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This study investigates the maximum gliding range problems of subsonic unpowered gliding vehicles and proposes an approximate
optimal maximum range guidance scheme. First, the gliding flight path angle corresponding to constant dynamic pressure is
derived. A lift-to-drag ratio (𝐿/𝐷) inversely proportional to the dynamic pressure is then proven. On this basis, the calculation
method of an optimal dynamic pressure (ODP) profile with amaximum 𝐿/𝐷 throughout the flight is presented. A guidance scheme
for tracking the ODP profile, which uses the flight path angle as control variable, is then designed. The maximum ranges of the
unpowered gliding vehicle obtained by the proposed guidance scheme and pseudospectral method are compared. Results show
that the guidance scheme provides an accurate approximation of the optimal results, and the errors are less than 2%.The proposed
guidance scheme is easy to implement and is not influenced by wind compared with numerical schemes.

1. Introduction

Identifying the maximum range and an optimal guidance
scheme is extremely important for unpowered gliding vehi-
cles, which possess a limited amount of initial energy. For
example, every airplane or unmanned aerial vehicle becomes
a glider when the engine fails (power off); thus, determining
the maximum reachable domain, selecting a proper landing
site, and proposing a feasible trajectory toward the site
for flight management are important [1]. The problems
of maximum range trajectories and an optimal guidance
scheme of subsonic unpowered gliding vehicles have been
extensively studied for decades. The related methods can be
divided into three categories, namely, trajectory optimization
method, singular perturbation method, and quasi-steady
approximation.

The problem of designing maximum range trajectories
can be considered a trajectory optimization problem. The
processes for optimizing trajectories fall into two broad
approaches, namely, indirect and direct methods. The indi-
rect method is based on Pontryagin’s minimum modulus
principle and transforms an optimal control problem to a

Hamiltonian boundary value problem. This method has the
advantages of high accuracy and satisfies first-order necessary
conditions. Vinh et al. [2] obtained a solution for the optimal
subsonic gliding flight of an unpowered gliding vehicle in
horizontal plane by applying Pontryagin’s maximum princi-
ple. Lu [3] studied the problems of optimal entry trajectories
by using an indirect method and obtained a closed-form,
near-optimal bank angle control law for lifting entry vehicles.
However, the indirect method has the disadvantages of
complicated calculation and hypersensitivity to initial value,
which limit its applicability.

The direct method first transforms a continuous optimal
control problem to a nonlinear programming problem by
dispersing and parameterizing the control and state variables
and then resolving the problem by a numerical method.
Betts [4] and Huang et al. [5] provided excellent reviews
and surveys of trajectory optimization numerical methods.
The direct method does not need the necessary condition
to resolve an optimal solution and can incorporate any
trajectory constraints and any level of modeling fidelity
[3]. With the development of the computer technology, the
direct method has been widely used to calculate optimal
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reference trajectories with multiple constraints [6–8]. The
pseudospectral method [9–12] (or orthogonal collocation
method), as a new direct numerical method for optimal
problems, has attracted considerable interest in recent years.
This method uses global polynomial approximation state
and control variables and has the characteristics of minimal
parameters, high accuracy, fast convergence, and insensitivity
to initial value. This method is widely used in aircraft
trajectory optimization problems [13, 14]. A typical research
result of the pseudospectral method is the famous optimal
problem-solving software GPOPS, which was developed by
Rao’s research team.This software is used in the current study
to calculate numerical optimal solutions. However, the direct
method obtains an open-loop guidance scheme and has the
reliability of convergence and computation efficiency; it is
difficult to directly implement in a real-time system.

Singular perturbation theory, as an approximate solution
to a differential equation, is extensively used in solving the
optimal trajectory problem. Sheu [15, 16] studied the optimal
gliding problem by using singular perturbation methods and
obtained a closed-loop online optimal feedback guidance law.
Shapira [17, 18] studied the optimal gliding problem by using
different timescales and indicated that timescale separation
affected the optimal results. Naidu and Calise [19] provided
an overview of singular perturbation methods for guidance
and control problems. Although it can produce analytical
closed-loop lawswith aminimal sacrifice of accuracy, the sin-
gular perturbationmethod also needs numerous calculations
and is simplified in deviation; hence, it is unsuitable for the
real-time control of a vehicle.

The highly nonlinear equation of motion and complex
aerodynamic models prevent the maximum gliding problem
from generating analytic solutions. Several scholars have sim-
plified analysis models based on quasi-steady approximates
and designed a near-optimal gliding scheme. Kelley et al.
[20] proved that the maximum lift-to-drag ratio (𝐿/𝐷max)
operation is an approximately optimal glide range through a
variable-density atmosphere in a flat Earth based on quasi-
steady approximation and proposed a scheme to control glid-
ing vehicles. Phillips [21] used the scheme to expand the range
of guided projectiles. Yu and Chen [22] proposed a guidance
scheme that controlled the flight close to 𝐿/𝐷max with flight
path angle feedback to dampen phugoid oscillation. Indig et
al. [23] designed a near-optimal guidance law on the basis
of the result of numerical optimal trajectories obtained by
GPOPS. De Ridder [24, 25] demonstrated the connection
betweenminimumdrag andmaximumrange trajectories and
developed an approximate maximum range TAEM guidance
algorithm for unpowered RLV by using the angle of attack as
a control variable.

The contribution of the present study is to provide an
approximate optimal gliding guidance scheme for subsonic
unpowered gliding vehicles. Unlike prior works, the current
guidance scheme does not need numerous computations.
The guidance scheme is based on 𝐿/𝐷max flight but converts
𝐿/𝐷max flight to track the optimal dynamic profile varying
with height. The optimal dynamic profile only relates to
vehicle shape and only needs to calculate once for a specific
unpowered gliding vehicle. A guidance scheme using flight

path angle as control variable is also designed, and the flight
path angle command is calculated in real time to track the
optimal dynamic pressure (ODP) profile. The simulation
results indicate that the proposed guidance scheme accurately
approximates the optimal results, which are obtained by an
hp-adaptive pseudospectral method using GPOPS. Com-
pared with the numerical method, the proposed guidance
scheme has the benefits of being easy to implement, can
adapt to all initial states, and is not influenced by wind and
atmospheric model variations.

2. ODP Profile with 𝐿/𝐷max

For the performance prediction of the maximum range, a
point mass model for motion in a vertical plane is usually
adequate [24]. The equations of motion are expressed as
follows:

𝑉̇ = −
(𝐶
𝐷
𝑞𝑆 + 𝑚𝑔 sin 𝛾)

𝑚
, (1)

̇𝛾 =
(𝐶
𝐿
𝑞𝑆 − 𝑚𝑔 cos 𝛾)

𝑚𝑉
, (2)

𝑅̇ = 𝑉 cos 𝛾, (3)

𝐻̇ = 𝑉 sin 𝛾, (4)
where 𝐻 is the altitude, 𝑅 is the gliding range, 𝑉 is the
speed, 𝛾 is the flight path angle, 𝐶

𝐿
and 𝐶

𝐷
are the lift and

drag coefficients, respectively, and 𝑞, 𝑆, 𝑚, and 𝑔 are the
flight dynamic pressure, reference area, vehicle mass, and
gravitational acceleration, respectively.

The energy height 𝐸 is defined as the total energy divided
by weight as follows:

𝐸 =
𝑉
2

2𝑔
+ 𝐻. (5)

Reference [20] proved that gliding range can be calculated
by the following:

Δ𝑅 = ∫
𝐸INI

𝐸FIN

𝐶
𝐿

𝐶
𝐷

𝑑𝐸, (6)

where Δ𝑅 is the flight range. 𝐸INI and 𝐸FIN are the initial and
finial energy heights, respectively.

The proven process can be found in [20]. From (6), the
gliding range can be maximized when 𝐿/𝐷 is maximized
throughout the flight. If 𝐶

𝐿
and 𝐶

𝐷
are approximately

constant with Mach number and flight path angle, 𝐿/𝐷max
flight is at a constant dynamic pressure.

The definition of dynamic pressure is expressed as fol-
lows:

𝑞 =
1

2
𝜌𝑉
2
, (7)

where 𝑞 is the dynamic pressure and 𝜌 is the air density.
For analytical reasons, an exponential approximation of
atmospheric density is used:

𝜌 = 𝜌
0
𝑒
𝛽0𝐻, (8)

where 𝜌
0
and 𝛽

0
are the constants.
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Differentiating (7) with respect to 𝑡 yields the following:

̇𝑞 =
1

2
𝜌
0
𝛽
0
ℎ̇𝑒
𝛽0ℎ𝑉
2
+ 𝜌
0
𝑒
𝛽0ℎ𝑉𝑉̇. (9)

The dynamic pressure is kept constant, so ̇𝑞 = 0. Substi-
tuting (1) and (7) into (9) after some algebraic calculations
yields the following:

sin 𝛾 =
𝐶
𝐷
𝑞𝑆𝜌
0
𝑒𝛽0ℎ

𝑚(𝑞𝛽
0
− 𝑔𝜌
0
𝑒𝛽0ℎ)

. (10)

Substituting (8) into (10) yields the following:

𝛾CDP = 𝑎 sin[
𝐶
𝐷
𝑞𝑆𝜌

𝑚 (𝑞𝛽
0
− 𝑔𝜌)

] , (11)

where 𝛾CDP is the gliding path angle corresponding to con-
stant dynamic pressure. From (11), 𝛾CDP is related to dynamic
pressure, vehicle drag coefficient, reference area, vehiclemass,
and atmospheric density.

Differentiating (10) with respect to 𝛾 and after simplifica-
tion yields the following:

̇𝛾 =
𝑞𝛽
0

2
𝐶
𝑑
𝑞𝑆𝜌ℎ̇

𝑚√1 − sin2𝛾 (𝑞𝛽
0
− 𝑔𝜌)

2
. (12)

After substituting (2) into (12) and after a complex
operation, the relationship between dynamic pressure and
𝐿/𝐷 is obtained as follows:

𝐶
𝐿

𝐶
𝐷

=
𝑔 [𝑚2𝐴2 − 𝐷2𝜌2]𝐴 + 2𝑞2𝛽

0

2
𝐷2𝜌

𝐷𝐴2√𝑚2𝐴2 − 𝐷2𝜌2
, (13)

where

𝐴 = 𝑞𝛽
0
− 𝑔𝜌,

𝐷 = 𝐶
𝐷
𝑞𝑆.

(14)

From (13), for a specific flight vehicle, the gliding 𝐿/𝐷

with a constant dynamic pressure only relates to dynamic
pressure and drag coefficient. The relationship between 𝐿/𝐷

and dynamic pressure according to (13) is shown in Figure 1,
with various drag coefficients. As shown in Figure 1, 𝐿/𝐷
is inversely proportional to constant dynamic pressure. A
higher dynamic pressure leads to a smaller gliding 𝐿/𝐷.

For a specified gliding vehicle,𝐿/𝐷max and corresponding
drag coefficient can be calculated from the aerodynamic data.
If the aerodynamic coefficients remain constant with the
Mach number, the ODPwith 𝐿/𝐷max can be calculated by the
Newton-Raphson method by using (13). If the Mach number
has an effect on the aerodynamic coefficients, theODP profile
with 𝐿/𝐷max throughout the flight can be calculated by using
the equation stated above in an iteration process.The required
steps to calculate a single point on the dynamic profile are
shown in Figure 2. This process is repeated for all flight
heights, and the 𝐿/𝐷max dynamic pressure profile varying
with height can be obtained.
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Figure 1: Relations between dynamic pressure and lift-to-drag ratio
(𝐿/𝐷).

3. Maximum Range Guidance Scheme Design

As aforementioned, gliding at 𝐿/𝐷max during flight is an opti-
mal strategy for a maximum range, which can be equivalent
to flight at a constant ODP or an ODP profile with 𝐿/𝐷max.

From (11), a constant dynamic pressure flight can be
transformed tomaintain a certain flight path angle.Hence, we
use flight path angle as the variable to control flight dynamic
pressure. Considering that the initial dynamic pressure may
be not equal to the optimal value, the flight path angle
command is expressed as follows:

𝛾
𝑐
= 𝛾ODP + Δ𝛾, (15)

where 𝛾ODP is the flight path angle corresponding to ODP,
which is calculated by (11). Δ𝛾 is the compensated flight path
angle, which regulates flight dynamic pressure or compen-
sates an uncertain error and a steady-state tracking error. Δ𝛾
is calculated as follows:

Δ𝛾 = 𝑘
𝑞
(𝑞ODP − 𝑞) , (16)

where 𝑘
𝑞
is the dynamic pressure adjustment coefficient, 𝑞ODP

is the ODPwith 𝐿/𝐷max, and 𝑞 is the flight dynamic pressure.
𝑘
𝑞
is induced to adjust the initial flight dynamic pressure

to an optimal value and has an effect on the initial trajectory.
The value of 𝑘

𝑞
can be selected by approximating the optimal

trajectory obtained by optimal control theory or the numeri-
cal results.

4. Simulation Results

In this section, the simulation of an unpowered gliding
vehicle is used to verify the guidance scheme. The results are
compared with the optimal results obtained by a pseudospec-
tral method using GPOPS V5.0. See [26] for the method and
its applications.
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Table 1: 𝐿/𝐷max and drag coefficient in different Mach numbers.

Mach number 𝐿/𝐷max Drag coefficient CD
0.4 7.84 0.343
0.6 8.29 0.337
0.8 8.22 0.378
0.9 5.78 0.561
1.0 4.28 1.0

Assume an initial/change the dynamic 

Specify the height, H

Calculate the velocity and corresponding 
mach number

pressure q

using the aerodynamic model

height is found

Calculate the L/Dmax and drag coefficient

Calculate the L/D using Equation (13)

|L/Dmax − L/D| < 𝜀?
No

Yes

The ODP q with L/Dmax for specify

Figure 2: Steps for calculating dynamic pressure with 𝐿/𝐷max for a
specified flight height.

4.1. Simulation Model. Equations (1)–(4) are used as unpow-
ered gliding vehicle motion models where the mass of the
gliding vehicle is 500 kg and the reference area is 0.25m2.𝐿/𝐷
and drag coefficient with different Mach numbers are shown
in Figure 3 and Table 1.

The used atmosphere model is the 1976 US standard
atmosphere. One of the air density approximations for the
1976 US standard atmosphere is given by the following:

𝜌 =

{{{{

{{{{

{

1.232𝑒
−0.1024𝐻, 𝐻 ≤ 6,

1.374𝑒−0.1207𝐻, 6 < 𝐻 ≤ 11,

2.059𝑒
−0.1572𝐻

, 𝐻 > 11,

(17)

where𝐻 is the altitude and is measured in kilometer.
TheODPprofile that varies with flight height is calculated

by the method mentioned above and shown in Figure 4.
When the height is less than 3600m, the flight Mach number
is less than 0.4 and the aerodynamic coefficient is not

Table 2: Suboptimal gains for the maximum range Δ𝑞 = |𝑞ref − 𝑞|.

Δ𝑞, Pa 𝑘
𝑞
, deg./Pa

>5000 0.003
2500 0.006
<500 0.01
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Figure 3: 𝐿/𝐷 versus angle of attack.

correlated with the Mach number. Consequently, the ODP is
constant.

The state equations used in the pseudospectral method
are (1)–(4).The control variable is 𝛼. For a specific height, the
gliding terminals 𝛾 and 𝑞

𝑓
are definite by using the proposed

guidance scheme and these terminal conditions are used as
boundary constraints in the pseudospectral method for the
same initial and terminal conditions with two methods. The
terminal gliding height is 3 km. Other boundary constraints
are as follows:

𝛼 ∈ (−15
∘
, 15
∘
) ,

𝛼̇ ∈ (−3
∘
/s, 3∘/s) ,

𝐻
𝑓
= 3 km,

𝑞
𝑓
= 7200Pa,

𝛾
𝑓
= −6.7

∘
.

(18)

The cost function is expressed as follows:

𝐽 = −𝑅. (19)

Initial conditions with different initial dynamic pressures
are used to design a suboptimal value of dynamic pressure
adjustment gain 𝑘

𝑞
. Table 2 presents the obtained suboptimal

values of gains. If the initial dynamic pressure falls into
[500, 2500] or [2500, 5000], the gain is calculated by the 1D
linear interpolation with dynamic pressure; otherwise, the
gain is constant.
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Table 3: Initial conditions and obtained maximum range using the proposed guidance scheme and optimal method.

Scenario 𝐻 (km) 𝑉 (m/s) 𝐸 (km) Initial
𝑞 − 𝑞ref

Proposed Optimal Error (%)
𝑅 (km) 𝑅ae 𝑅 (km) 𝑅ae

1 9.0 175 10.56 0 51.33 7.60 51.84 7.68 0.98
2 8.0 224 10.56 5826 50.89 7.54 51.34 7.61 0.87
3 10.0 290 14.29 10392 78.18 7.46 79.08 7.54 1.14
4 6.0 299 10.56 22320 44.78 6.63 45.39 6.72 1.3
5 10.0 105 10.56 −4618 49.85 7.39 50.68 7.51 1.63
6 8.0 140 9.00 −2171 38.78 7.47 39.32 7.58 1.38
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Figure 4: ODP profile.

4.2. Simulation Results

4.2.1. Nominal Simulation Result. The initial conditions and
obtained maximum ranges obtained by the proposed scheme
and pseudospectral method are shown in Table 3. The initial
flight path angle for all conditions is 0∘. From the table, all the
obtained ranges are 2% less than the optimal results, which
are accurate approximations to the optimal ranges.

To evaluate the gliding capability in different initial
conditions, we define 𝑅ae as the average gliding range by unit
energy height as follows:

𝑅ae =
Δ𝑅

Δ𝐸
, (20)

where Δ𝐸 = 𝐸Ini − 𝐸Fin and Δ𝑅 is the gliding range.
𝑅ae represents the gliding efficiency of the unpowered

gliding vehicle. A large 𝑅ae value indicates high gliding
capability. Table 2 shows that Scenarios 1, 2, 4, and 5 have
the same initial energy height with different distributions of
kinetic and potential energies. The maximum range differs
because the dynamic pressure adjustment to an optimal value
needs to consume energy. If the initial dynamic pressure is
equal to the optimal value, the range reaches the maximum
value (Scenario 1).The results imply that a larger initial |𝑞ref −
𝑞| denotes a smaller𝑅ae. For all results,𝑅ae is almost the same.
Therefore, the best gliding efficiency is fixed for a specified
flight vehicle, and the proposed guidance scheme achieves the
best gliding efficiency for different initial states.

Table 4: Wind velocity in different altitudes.

Altitude (km) 0.0 3.0 10.0
Wind velocity (m/s) 10.0 20.0 40.0
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Figure 5: Gliding trajectories for Scenarios 1, 3, and 6.

The trajectories, flight path angles, and velocities (Scenar-
ios 1, 3, and 6) obtained by the proposed guidance scheme
and pseudospectral method are shown in Figures 5–7. From
these trajectories, the proposed guidance scheme eliminates
oscillation in contrast to the optimal result. The proposed
guidance scheme trajectory is close to the optimal one and
has a good performance.The 𝐿/𝐷 and 𝐿/𝐷max curves during
flight are shown in Figure 8. The figure shows that the
proposed guidance scheme follows 𝐿/𝐷max.

The initial states with an altitude between 6.0 and 10.0 km
and a velocity between 100.0 and 300m/s are calculated by
using the gains in Table 2 to verify the sub-ODP adjustment
gain. The gliding efficiency 𝑅ae for all initial states is shown
in Figure 9. The figure confirms that the guidance scheme is
valid for all initial states.

4.2.2. Simulation Results Considering Variation

(a) Wind Disturbance. The wind velocity in the wind
disturbance simulation is presented in Table 4. The wind
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Table 5: Simulation results with wind disturbance.

Scenario 𝐻 (km) 𝑉 (m/s) Wind direction Terminal 𝐸 (km)
Proposed Optimal

Error (%)Range 𝑅ae Range 𝑅ae

(km) (km) (km) (km)
7 9.0 175.0 Against the wind 3.57 44.42 6.35 45.19 6.46 1.70
8 9.0 175.0 Following the wind 4.09 56.53 8.73 58.19 8.99 2.85
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Figure 6: Flight path angles for Scenarios 1, 3, and 6.
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Figure 7: Velocities for Scenarios 1, 3, and 6.

velocity is calculated by one-dimensional linear interpolation
with altitude when the flight height falls into (0,3000) or
(3000,10000). When the height is larger than 10 km, the wind
velocity remains constant, and the value is 40m/s.

Table 5 and Figure 10 show the results and trajectories
obtained by the proposed guidance scheme and the optimal
results. From the results, when the vehicle flies following
wind, it gets a longer range than in the no-wind condition;
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Figure 8: 𝐿/𝐷 and corresponding 𝐿/𝐷max for Scenarios 1, 3, and 6.
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when it flies against the wind, the gliding range is smaller.
Flying against the wind increases drag, whereas following the
wind leads to the contrary effect. From 𝑅ae, following and
flying against the wind increase and decrease gliding efficacy,
respectively.We can also determine that the guidance scheme
is close to optimal results and is valid in wind disturbance.

(b) Atmospheric Variations. The atmospheric model that
varies from the assumption in the derivation is considered.
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Table 6: Simulation results with atmospheric variations.

Scenario 𝐻 (km) 𝑉 (m/s) Atmospheric variation Terminal 𝐸 (km)
Proposed Optimal

Error (%)Range 𝑅ae Range 𝑅ae

(km) (km) (km) (km)
9 9.0 175.0 +5% 3.77 51.62 7.60 52.12 7.68 0.96
10 9.0 175.0 +10% 3.73 51.81 7.59 52.37 7.67 1.10
11 9.0 175.0 −5% 3.85 51.00 7.60 51.61 7.69 1.18
12 9.0 175.0 −10% 3.89 50.67 7.60 51.35 7.70 1.32

Optimal trajectories obtained by pseudospectral method
Trajectories obtained by proposed guidance scheme
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Following wind
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Figure 10: Gliding trajectories with wind disturbance.

In this case, atmospheric density is increased or decreased
as a fixed percentage of value from the nominal atmospheric
model.

Table 6 summarizes the atmospheric variation results. In
all cases, the initial states are fixed. Comparedwith Scenario 1,
atmospheric density increases or decreases by 10%, the range
increases or decreases by only 1%, and 𝑅ae is the same when
atmospheric density varies. Thus, atmospheric variation has
insignificant effects on gliding efficiency.

5. Conclusions

A new approximate optimal gliding scheme for subsonic
unpowered gliding vehicles is presented. The relationship
between 𝐿/𝐷 and dynamic pressure is derived. On this
basis, a calculation method that computes the variations of
the ODP profile with flight height, which corresponds to
𝐿/𝐷max, is proposed. For a specific vehicle, the ODP profile
is constant. By using flight path angle as a control variable,
a guidance scheme is designed to control the vehicle to
track the ODP profile. Simulations indicate that the proposed
scheme accurately approximates the optimal ranges for all
initial states and is not influenced by wind and atmospheric
model variations.
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