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Based on multipotential surface theory, an elastoplastic constitutive model is established in this paper. The required parameters of
the proposed model are the same as those of the Duncan-Chang model, and the proposed model is no longer restricted by the
generalized form of Hooke’s law. In addition, the proposed model uses a numerical method to fit the test curves to determine
the required parameters. The calculation program of the proposed model is also developed by FLAC3D, and according to the
comparison with the triaxial test results of gravel and the stress and deformation analysis of the phase II cofferdam of the
Three Gorges Project, the rationality and superiority of the proposed model are verified.

1. Introduction

Among the existing constitutive models of soil, the Duncan-
Chang model [1], which is based on the generalized form of
Hooke’s law, has been widely applied for simplicity in deter-
mining the required parameters, and all these parameters
have a clear physical meaning. However, the largest issue
with this model is that it does not reflect the dilatancy of soil.
Although elastoplastic constitutive models [2-9] have some
advantages over the Duncan-Chang model in reflecting the
deformation characteristics of the soil, traditional elastoplas-
tic constitutive models generally have to determine such as
the plastic potential surface, yield function, and hardening
rule. The determining processes are usually quite compli-
cated and have more artificial assumptions; thus, the extent

of their applications is less than that of the Duncan-Chang
model. Therefore, it is of great significance to propose a
model that can easily determine the parameters similar to
the Duncan-Chang model and reflect the main deformation
characteristics of soil, such as dilatancy.

To overcome the limitation of the traditional constitu-
tive theory of soil, Yang et al. [10] proposed the multipoten-
tial surface theory (also known as generalized potential
theory). This theory primarily uses a gradient vector of line-
arly independent multiple potential functions to express the
stress-strain relationship of the main space. Then, the con-
stitutive relation of the main space is transformed into a
six-dimensional stress-strain relation by using the coordi-
nate transformation method with a derivative, and the asso-
ciated constitutive relation expressed by a potential function
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is formed. This theory includes both the traditional elastic
and plastic potential theories as its special cases and can
express both the elastic and plastic constitutive relations;
thus, it provides a new and more applicable theory for soil
constitutive models [11, 12].

To develop the advantages of the Duncan-Chang
model for parameter determination and to compensate
for the theoretical limitation of generalized form of
Hooke’s law, an elastoplastic constitutive model based on
multipotential surface theory is proposed in this paper.
This multipotential surface elastoplastic constitutive model
is no longer restricted by the generalized form of Hooke’s
law and can compensate for the inability of the Duncan-
Chang model to reflect the dilatancy of soil. The proposed
model is also applied to analyze the stress and deforma-
tion of the phase II cofferdam of the Three Gorges Project,
and its rationality and superiority are then verified.

2. Multipotential Surface Flastoplastic
Constitutive Model

Based on the multipotential surface theory, the establish-
ment of the constitutive model is divided into two parts.

The first part is the establishment of the constitutive
model in the principal space. Taking the principle stress
space as the example, according to the test results, the con-
stitutive model can be obtained as

{&i}sa = [Clas{0i} 30 (1)

where {¢;} and {o,} are the strain components and the
stress components in the principal space, respectively, and
[C] is a 3 x 3 order matrix.

From a mathematical view, € = (&, &,, £;) can be seen as
a three-dimensional vector and can be expressed by three
potential functions with linearly independent gradient vec-
tors ¢ (k= 1,2, 3); then,

3 a(P
= E)tfk, 2
& & kao,i ()

where A (k=1,2,3) are three undetermined coeflicients,
which can be determined by the test results in principal
space.

The second part is the transformation from the consti-
tutive model in principal space to the constitutive model
in six-dimensional space. In the multipotential surface the-
ory, this transformation is expressed by the derivative
form, that is,

m=1

0¢,,
sij:zem’gij' (3)

Assuming that the principal strain {¢, } and the prin-
cipal stress {o,,} are in the same direction, the following
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equation can be obtained:

3
&= D &n
m=1

Substituting Equation (2) into Equation (4), then

do,,
do;;

L0,
= 2 gt (5)

Equation (5) is one of the full variable forms of the consti-
tutive model based on the multipotential surface theory. Cer-
tainly, the incremental form of the constitutive model can
also be obtained in the same way. For example, the constitutive
model in principal stress space is obtained as

{d&f}3x1 = [Clyu3{doi} s (6)

where {de’’} and {do;} are the plastic strain increment com-
ponents and the stress increment components in principal
space, respectively.

Similar to the above method, the following equation can
be obtained:

def;= Y dA % (7)

Equation (7) is one of the incremental forms of the con-
stitutive model based on the multipotential surface theory.
However, if the model is obtained based on the traditional
plastic potential theory, then

op
def; = dA 30, (8)

Therefore, the traditional plastic potential theory can be
seen as a special case of the multipotential surface theory.

Multipotential surface theory provides a new approach
to the study of constitutive models of soil. The following is
a simplified constitutive model of soil based on the multipo-
tential surface theory.

In p-q space, when the influence caused by the rotation
of the Lode angle and principal stress axes is neglected, the
relationship between the plastic strain increment and stress
increment can be written as

de? = Adp + Bdg, } o)

d&? = Cdp + Ddg,
where A, B, C, and D are called plasticity coefficients.

The total strain is the sum of the elastic strain and plastic
strain, that is,

de, = de} + def,
(10)

de =d&° + def.
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According to the generalized form of Hooke’s law and
substituting Equation (9) into Equation (10), the following
equation can be obtained:

de, = (A+ Kie) dp + Bdg,
(11)
1
de=Cd D dg,
: p+< +3Ge> g

where K, is the elastic volume modulus and G, is the elastic
shear modulus.

According to the multipotential surface theory (Equa-
tion (7)), when ¢; =p and ¢, =g, the following equation
can be obtained:

{dsp}:ll{gi} +A2{gg}, (12)

where A, and A, are undetermined coefficients.
According to Equation (12), there is

A, =det, "
A, =de’. 13)

Substituting Equation (9) into Equation (13), the coeffi-
cients A, and A, can be written as follows:

A, = Adp + Bdg, } (14

A, =Cdp + Ddg,

while

dp= {g—i}T{da},
o {22) )

Substituting Equation (14) and Equation (15) into Equa-
tion (12), the plastic strain can be obtained as

(15)

{4} = |5 | {do}, (16)

where [C7] is the plastic flexibility matrix and can be written as

SRt TR
<l {2

Based on the elastic theory, the elastic strain can be
obtained as

3
TABLE 1: Relation between the stress-strain and both E; and .
E . and p, under different ¢,
03 0.5% 1.0% 1.5%
E, wu. E. wu. E. 4
{de’} = [C[{do}, (18)

where [CY] is the elastic flexibility matrix.

Then, according to Equation (16) and Equation (18), the
constitutive equation in the six-dimensional space can be
obtained as

{de} = ([c71+ [G5] ) {do}. (19)

Equation (19) is called the simplified multipotential sur-
face model, in which only four coefficients (A, B, C, and D)
are needed.

3. Parameter Determination of the
Multipotential Surface Elastoplastic
Constitutive Model

3.1. Parameter Determination Based on the Duncan-Chang
Model. Based on the previous analysis, to develop the sim-
plicity of the Duncan-Chang model in determining the
required parameters and compensate for its inability to
reflect the dilatancy of soil, the multipotential elastoplastic
model should be further established using the hyperbolic
assumption of stress and strain in the Duncan-Chang model
to determine the parameters.

According to the multipotential surface elastoplastic
constitutive models, only the parameters of A, B, C, and D
need to be determined. When the model satisfies the associ-
ated flow rule, the following equation can be obtained:

AD-BC=0,
B=C.

(20)

Thus, only two parameters need to be determined, which
can be obtained by conventional triaxial compression tests.
In the conventional triaxial compression tests, there is

1
dp= gdal,
dg=do,,
q 1 (21)
de, = (1-2u)de,,

2
de= 3(1 +u,)de;.

Substituting Equation (21) into Equation (9), the follow-
ing equation can then be obtained:
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FIGURE 1: Results of the triaxial tests of gravel (different confining pressures).

de;, 1 1
1-2u) L =-(A+—)+B,
(-2 =5 (4 )+

S

(22)

[aW)

g 1 1
L+p) ot =_C+(D ,
) gs, =3 +< +3Ge>

where K, is the bulk modulus (= E,/[3(1 -2u)]); G, is the
shear modulus (= E,/[2(1 + p)]); E, and p are the elastic mod-
ulus and Poisson’s ratio, respectively, when unloading; and y,
is the tangent Poisson’s ratio, which can be determined by the
hyperbolic assumption in the Duncan-Chang model.

SYRIN

_ 9-115(o5p) ,
{1~ ((d(oy ~03))/(Kp,(03/p,) @) sy

(9, —05)(1 —sin ¢)
f2ccos p+20, sing’

e
(23)

a=1-

where p is atmospheric pressure; o, and o are the first and
third principal stresses, respectively; and ¢, ¢, K, n, Ry, d, g,
and f are the soil material parameters that can be deter-
mined by the conventional triaxial test. Furthermore, the
tangent modulus E, is defined with E, =do,/de; and can
also be determined by conventional triaxial tests.

o2 _1 A+i +B
E, 3 K, ’
(24)
20+p) 1o (p, ]
3, 3 3G, )’

where E, is the tangent modulus that is determined accord-
ing to the hyperbolic assumptions of stress and strain in the
Duncan-Chang model.
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O_ n
3 2
E=k, (7)o (25)
b
0, —03)(1 —sin
a=1-R ( 1 3)( (P) (26)

f2ccos @ +20, sing’

According to Equation (20) and Equation (24), the
coeficients A, B, C, and D can then be obtained.

KZ
.
G, + (1/3)K,,”
K. G 1
B=C=__®"® _g — _A, (27)
Gy +(13)K,, % 3
D 7(;51’ G 1B
" G+ (13K, * 37
where
P E, 3K
(28)
G S 2(1+p) 1
¢ 3E, 3G,

The required parameters of the multipotential surface
elastoplastic constitutive model can be determined by the
Duncan-Chang model parameters. In addition, with the
use of multipotential surface theory, the E, and u, values
of the proposed model are no longer limited by the gener-
alized form of Hooke’s law. When g, is greater than 0.5,
the corresponding calculations can also be performed and
do not cause the singularity of the stiffness matrix, so that
the proposed model has more extensive adaptability.
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FI1GURE 2: Parameters E, and y, for the multipotential surface elastoplastic constitutive model.
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F1Gure 3: Comparisons of calculation results of the multipotential surface elastoplastic constitutive model and test results (o5 = 100 kPa).

3.2. Determinations of the E, and y, Values. The above sec- ~ Duncan-Chang model. Note that the E, and y, values are
tion describes how to establish a multipotential surface elas-  still determined according to the hyperbolic assumptions
toplastic constitutive model using the parameters of the used by the Duncan-Chang model, which has some
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FIGURE 6: Results of the triaxial tests of the stone ballast (different confining pressures).

limitations because some test curves do not necessarily con-
form to the hyperbolic function [13]. For example, for a test
curve of the volumetric strain and axial strain with a dilat-
ancy characteristic, the hyperbolic equation does not fit very
well. For solving this problem, some scholars have modified
the Duncan-Chang model, but due to the complexity of the
nature of the soil, the empirical function always has some
limitations. With the development of modern computer

technology, the utilization of numerical methods is a worth-
while development direction. Therefore, on the basis of the
multipotential surface elastoplastic constitutive model, this
section further describes the use of numerical methods to
determine the values of E, and y, for this model.

In general, the results of conventional triaxial tests
under different confining pressures can easily be fitted
with functions, such as the least squares fitting method.
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TABLE 2: Parameters of the Duncan-Chang model.
Materials p (t/m?) ¢ () ¢ (tym?) K n R, g d f
Stone ballast 1.99 38.5 10 650 0.34 0.8 0.37 2.70 0.30
Weathered sand 1.85 335 230 0.42 0.72 0.4 4.0 0.1
Filter material 1.95 38.5 500 0.73 0.86 0.40 430 0
Fine sand layer 1.84 37.0 2.0 420 0.44 0.80 0.30 7.90 0.15
Sandy gravel layer 2.23 40.0 0 800 0.4 0.8 0.36 1.45 0.15
Downstream antiseepage walls 2.15 343 128 12583 0.169 0.471 0.154 44.75 -0.427
Upstream antiseepage walls 2.15 34 178 12351 0.2864 0.336 0.2399 44.22 -0.105
TABLE 3: Parameters of the linear elastic model.
Materials p (t/m*) E (MPa) U Y, = l 1-— % (34)
) de, )’
Weathered rock layer 24 5000 0.25

The function expression based on fitting the test points is
assumed as follows:

q=1,(¢,03)

29
sv:f2(81’03)’ ( )

where f, and f, represent different function expressions.
For the conventional triaxial test, it can be deduced that
0, = Const. Thus, the following equations can be drawn:

d(oy —03) _ do,

E = =—, 30
! ¢, ¢, (30)
dey
= - — 5 31
Hy de, (31)
de, =de; = —p,dey, (32)
de, =de; +de, +de; = (1-2p,)de;, (33)

where ¢, and ¢; are the second and the third main strain,
respectively.

According to Equation (29), Equation (30), and Equa-
tion (34), the E, and y, values can be obtained.

o

t:a_sl’
1 of,
=—(1-2=2=%].
H 2( a£1>

Generally, the results obtained from conventional triax-
ial tests cannot be too large due to the limitations in the
number of confining groups. To make full use of the results
of these test curves, the obtained E, and y, values can be
combined with the different points and constitute the data-
base shown in Table 1.

In this way, for any point within the range of the
stress-strain state in the above tables, the E, values can
be obtained by interpolation methods with adjacent points.
For example, when using a binary cubic polynomial inter-
polation and assuming that x =0, and y=¢,, the expres-
sion of E, is as follows:

(35)
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FIGURE 8: Parameters E, and y, for the multipotential surface elastoplastic constitutive model (stone ballast).
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where E is the function value at the point of (x,,y,).

Similarly, the y, values can also be determined by inter-
polation methods. Therefore, the multipotential surface elas-
toplastic constitutive model based on numerical methods is
then obtained by the above method.

The above analysis indicates that the multipotential sur-
face elastoplastic constitutive model not only develops the
simplicity of the Duncan-Chang model in parameter deter-
mination but is also no longer limited by the generalized
form of Hooke’s law and can compensate for the inability
of the Duncan-Chang model to reflect the dilatancy of soil.
In addition, using the numerical method to fit the test curves
can overcome the limitation of the Duncan-Chang model in
which the hyperbolic function is used to determine the

required parameters; thus, this proposed model has a wider
range of adaptability.

4. Preliminary Verification of the
Multipotential Surface Elastoplastic
Constitutive Model

In this section, the multipotential surface elastoplastic con-
stitutive model is preliminarily verified by taking the triax-
ial test result of gravel [14] under different confining
pressures as an example. The triaxial test results are shown
in Figure 1.

Based on the test results of confining pressures of 50 kPa,
150 kPa, 200 kPa, 300 kPa, 400 kPa, and 500 kPa, the results
of confining pressures of 100kPa can be predicted by the
multipotential surface elastoplastic constitutive model. The
model parameters E, and y, can be obtained according to
the numerical method introduced in Section 3.2, which can
be expressed as Figure 2 (similar to Table 1). For any point
in the stress state, E, and g, can be obtained by the binary
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FIGURE 9: Parameters E, and y, for the multipotential surface elastoplastic constitutive model (weathering sand).

cubic interpolation polynomial combined with the adjacent
value points.

Figure 3 presents the comparisons of calculation results
of the multipotential surface elastoplastic constitutive model
and test results. The calculation results are similar to the test
results, and the dilatancy of gravel is well reflected, which
preliminarily verifies the rationality of the multipotential
surface elastoplastic constitutive model.

5. Application of the Multipotential Surface
Flastoplastic Constitutive Model

5.1. Profile of the Phase II Cofferdam of the Three Gorges
Project. The phase II cofferdam of the Three Gorges Project
consists of two cofferdams that are located in the upstream
and downstream directions. The upstream cofferdam is
1440 m in length, has a maximum height of approximately
90m, and is one of the most important and challenging build-
ings in the Three Gorges Project. This cofferdam is responsible
for the protection of foundation pit excavation and the con-
struction of power plants, and its stability and safety are

directly related to the entire project. Therefore, the design
and construction of the cofferdam are listed as one of the
key technical problems of the Three Gorges Project. During
the design process, the demonstration and calculation of dif-
ferent schemes were carried out for comparisons of the stress
and deformation of the cofferdam and antiseepage walls.
Finally, the plastic concrete low double row of antiseepage wall
scheme of the cofferdam is adopted. The cofferdam is filled
with stone ballast, weathered sand, and filter materials. The
thickness of the two antiseepage walls is 1.0 m, and they are
set into a weathered rock layer of approximately 1.0 m, and
their center distance is approximately 6 m. The bottom of
the cofferdam consists of a fine sand layer, a sandy gravel layer,
and a weathered rock layer, as shown in Figure 4.

The stability and safety of the cofferdam mainly depend on
the antiseepage walls, while for the antiseepage walls, their sta-
bility and safety primarily rely on the stress and deformation
of the wall. These results of antiseepage walls are important
bases for the stability and safety assessment of the whole cof-
ferdam. The numerical method can predict the stress and
deformation of the antiseepage walls and then evaluate the
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FiGure 10: Calculation results of the maximum principal stresses by the Duncan-Chang model.

stability and safety of the antiseepage walls and cofferdam;
thus, several associated investigations have been performed
by some scholars, and the calculation results of various consti-
tutive models, including nonlinear and elastoplastic, are then
provided. Considering the dilatancy of the main fillers of cof-
ferdams around the antiseepage walls (stone ballast and
weathered sand), the multipotential surface elastoplastic
model is adopted, and the stress and deformation of antisee-
page walls and cofferdam are analyzed in this paper. The
obtained results are also compared with the calculation results
based on the Duncan-Chang model, and the rationality of the
multipotential surface elastoplastic model is further verified.

5.2. Numerical Model and Parameters. The numerical soft-
ware FLAC3D 3.00 is adopted, and the calculation program
for the multipotential surface elastoplastic model is also
developed. FLAC3D is a three-dimensional finite difference
analysis software developed by Itasca Consulting Group,
Inc., which has unique advantages in the fields of elastoplas-
tic analysis, large deformation analysis, and construction
process simulation of geotechnical materials. Figure 5 pre-
sents the numerical model and associated mesh divisions
of the cofferdam. To better analyze the stress and deforma-
tion of the antiseepage walls, the antiseepage walls are
divided into three rows of units with thicknesses of 0.2m,
0.6m, and 0.2 m.

Figures 6 and 7 provide the conventional triaxial test
results of the main fillers. The test results show that both
the stone ballast and weathered sand have a certain dilat-
ancy. As the multipotential surface elastoplastic model has
the advantage of reflecting the soil’s dilatancy over the
Duncan-Chang model, the required parameters can also be

determined by conventional triaxial tests. Therefore, two
numerical calculation schemes are carried out as follows: in
the first scheme, the weathered rock layer is modeled by a
linear elastic model, and the other materials are modeled
by a Duncan-Chang model. In the second scheme, the
weathered rock layer is still modeled by the linear elastic
model, while the main fillers (the stone ballast and weath-
ered sand) are modeled by the multipotential surface elasto-
plastic model, and the other materials are modeled by the
Duncan-Chang model.

The parameters of the Duncan-Chang model and linear
elastic model are provided according to references [15-17],
as shown in Tables 2 and 3. The parameters of the multipo-
tential surface elastoplastic model can be obtained according
to the numerical method introduced in Section 3.2, which
can be expressed as Figures 8 and 9. For any point in the
stress state, E, and p, can be obtained by the binary cubic
interpolation polynomial combined with the adjacent value
points.

5.3. Results and Discussion. The stability and safety of the
cofferdam mainly depend on the antiseepage walls, while
for the antiseepage walls, their stability and safety primarily
rely on the stress and deformation of the walls. The antisee-
page wall results are an important basis for the stability and
safety assessment of the whole cofferdam. Therefore, the
stress and deformation of antiseepage walls are thoroughly
analyzed in this paper.

Figures 10 and 11 present the stress calculation results of
both the upstream and downstream antiseepage walls under
the worst condition in which the water levels of the
upstream and foundation pits are separated by 85m and
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FiGure 11: Calculation results of the maximum principal stresses by the multipotential surface elastoplastic model.

0m, respectively. The maximum principal stress calculated
by the Duncan-Chang model and the multipotential surface
elastoplastic model both occur at the downstream side ele-
ments of the antiseepage walls near the bedrock surface.
The maximum principal stresses of the upstream antisee-
page wall are 7.2 MPa and 4.7 MPa, while those of the down-
stream antiseepage wall are 6.2 MPa and 4.6 MPa. It can be
found that the maximum principal stresses calculated by
the Duncan-Chang model are slightly larger than those
based on the multipotential surface elastoplastic model.
From the drilling sample test results, notably, the strength
of the antiseepage wall is up to 4.62 MPa~11.2Mpa under
unconfining pressure condition, which can be larger under
confining pressure condition. This means that the stress
results of the antiseepage walls calculated by the multipoten-
tial surface elastoplastic model are within the range of its
strength, which agrees with the actual situation (the antisee-
page walls are safe). While some individual element stress
results of the antiseepage walls based on the Duncan-
Chang model are beyond the range of its strength, this find-
ing is not in agreement with the actual situation.

Figure 12 presents the deformation results of the
upstream antiseepage wall calculated by the Duncan-Chang
model and the multipotential surface elastoplastic model,
which are also compared with the measured results. The cal-
culation results of the multipotential surface elastoplastic
model are superior to those based on the Duncan-Chang
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T T 1
0 0.2 0.4 0.6
Horizontal displacement (m)

—o— Measured results

—&— Duncan-Chang model

—=— Multi-potential surface
elastic-plastic model

FIGUre 12: Comparisons between the calculation results and
measured results of the horizontal displacement of upstream
antiseepage wall.
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model, especially for the deformation curvature and the
value of the antiseepage wall near the bedrock surface, which
is also the high stress level area. The stress calculation results
mentioned above show that the maximum principal stresses
based on the multipotential surface elastoplastic model are
smaller than those based on the Duncan-Chang model and
within the strength range of the antiseepage walls. The rea-
sons can be noted from the deformation curvature and the
value of the antiseepage wall near the bedrock surface; i.e.,
the deformation curvature and value based on the multipo-
tential surface elastoplastic model are smaller than those of
the Duncan-Chang model. Moreover, from Figure 12, the
measured deformation curvature and value results of the
antiseepage wall near the bedrock surface are even smaller
than those of the multipotential surface elastoplastic model,
which illustrates that the antiseepage walls are more secure.
This observation can also be proven by the satisfactory oper-
ation of the antiseepage walls, which in turn verifies the
rationality of the multipotential surface elastoplastic model.

6. Conclusions

The multipotential surface elastoplastic constitutive model
proposed in this paper not only retains the simplicity of
the Duncan-Chang model in parameter determination but
is also no longer limited by the generalized form of Hooke’s
law and can compensate for the inability of the Duncan-
Chang model to reflect the dilatancy of soil. Therefore, the
proposed model is both for clay and sand. In addition, the
multipotential surface elastoplastic constitutive model uses
a numerical method to fit the test curves in determining
the required parameters, which can overcome the limitation
of the Duncan-Chang model in which the hyperbolic func-
tion is used. The rationality of the multipotential surface
elastoplastic constitutive model is preliminary verified by
comparisons with the triaxial test results of gravel with dilat-
ancy. The application in the stress and deformation analysis
of the phase II cofferdam of the Three Gorges Project further
verifies the rationality and superiority of the multipotential
surface elastoplastic model.
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