of a pore space
subject to high pressure and enters other space of the pore
subject to low pressure. The viscous squirt is characterized
by relative shear motion of water with respect to pore wall.
Nonetheless, pressure difference may drive fluid to move
along with solid, which is not squirt. Take an example. A
horizontal glass bottle is fully filled with water. When the
bottle has an accelerating translation, there is a pressure dif-
ference between its inner bottom (pushing water there) and
its inner top (sucking water there). The pressure difference
drives the water to achieve the same velocity/acceleration
as the bottle, but there are no any squirts within the bottle.

To accurately model viscous squirt between COG and
the main pore space, double-permeability model [15–20]
was proposed. More recently, an effort of modifying the
constitutional relations in [16–18] was made by [21] to
automatically yield the Gassmann [2] velocity at the low-
frequency end. Later on, the squirt coefficient from mathe-
matical parameterization in [16–18] was upgraded by [22]
based on fluid mechanics.

P-wave is associated with pushing/pulling stress onto the
surfaces of a rock unit, thus changing the rock-unit volume
and the pore pressure [1–6]. Shear stress can be invariably
decomposed into a positive pressure (principle stress) on a
surface of the Euler element and a negative pressure (princi-
ple stress) on another (perpendicular) surface [1, 4, 23].
Recall that S-wave is associated with shear stress on the sur-
faces of the Euler element. Therefore, S-wave changes nei-
ther the rock-unit volume nor the pore volume [1–6] as
conceptualized earlier. In [16–18, 24], pore wall close to
the boundary of a rock unit was hypothesized to have fluid
pressure qualitatively consistent with the principal pressure
on the boundary, and it was further hypothesized that the

pressure difference drove a squirt within the pore. At high
frequencies, there is indeed a pressure difference as depicted
in [16, 24]. However, the pressure difference accelerates
translation and rotation of pore fluid along with solid, rather
than squirt. Fluid mass neither leaves out of a pore space nor
enters other space of the pore.

General motions of a solid are comprised of three types,
i.e., translation, deformation, and rotation. Theoretical
mechanics [25] is focused on study of translation and rota-
tion, while the solid is assumed to be rigid. Elastic mechanics
[1, 4, 23] is focused on study of deformation while transla-
tion is ignored and rotation plays a negligible role (when
wavelength of elastic wave is far longer than length of rock
unit).

Similarly, stress waves generally have three effects on
rock solid. One effect is accelerating translation of the solid,
the second is deformation of the solid, and the third is accel-
erating rotation of the solid. As pore fluid moves along with
the solid, stress waves generally impact the three effects on
the fluid. The accelerating translation and rotation of pore
fluid require stress difference from pore wall to drive.
Whether for P-wave or for S-wave, pore fluid has accelerat-
ing translation, deformation, and accelerating rotation.
Deformation can be further classified as bulk deformation
and shear deformation [1, 4, 23]. For bulk deformation of
pore fluid, P-wave changes the pore volume and fluid pres-
sure. However, it is controversial whether S-wave changes
the pore volume and fluid pressure [16–18] or not [5, 6,
26–29].

Fluid is characterized with a vanishing shear modulus
which does not allow any elastic shear stress. As such, shear
deformation of pore fluid is associated with viscous shear
stress in fluid mechanics. According to theorem of angular
momentum [25], at exceptionally high frequency, accelerat-
ing rotation of pore fluid requires stress difference from pore
wall to drive. For P-wave, accelerating translation and shear
deformation of pore fluid are driven by pressure difference
(see the above example of a horizontal glass bottle saturated
with water) and/or viscous shear stress from pore wall. For
S-wave, accelerating translation and shear deformation of
pore fluid are driven by viscous shear stress [26, 27] and/or
pressure difference from pore wall [28, 29].

Based upon the intrapore squirt, Li et al. [21] and Li [22]
developed a model of P-wave in isotropic rock saturated
with fluid. For Berea sandstone (a classic sandstone with rel-
atively uniform diameter of grain), the model [21, 22] accu-
rately simulated ultrasonically measured velocity and
attenuation [30] of the sandstone saturated with water.

Different from Berea sandstone, Boise sandstone has a
wide distribution of grain diameter and is highly heteroge-
neous at the grain scale. As such, Boise sandstone is more
difficult to describe than Berea sandstone, and its parameters
vary appreciably from specimen to specimen. Nevertheless,
Boise sandstone may be conceptualized to be statistically
homogenous on a macroscopic scale, i.e., tens of grain diam-
eter. Wave approach is advantageous and promising in
acquiring the average parameters, because stress wave trans-
mits through a rock sample with a dimension of several
centimeters. King [31] well measured velocity of ultrasonic
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P-wave in Boise sandstone both dry and saturated. In this
paper, the squirt model [21, 22] shall be used to simulate
the saturated velocity and to predict the viscous squirt atten-
uation of Boise sandstone in [31]. The motivation is to con-
firm the applicability of the model [21, 22] to Boise
sandstone and to acquire its average parameters.

2. Model of P-Wave

Viscous squirt between COG and the main pore space can
be assumed to be in a 2D fissure [22]. Hence, squirt coeffi-
cient, γðωÞ, was derived as follows [22, 32]:

γ ωð Þ = 8iη2
ωρf L

2
tanh φ

φ
− 1

� �
, ð1Þ

with

φ =
ffiffiffiffiffi
ω

2v

r
1 + ið Þ b2 , ð2Þ

where η2 is the second porosity, ω is the angular frequency
(f = ω/2π is the wave frequency), ρf is the fluid density, v
= μ/ρf is the fluid kinematic viscosity (μ is the fluid dynamic
viscosity), b is the aperture distance of COG, and L and D
are the length and depth of the rock unit, respectively. Please
note that η2 = b/D.

Albeit permeability is important for slow P-wave (trans-
mission of the fluid pressure which drive groundwater seep-
age in hydrogeology) [33, 34], it can be well ignored as the
first-order approximation in the study of fast P-wave at high
frequencies [21, 22]. The reason is that viscous squirt within
a pore (rather than interpore permeability) dominates atten-
uation of fast P-wave at high frequencies. This led to the
wavenumber (k) equation as follows [21, 22]:
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where Kd and G are the bulk modulus and shear modulus of
skeleton, respectively, ρ = ρs + ηρf is the total density, and
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wherein η1 is the first porosity and aij is the unsymmetric
compressibility matrices [21, 22].

Wavenumber equation (3) was rewritten as follows for
simplicity:

−b1 + b2ið Þ k
ω

� �2
= −c1 + c2i, ð5Þ

where −b1 and b2 are the real part and imaginary part of
ð4/3ÞGs1 + ð4/3ÞGs2 + ðKd + ð4/3ÞGÞs3, respectively, while
−c1 and c2 are the real part and imaginary part of ρðs1
+ s2 + s3Þ, respectively.

Equation (5) has the solution as follows [22, 35]:
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wherein A1 and A2 are the two buffer real numbers.
Hence, phase velocity (vp) and the quality factor (Qps)

due to viscous squirt turned out to be as follows [21, 22]:

vp =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b21 + b22

q
A1

,

Qps =
−A1
2A2

:

ð7Þ

3. Application to Boise Sandstone

Forming during the Tertiary period and outcropping in
Boise City, Idaho, in the USA, Boise sandstone is highly
porous and highly permeable. The specimen had a porosity
of 0.25 [31], the solid material had a density of 2650 kg/m3

[36], and the dry specimen had a density of 1988 kg/m3.
Dry velocities of P- and S-waves under differential pressure
of 3MPa were measured as 3070 and 1960m/s, respectively
[31]. Thus, bulk (Kd) and shear (G) modules are calculated
as 8.55 and 7.64GPa, respectively. The P-wave had fre-
quency of 500 kHz [31], and measured parameters are listed
in Table 1.

The velocity of P-wave in the water-saturated specimen
was measured as 3300m/s [31], under differential pressure
of 3MPa. As attenuation was not measured in [31], we have
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to use the total quality factor (Qp of 6.9 at 0.8MHz) docu-
mented in [30]. The specimen in [30] had the same porosity
as in [31], whereas the former had vp of 3420m/s, a little
higher than the latter of 3300m/s. The modeling target is
that both phase velocity and the quality factor are close
between the model and the measurement. Modeling param-
eters are collected in Table 2.

In the modeling, the key parameters are the second
porosity (η2), the aperture distance of COG (b), and the
rock-unit length (L). The first porosity can be automatically
determined via η1 = η − η2, and the rock-unit depth can be
automatically determined via D = b/η2. Our model yields vp
and Qs as depicted in Figures 1 and 2, respectively. At low
frequencies, modeled vp asymptotes to Gassmann [2] veloc-
ity of 3228m/s. The model yields vp of 3301m/s at frequency
of 0.5MHz and Qps of 14.64 at frequency of 0.8MHz. Dry
quality factor (Qpd) is thus calculated as 13.0, via the follow-
ing relation [1]:

1
Qpd

= 1
Qp

−
1
Qps

: ð8Þ

Please note that in this paper, attenuation due to the Ray-
leigh scattering is incorporated into dry attenuation on the left
hand side of equation (8). In other words, we do not discern
attenuation due to the Rayleigh scattering from dry attenua-
tion. L and D of the rock unit turn out to be 150 and 140μm,
respectively. According to [39], Boise sandstone has grain
diameter ranging from 75 to 225μm (150μm on average).

Squirt flux rate from COG to the main pore space is
squirt coefficient, γðωÞ, multiplied by pressure difference
between them. The modeling also yields γðωÞ as a function
of frequency; see Figure 3. Evidently, with frequency lower
than 0.1MHz, γðωÞ is nearly a real-number constant, mean-
ing that the squirt flux rate is almost synchronous with the
pressure difference. With the increase of frequency, γðωÞ
becomes a complex number, meaning that the squirt flux
rate is less synchronous with the pressure difference. With
the further increase of frequency from 10MHz, γðωÞ will
asymptote to zero, meaning a vanishing squirt flux rate.

4. Discussion

Gregory [36] also measured velocity of ultrasonic P-wave in
Boise sandstone. The specimen of Boise sandstone in [36]

Table 1: Measured parameters of Boise sandstone and water.

Parameters Values Units References

Density of skeleton (ρs) 1988 kg·m-3 [31]

Bulk compressibility (βd) 0:117 × 10−9 Pa-1 [31]

Compressibility of solid material (βs) 0:027 × 10−9 Pa-1 [36]

Shear modulus (G) 7:64 × 109 Pa [31]

Porosity (η) 0.25 [31]

Density of water (ρf ) 1000 kg·m-3 [37]

Viscosity of water (μ) 0.001 Pa·s [37]

Compressibility of water (βf ) 0:46 × 10−9 Pa-1 [38]

Table 2: Porosities, compressibility matrices, and length scales in modeling Boise sandstone. COG denotes contact of grains.

Parameters Values Units

First porosity (η1) 0.976η

Second porosity (η2) 0.024η

Skeleton strain divided by main pore pressure (a12) βs − βdð Þη1/η Pa-1

Skeleton strain divided by COG pressure (a13) βs − βdð Þη2/η Pa-1

Fluid increase in main pore divided by COG pressure (a23) 0 Pa-1

Fluid increase in COG divided by main pore pressure (a32) 0 Pa-1

Fluid increase in main pore divided by main pore pressure (a22) 0.70 (ηβf + βP) Pa-1

Fluid increase in COG divided by COG pressure (a33) 0.30 (ηβf + βP) Pa-1

Fluid increase in main pore divided by confining pressure (a21) βCη1/η Pa-1

Fluid increase in COG divided by confining pressure (a31) βCη2/η Pa-1

Aperture distance of COG (b) 0.84 μm

Length of rock unit (L) 150 μm

Depth of rock unit (D) 140 μm
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had a porosity of 0.268 (which is higher than the porosity in
[31]) and a dry density of 1940 kg/m3. Dry velocities of P-
and S-waves were measured as 3290 and 2090m/s, respec-
tively [36]; both were higher than the counterparts in [31].
vp (at frequency of 1MHz) was measured as 3455m/s in
[36], appreciably higher than vp of 3300m/s (at frequency
of 500 kHz) measured in [31].

In the previous study [22], the same model as in this
paper was used for simulating vp measured on the specimen
in [36]; the modeling parameters are listed in Table 3 in [22].
The aperture distance of COG (b) was 1.0μm in [22] and is
0.84μm in this paper. In the modeling of Li [22], L and D of
the rock unit were 145 and 149μm, respectively, while in
this paper, L and D are 150 and 140μm, respectively.

For Boise sandstone having a porosity of 0.25, Qps was
predicted as 16.1 at frequency of 0.8MHz [22], while Qps is
predicted as 14.64 in this paper. The small error in Qps

may arise from the different specimens and the different
confining pressures. Via equation (8), Qpd in [22] appeared
to be 12.1 at 0.8MHz, while Qpd in this study turns out to
be 13.0 at the frequency. The error in Qpd is also small. On
the other hand, for Berea sandstone having a porosity of
0.20, Qpd under zero confining pressure was measured as
approximately 20 at frequency of 0.8MHz [30]. The increas-
ing porosity tends to decrease Qpd and enhance dry attenua-
tion. The total quality factor (Qp) was measured as 6.9 for
water-saturated Boise sandstone and as approximately 10
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Figure 1: Modeled velocity (vp) versus ultrasonic measurement [31] of P-wave in Boise sandstone, with f denoting frequency and modeling
parameters from Table 2.
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Figure 2: Modeled quality factor of P-wave due to viscous squirt (Qps) versus the total quality factor (Qp) [30] measured on Boise sandstone,
with f denoting frequency and modeling parameters from Table 2.
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for water-saturated Berea sandstone [30]. A higher porosity
inclines to decrease Qp and enlarge the total attenuation.

As depicted in Figure 1, the dispersion curve is charac-
terized with a small concave at 1MHz. The concave is very
interesting and was rarely observed previously. To confirm
the concave, we purposely change the modeling parameters
from Table 2 into Table 3. Then, the model output is plotted
in Figures 4 and 5. It is seen in Figure 4 that although the
dispersion curve is almost monotonous, the measured veloc-
ity is not well simulated. In Figure 5, the disparity of the
quality factor between model and measurement is very large.
Therefore, the concave in Figure 1 is a must yielding from
the accurate fitting between model and measurement.

At the first glance, Figures 1 and 2 have only measure-
ments at a single frequency (500 kHz). Nonetheless, there

is another implicit frequency in seismic band (10-100Hz).
In the seismic band, the model yields the classic Gassmann
[2] velocity of 3228m/s and a high-quality factor of 105,
which is consistent with the consensus that at seismic fre-
quencies, P-wave in a rock will approach the elastic limit.
For sonic frequencies (20Hz to 20 kHz), the current tech-
nique of a resonant bar is not quite reliable and not widely
used. At laboratories, few people conducted sonic measure-
ments with transient waves, which would require a very
large specimen.

The low-frequency end in Figures 1 and 2 represents
analytical continuation of the small specimen to a very large
scale. Along this line, our model predicts Qps as 10

6 with fre-
quency at 10Hz. However, according to the measurement by
seismic P-wave in the southern California crust [40], seismic

Figure 3: Squirt coefficient γðωÞ for water-saturated Boise sandstone, with f denoting frequency. Please note that at very high frequencies,
the coefficient tends to vanish according to equations (1) and (2).

Table 3: Porosities, compressibility matrices, and length scales in modeling Boise sandstone. COG denotes contact of grains.

Parameters Values Units

First porosity (η1) 0.985η

Second porosity (η2) 0.015η

Skeleton strain divided by main pore pressure (a12) βs − βdð Þη1/η Pa-1

Skeleton strain divided by COG pressure (a13) βs − βdð Þη2/η Pa-1

Fluid increase in main pore divided by COG pressure (a23) 0 Pa-1

Fluid increase in COG divided by main pore pressure (a32) 0 Pa-1

Fluid increase in main pore divided by main pore pressure (a22) 0.85 ηβf + βP

� �
Pa-1

Fluid increase in COG divided by COG pressure (a33) 0.15 ηβf + βP

� �
Pa-1

Fluid increase in main pore divided by confining pressure (a21) βCη1/η Pa-1

Fluid increase in COG divided by confining pressure (a31) βCη2/η Pa-1

Aperture distance of COG (b) 0.5 μm

Length of rock unit (L) 150 μm

Depth of rock unit (D) 133 μm
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Qp ranged from 100 to 200 at an aquifer depth of 1 km. The
large disparity robustly shows that the intrapore squirt is not
the mechanism of seismic attenuation in the field. Instead,
severe seismic attenuation in the field probably arises from
the scaling effect. Recall that measurements of Qp are based
upon direct wave. Large faults broke the crust, thus tending
to decrease velocity of direct wave and increase attenuation
of direct wave. Geologic blocks are likely to cause wave
reflections between them and the Rayleigh scattering (as
manifested by coda wave), thus decreasing the amplitude
of direct wave. Multiple lithological layers also cause multi-
ple reflections which can decrease amplitude of direct wave
and elongate waveform [41]. All these can increase apparent
attenuation in the field.

5. Conclusions

(1) Although Boise sandstone has a wide distribution of
grain diameter, our model of intrapore squirt well
simulates both velocity and attenuation of P-wave
ultrasonically measured. This shows that the wave
approach is capable of acquiring the macroscopic
parameters because the wave scans throughout the
sandstone. The reason is that at frequency of
500 kHz, the wavelength is 6.6mm which is far lon-
ger than the maximum grain diameter of 0.225mm

(2) The resulting dimension of the rock unit is 0.150
multiplied by 0.140mm, pretty consistent with the
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Figure 4: Modeled velocity (vp) versus ultrasonic measurement [31] of P-wave in Boise sandstone, with f denoting frequency and modeling
parameters from Table 3.
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Figure 5: Modeled quality factor of P-wave due to viscous squirt (Qps) versus the total quality factor (Qp) [30] measured on Boise sandstone,
with f denoting frequency and modeling parameters from Table 3.
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mean grain diameter of 0.150mm. The relative first
and second porosities are 0.976 and 0.024, respec-
tively, and the aperture distance of COG is 0.84μm

(3) In the previous study [22], Qps was predicted as 16.1
at frequency of 0.8MHz, while it is predicted as
14.64 at the frequency by this study. These two
values are close to each other, and the small error
may arise from the different specimens and the dif-
ferent confining pressures

(4) At frequency of 0.8MHz, Qpd appears to be 13.0 for
Boise sandstone having a porosity of 0.25, while Qpd

was measured as approximately 20 for the dry Berea
sandstone having a porosity of 0.20. Increase of poros-
ity tends to enlarge dry attenuation and decrease Qpd

Nomenclature

aij: Compressibility matrices
b: Aperture distance of COG
D: Depth of the rock unit
f : Frequency
G: Shear modulus of dry rock
k: Wavenumber
L: Length of the rock unit
Κd : Bulk modulus of dry rock
Qp: The total quality factor of P-wave
Qpd : The quality factor of P-wave in dry rock
Qps: The quality factor of P-wave due to viscous squirt
vp: Phase velocity of P-wave
βd : Bulk compressibility of dry rock (βd = 1/Kd)
βf : Bulk compressibility of fluid
βP : Change of porosity due to fluid pressure
βC : Change of porosity due to the confining pressure
βs: Compressibility of solid material
μ: Fluid dynamic viscosity
ν: Fluid kinematic viscosity (ν = μ/ρf )
ρ: The total density
ρf : Fluid density
ρs: Skeleton density
φ: Permeability angle
η: Rock porosity
η1: The first porosity
η2: The second porosity
ω: Angular frequency
γ: Squirt coefficient.

Data Availability

The data of this study are included within the article.

Additional Points

Highlights. A squirt model of P-wave is used to acquire the
average parameters of Boise sandstone. (1) At frequency of
0.8MHz, the quality factors under dry and viscous squirt
conditions are 13.0 and 14.64, respectively. (2) Increase of

porosity tends to enlarge dry attenuation of P-wave and
decrease dry quality factor.
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