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A novel continuous sliding mode control (CSMC) strategy based on the finite-time disturbance observer (FTDO) is proposed for
the small-scale unmanned helicopters in the presence of both matched and mismatched disturbances. First, a novel sliding surface
is designed based on the estimates of the mismatched disturbances and their derivatives obtained by the FTDO. Then, a continuous
sliding mode control law is developed, which does not lead to any chattering phenomenon. Furthermore, the closed-loop helicopter
system is proved to be asymptotically stable. Finally, the excellent hovering and tracking performance, as well as the powerful
disturbance rejection capability of the proposed novel CSMC method, is validated by the simulation results.
1. Introduction

With the prominent capabilities of vertical take-off and land-
ing and hovering and high levels of maneuverability, small-
scale unmanned helicopters have become the most popular
unmanned aerial vehicles (UAVs). Furthermore, unmanned
helicopters can be applied to military and civilian areas.
However, unmanned helicopters are known as nonlinear sys-
tems with strong couplings and a variety of disturbances.
Particularly, some disturbances enter the unmanned heli-
copter systems via different channels with control inputs,
which are known as mismatched disturbances. Therefore,
it has become a quite attractive and challenging task to
design high-performance control strategies for unmanned
helicopters [1–4].

In the past decades, numerous elegant control methods
have been developed for the helicopter systems. Some
flight controllers are designed based on the linear model of
the unmanned helicopters, including PID [5], LQR [6], and
H∞ [7]. However, these linear controllers are only effective
when the states of the unmanned helicopters are in the neigh-
bourhood of the equilibrium points [8]. Consequently, a
growing number of nonlinear control approaches have been
employed for the unmanned helicopter systems. By selecting
the meaningful outputs of position and yaw angle, the
approximate input-output linearization techniques have
been proposed for the unmanned helicopters, which are able
to take full advantage of the nonlinear dynamics and are
applicable to a wide range of flight envelopes [9]. In combi-
nation with the adaptive technique, the backstepping control
methods have been employed to handle the parametric
uncertainties [10]. With the unique disturbance suppression
capability, sliding mode control (SMC) methods have been
proposed to attenuate the model uncertainties and external
disturbances of the unmanned helicopters [11]. However,
all the control methods aforementioned are feedback control
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techniques, which are one-degree-of-freedom control struc-
tures. The feedback action is responsible both for suppressing
the uncertainties and for stabilizing the system. Therefore, a
tradeoffwill be made for these two performances. Thus, these
feedback control methods may not have enough capability to
deal with the severe uncertainties and disturbances of the
unmanned helicopter systems.

In recent years, the disturbance observer-based control
(DOBC) methods have been proposed to handle the uncer-
tainties and disturbances [12–15]. The DOBC methods are
considered two-degree-of-freedom control structures. It is
composed of two parts: a traditional feedback control loop
to meet the requirements on stability and tracking perfor-
mance for the system and an inner disturbance rejection loop
to compensate for the disturbances straightforwardly. The
DOBC methods have found applications in a wide range,
such as robotic manipulator systems [16], disk drive systems
[17], air-breathing supersonic vehicle systems [18], and flu-
idized bed combustor systems [19]. However, most of the
DOBC methods are only able to deal with the disturbances
satisfying the matching condition which implies that the dis-
turbances enter the system via the same channels as the con-
trol inputs [20].

Nowadays, the DOBC methods have been extended to
deal with the systems subjected to mismatched disturbances
[21–23]. By tactfully designing a mismatched disturbance
compensation gain, a new DOBC algorithm is developed to
eliminate the influence of mismatched disturbances from
the outputs [24]. A new sliding mode control method is
developed to reject the mismatched disturbances [25]. More-
over, the coordinate transformation technique is employed
to transform the mismatched disturbances into matched
disturbances which can be compensated by a feedforward
control technique [26]. However, these control algorithms
can only attenuate the mismatched disturbances that go to
constants in a steady state. Nevertheless, the mismatched dis-
turbances applied to the helicopter systems are high-order
time-varying functions. A disturbance observer-based sliding
mode control algorithm is designed to suppress the high-
order time-varying mismatched disturbances [27]. However,
this control algorithm can only be applied to single-input
single-output (SISO) systems. The unmanned helicopters
are typical multiple-input multiple-output (MIMO) systems.
In article [28], an extended nonlinear disturbance observer-
based sliding mode control (ENDO-SMC) algorithm is pro-
posed for the helicopter systems, which is able to attenuate
the mismatched disturbances effectively. However, the track-
ing errors of the helicopter systems are only guaranteed to
converge to a neighbourhood of origin, instead of the origin.
In addition, the ENDO-SMC algorithm cannot fully elimi-
nate the chattering phenomenon. In this paper, a novel con-
tinuous sliding mode control (CSMC) algorithm based on
the finite-time disturbance observer (FTDO) is developed
for the small-scale unmanned helicopter systems. By design-
ing a new sliding surface with the estimates of the mis-
matched disturbances and their derivatives by FTDOs, the
novel CSMC method is able to suppress both the matched
and mismatched disturbances. Furthermore, a new continu-
ous sliding mode control law is designed for the helicopter
system, which does not result in any chattering phenome-
non. Additionally, it is proved that the novel CSMC method
can drive the outputs of the unmanned helicopters to the
set-point asymptotically in spite of the presence of both
matched and mismatched disturbances. Finally, numerical
simulation results demonstrate the effectiveness of the pro-
posed CSMC method.

Compared to other applications of sliding mode control
(SMC) for UAVs, the contributions of this manuscript are
given as follows. Owing to the fact that the SMC methods
are only robust to matched disturbances, most of the SMC-
based flight controllers of UAVs cannot suppress the mis-
matched disturbances that are prominent in UAV systems
[29, 30]. What is worse, due to their discontinuous control
actions, the control systems are subject to a chattering phe-
nomenon. An integral sliding mode controller is developed
for the unmanned helicopter system to attenuate the mis-
matched disturbances [31]. Unfortunately, the integral action
will bring some adverse effects to the control systems, such as
large overshoot and long settling time. In this paper, the pro-
posed novel continuous sliding mode control (CSMC)
method is able not only to reject the mismatched distur-
bances of the unmanned helicopter systems but also to elim-
inate the chattering phenomenon completely.

Additionally, the neural networks also have been
employed for the flight controller to reject mismatched dis-
turbances widely. A nonlinear adaptive neural network-
based controller is designed for unmanned helicopter sys-
tems, whose tracking error can be restricted within a small
bound [32]. Moreover, a neural network-based adaptive slid-
ing mode tracking controller is developed for unmanned
helicopter systems, which is able to compensate for the exter-
nal unknown disturbances [33]. With the combination of the
neural networks and backstepping technique, both these two
flight controllers can deal with mismatched disturbances.
Unfortunately, an exact helicopter model is needed a priori,
which compromises the feasibility of these methods. On the
other hand, a great deal of training data is required for the
neural networks, which is the general problem of the neural
network technique.

This paper is organized as follows. The dynamic model of
the small-scale unmanned helicopter is given in Section 2.
Section 3 presents the complete design procedure of the pro-
posed CSMC method. The stability analysis of the closed-
loop helicopter system is given in Section 4. Some simulation
results that demonstrate the effectiveness of the proposed
CSMC method are illustrated in Section 5. Section 6 draws
the conclusions.

2. Problem Formulation

2.1. Nonlinear Dynamic Model of the Unmanned Helicopter.
This section presents the nonlinear dynamic model of the
unmanned helicopter. The unmanned helicopter is consid-
ered a six-degree-of-freedom rigid body model with a simpli-
fied force and moment generation process and disturbed by
external disturbances and model uncertainties, which are
treated as the lumped disturbances. The schematic diagram
of the unmanned helicopter is shown in Figure 1.
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Figure 1: Schematic diagram of a small-scale unmanned helicopter.
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The nonlinear dynamic model of a small-scale
unmanned helicopter can be presented in the following
form [7, 34]:

P =V ,
V = ge3 + R Θ e3 −g + Zww + Zcolδcol + f d ,
Θ = Θ Ω,

Ω = −J−1Ω × JΩ + AΩ + Bu + τd ,

1

where P = x y z T and V = u v w T represent the
position and velocity vectors in the inertial frame and
Θ = ϕ θ ψ T and Ω = p q r T represent the Euler
angle and angular rate vectors in the body-fixed frame.

u = δcol δlon δlat δped
T is the control input vector.

The notations of f d and τd are the lumped disturbance
vectors acting on the unmanned helicopter, which contain
wind gusts, model uncertainties, and so on.

The notation of g denotes the gravitational acceleration,
e3 = 0 0 1 T is a unitary vector, and J = diag Jxx , Jyy,
Jzz is the diagonal inertia matrix. Zw and Zcol are the stability
derivative and input derivative of the main rotor thrust
Tm =m −g + Zww + Zcolδcol , respectively. A ∈R3×3 and
B ∈R3×4 are the stability derivative matrix and input deriva-
tive matrix of the moment vector τ = AΩ + Bu, respectively.
R Θ and Θ represent the rotation matrix and attitude
kinematic matrix, respectively, defined as

R Θ =
CθCψ SϕSθCψ − CϕSψ CϕSθCψ + SϕSψ

CθSψ SϕSθSψ + CϕCψ CϕSθSψ − SϕCψ

−Sθ SϕCθ CϕCθ

,

Θ =

1 SϕTθ CϕTθ

0 Cϕ −Sϕ

0
Sϕ
Cθ

Sϕ
Cθ

,

2

where the compact notation C denotes cos · , S denotes sin
· , and T denotes tan · .

2.2. Approximate Feedback Linearized Model of the
Unmanned Helicopter. The control task is to design the con-
trol input u = δcol δlon δlat δped

T for the unmanned
helicopter to drive the position and yaw angle to the desired
trajectory of Pr = xr t yr t zr t T and ψr t . How-
ever, the exact input-output linearization fails to linearize
the complete helicopter system, leading to unstable zero
dynamics [9]. Therefore, the approximate feedback lineariza-
tion technique will be developed for the unmanned helicop-
ter system.

Let the lumped disturbances be f d = τd = 0 at first. Fur-
thermore, in order to develop the feedback linearization pro-
cedure succinctly, the term −m −g + Zww + Zcolδcol will be
replaced by the main rotor thrust Tm. The simplified nominal
model of the unmanned helicopter can be described by

P =V ,

V = ge3 −
1
m
R Θ e3Tm,

Θ = Θ Ω,

Ω = −J−1Ω × JΩ + AΩ + Bu

3

The dimension of the helicopter system (3) is n = 12.
Meanwhile, the total relative degrees are r = 8. Therefore,
there exists internal dynamics characterized by 4-D zero
dynamics [35]. To make the model (3) feedback linearizable,
the dynamic extension procedure is proposed for the helicop-
ter system, which is realized by two integrators of the main
rotor thrust Tm.

Furthermore, to simplify the feedback linearization pro-
cedure, the following transformation of the control input is
proposed:

τ = −J−1Ω × JΩ + AΩ + Bu 4

Therefore, we can obtain Ω = τ = τϕ τθ τψ
T . And

the following expression is regarded as the new control input

vector u = τϕ τθ τψ Tm

T
, where Tm = Tm.

In accordance with the input-output feedback lineariza-
tion procedure, we differentiate the output variables P and
ψ in (3) until input variables appear in the equation.

The fourth-order derivative of position P can be
obtained as

P 4 = f P −
1
m
RK Tm τϕ τθ Tm

T
, 5

where the input variables occur, and
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f P = −
1
m
RS2e3Tm −

2
m
RSe3Tm,

K Tm =
0 Tm 0

−Tm 0 0
0 0 1

,

S =
0 −r q

r 0 −p

−q p 0

6

The second-order derivative of ψ can be obtained as

ψ = f ψ +
Sϕ
Cθ

τθ +
Cϕ

Cθ

τψ, 7

where the input variables appear, and f ψ = Cϕ/Cθ ϕ +
SϕSθ/C2

θ θ q + − Sϕ/Cθ ϕ + CϕSθ/C2
θ θ r.

The dimension of the extended helicopter system is
ne = 14, and the total relative degree is re = 14. Therefore,
we conclude that there exists no internal dynamics in the
extended helicopter system anymore. So it can be completely
feedback linearized.

Define the new state variables ξ1 = P, ξ2 = P, ξ3 = P,
ξ4 = P 3 , ξ5 = ψ and ξ6 = ψ, and consider the disturbances
f d and τd again. We can derive the complete model of the
small-scale unmanned helicopter as

S1

ξ1 = ξ2,

ξ2 = ξ3 + d1,

ξ3 = ξ4,

ξ4 = f P −
1
m
RK Tm τϕ τθ Tm

T
+ d2,

8

S2

ξ5 = ξ6,

ξ6 = f ψ +
Sϕ
Cθ

τθ +
Cϕ

Cθ

τψ + d3,
9

where d1 = d11 d12 d13
T = 1/m Rf d ∈R

3, d2 = d21
d22 d23

T = 1/m RTm J−12 τd2 −J−11 τd1 0 T ∈R3, and d3
= Sϕ/Cθ J−12 τd2 + Cϕ/Cθ J−13 τd3 ∈R represent the lumped
disturbances acting on the helicopter system. Furthermore,
d2 and d3 enter the helicopter system via the same chan-
nels as control inputs, so they are matched disturbances.
On the other hand, d1 does not satisfy the matching con-
dition, so it is known as mismatched disturbance.

2.3. Control Objective. The objective of this paper is to
develop a novel continuous sliding mode controller for the
small-scale unmanned helicopter to track the predefined tra-
jectory asymptotically despite the presence of both matched
and mismatched disturbances. The proposed novel CSMC
strategy can suppress the matched disturbances, as well as
the mismatched disturbances. Furthermore, the proposed
CSMC method is able to eliminate the chattering phenome-
non completely. The flight controller structure is illustrated
in Figure 2.

3. Controller Design

This section presents a novel continuous sliding mode con-
troller based on the finite-time disturbance observer for the
small-scale unmanned helicopter with 190 matched and mis-
matched disturbances.

3.1. Finite-Time Disturbance Observer (FTDO). First of all,
some FTDOs are designed to estimate the disturbances and
their successive derivatives in finite time.

To develop the subsequent FTDOs, a reasonable assump-
tion is given as follows.

Assumption 1. The disturbances in the helicopter system ((8)
and (9)) satisfy the idea that the mismatched disturbance d1
is at least 3-th order differentiable and d 3

1 has the Lipschitz
constant of L1 and the matched disturbances d2 and d3 are
at least 1-th order differentiable and d2 and d3 have Lipschitz
constants L2 and L3, respectively.

A third-order FTDO is designed to estimate the mis-
matched disturbance d1 and its derivatives d1 and d1 [36]:

z10 = v10 + ξ3, 10

v10 = −λ10L
1/4
1 z10 − ξ2

3/4 sign z10 − ξ2 + z11, 11

z11 = v11, 12

v11 = −λ11L
1/3
1 z11 − v10

2/3 sign z11 − v10 + z12, 13

z12 = v12, 14

v12 = −λ12L
1/2
1 z12 − v11

1/2 sign z12 − v11 + z13, 15

z13 = v13, 16

v13 = −λ13L1 sign z13 − v12 , 17

where z10 is the estimate of state ξ2. z
1
1, z12, and z13 are the

estimates of disturbance d1 and its successive derivatives
d1 and d2, respectively. L1 > 0 and λ1i > 0 i = 0, 1, 2, 3 are
the coefficients of the FTDO to be designed.

A first-order FTDO is designed to estimate the matched
disturbanced2:

z20 = v20 + f P −
1
m
RK τϕ τθ Tm

T
, 18

v20 = −λ20L
1/2
2 z20 − ξ4

1/2 sign z20 − ξ4 + z21, 19

z21 = v21, 20

v21 = −λ21L2 sign z21 − v20 , 21
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Figure 2: The flight controller structure of a small-scale unmanned helicopter.
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where z20 is the estimate of state ξ4 and z21 is the estimate of
disturbance d2.

L2 > 0 and λ2i > 0 i = 0, 1 are the coefficients of the
FTDO to be designed.

A first-order FTDO is designed to estimate the matched
disturbance d3:

z30 = v30 + f ψ +
Sϕ
Cθ

τθ +
Cϕ

Cθ

τψ , 22

v30 = −λ30L
1/2
3 z30 − ξ6

1/2 sign z30 − ξ6 + z31, 23

z31 = v31, 24

v31 = −λ31L3 sign z31 − v30 , 25

where z30 is the estimate of state ξ6 and z31 is the estimate of
disturbance d3.

L3 > 0 and λ3i > 0 i = 0, 1 are the coefficients of the
FTDO to be designed.

Combining the helicopter system (8) and the FTDO
((10)–(17)), the error dynamics of the FTDO satisfies the
following differential inclusion understood in the Filippov
sense:

e10 = −λ10L
1/4
1 e10

3/4 sign e10 + e11,

e11 = −λ11L
1/3
1 e11 − e10

2/3 sign e11 − e10 + e12,

e12 = −λ12L
1/2
1 e12 − e11

1/2 sign e12 − e11 + e13,

e13 ∈ −λ
1
3L1 sign e13 − e12 + −L1, L1 ,

26

where the estimation errors are defined by e10 = z10 − ξ2,
e11 = z11 − d1, e12 = z12 − d1, and e13 = z13 − d1. It follows from
[36, 37] that the estimation errors e1i t i = 0, 1, 2, 3 will
converge to the origin in finite time. That is to say, there
exists a time constant t f such that e1i t = 0 for t > t f . More-
over, after a finite time t f , the following equality is true
z1i = v1i−1 i = 1, 2, 3 .

The stability analyses of the FTDOs ((18)–(21) and
(22)–(25)) are similar to that of the FTDO ((10)–(17)) above.
Therefore, it is omitted here for space reason.
3.2. Novel Continuous Sliding Mode Controller. Define the
tracking errors and their successive derivatives of position
and yaw angle:

eξn = ξn − P n−1
r , n = 1, 2, 3, 4,

eψn = ξn+4 − ψ n−1
r , n = 1, 2,

27

where P n−1
r and ψ n−1

r are the successive derivatives of the
desired position and yaw angle.

The error dynamics of the unmanned helicopter system
can be obtained as

S1

eξ1 = eξ2,
eξ2 = eξ3 + d1,
eξ3 = eξ4,

eξ4 = f P −
1
m
RK Tm τϕ τθ Tm

T
− P 4

r + d2,

28

S2

eψ1 = eψ2,

eψ2 = f ψ +
Sϕ
Cθ

τθ +
Cϕ

Cθ

τψ − ψ 2
r + d3

29

The disturbance d1 is mismatched disturbance, while
the disturbances d2 and d3 are matched disturbances. How-
ever, the traditional sliding mode control method is only
robust to matched disturbances, but sensitive to mismatched
disturbances. Therefore, this section will develop a novel
continuous sliding mode controller for the helicopter sys-
tem, which can handle both matched and mismatched dis-
turbances. In addition, it is able to remove the chattering
phenomenon completely.

3.2.1. Position Control. The position subsystem (28) is sub-
jected to mismatched disturbance d1 and matched distur-
bance d2 simultaneously. Thus, a novel sliding surface
based on the FTDO is designed as

σP = eξ4 + z12 + Λ3 eξ3 + z11 + Λ2eξ2 +Λ1eξ1, 30

where Λi = diag λi1, λi2, λi3 , i = 1, 2, 3 represent the positive
definite diagonal matrices and their elements make Pj s =
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s3 + λ3,js
2 + λ2,js + λ1,j, j = 1, 2, 3 be Hurwitz polynomials.

The expressions of z11 and z12 are the estimates of the mis-

matched disturbance d1 and its derivative d 1
1 , respectively.

The time derivative of the sliding surface (30) along the
position dynamics (28) can be derived by

σP = f P −
1
m
RK τϕ τθ Tm

T
− P 4

r + d2 + v12

+Λ3 eξ4 + v11 +Λ2 eξ3 + d1 +Λ1eξ2
31

The control input can be designed as

τϕ τθ Tm

T
=mK−1RT f P − P 4

r + z21 + v12

+Λ3 eξ4 + v11 +Λ2 eξ3 + z11

+Λ1eξ2 + KP
σP

σP
1−α1

,

32

where KP = diag kp1, kp2, kp3 is the positive definite diago-
nal matrix and 0 < α1 < 1.

3.2.2. Yaw Angle Control. Since the yaw angle subsystem (29)
is only subjected to matched disturbance d3, a traditional
sliding surface is chosen as

σψ = eψ2 + λ4eψ1, 33

where λ4 > 0.
The time derivative of the sliding surface (33) along the

yaw dynamics (29) can be obtained as

σψ = f ψ +
Sϕ
Cθ

τθ +
Cϕ

Cθ

τψ − ψr + d3 + λ4eψ2 34

The control input can be designed as

τψ = −
Cθ

Cϕ

f ψ +
Sϕ
Cθ

τθ − ψr + z31 + λ4eψ2

+ Kψ σψ
α2 sign σψ ,

35

where Kψ > 0 and 0 < α2 < 1.

4. Stability Analysis

The stability of the closed-loop helicopter system will be ana-
lyzed in this section.

Theorem 1. For position subsystem (8) with the sliding surface
(30) under the novel continuous sliding mode control law (32),
the position P of the unmanned helicopter will converge to the
desired trajectory asymptotically and all the states remain
bounded despite the presence of matched disturbance d2 and
mismatched disturbance d1.
Proof 1. This proof will be given in three steps.
In the first step, we will show that the bounded estimation

errors eji of FTDO will not make the sliding variable σP go to
infinity in any finite time. That is to say, the transition pro-
cess of FTDO does not destabilize the sliding mode dynamics
controlled by observer-based control laws.

With the continuous sliding mode control law (32), the
closed-loop position dynamics can be described by

σP = d2 − z21 − KP
σP

σP
1−α1

= −e21 − KP
σP

σP
1−α1

, 36

where e21 = z21 − d2 is the estimation error of disturbance
d2, which is bounded due to the finite-time stability of
the FTDO.

Let us define a finite-time bounded (FTB) function
[38] as

V1 σP = 1
2σ

T
PσP 37

Considering the sliding mode dynamics (36), the time
derivative of (37) can be obtained as

V1 σP = σTPσP = σTP −e21 − KP
σP

σP
1−α1

≤ −λmax KP σP
1+α1 − σTP e

2
1 ≤ −σTP e

2
1

≤
1
2σ

T
PσP +

1
2 e

2T
1 e21 ≤ Kv1V1 σP + Lv1,

38

where Kv1 = 1, Lv1 = 1/2 e2
T

1 e21, and λmax KP represents
the maximum eigenvalue of diagonal matrix KP .

Therefore, we can obtain the FTB function V1 σP ,
and so the sliding variable σP will not tend to infinity in
any finite time.

Furthermore, the FTDO is finite-time stable, so the esti-
mation error e21 will go to zero in a finite time t f . Therefore,
combining the fact that the sliding variable σP will not tend
to infinity in any finite time, we can obtain that the sliding
mode dynamics (36) will reduce to

σP = −KP
σP

σP
1−α1

, 39

when t > t f .
Hence, the sliding variable σP will converge to zero in

a finite time tσ, which means that the transition process of
FTDO does not destabilize the sliding mode dynamics
controlled by observer-based control laws.

In the second step, we will show that the bounded estima-
tion errors eji and bounded sliding variable σP will not make
the variables eξ1, eξ2, eξ3, and eξ4 go to infinity in any finite
time. That is to say, the transition process of FTDO and the
transition process of sliding mode dynamics do not destabi-
lize the closed-loop system controlled by observer-based
control laws.
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The new state variables are defined by eξ1 = eξ1, eξ2 = eξ2,
eξ3 = eξ3 + z11, and eξ4 = eξ4 + z12. The sliding surface can be
rewritten by σP = eξ4 +Λ3eξ3 +Λ2eξ2 + Λ1eξ1. Therefore, the
dynamics of the closed-loop system can be described by

eξ1 = eξ2, 40

eξ2 = eξ3 + e11, 41

eξ3 = eξ4 + v11 − z12
= −Λ3eξ3 −Λ2eξ2 − Λ1eξ1 + σP + e11 − e12,

42

eξ4 = −Λ3eξ3 − Λ2eξ2 −Λ1eξ1 + σP 43

A more compact form of dynamics (40)–(42) can be
obtained:

eξ = Aeξ + u, 44

where eξ = eξ1 eξ2 eξ3
T , u = 0 e11 σP + e11 − e12

T ,
and its norm is bounded. The matrix A can be expressed as

A =
0 I 0
0 0 I

−Λ1 −Λ2 −Λ3

, 45

which is a Hurwitz matrix. Let us define a finite-time
bounded (FTB) function as

V2 eξ = 1
2 e

T
ξ eξ 46

Considering the dynamics (44), the derivative of (46) can
be obtained as

V2 eξ = eTξ eξ = eTξ Aeξ + u = eTξ Aeξ + eTξ u

≤ λmax A eTξ eξ +
1
2 e

T
ξ eξ +

1
2 u

Tu

≤ λmax A + 1
2 eTξ eξ +

1
2 u

Tu

≤ Kv2V2 eξ + Lv2,

47

where Kv2 = 2λmax A + 1, Lv2 = 1/2uTu, and λmax A repre-
sents the maximum eigenvalue of matrix A.

Therefore, we can derive the FTB function V2 eξ , and so

the variables eξ = eξ1 eξ2 eξ3
T will not tend to infinity in

any finite time. Moreover, according to equation (43), the
variable eξ4 will not tend to infinity in any finite time either.
In other words, the transition process of FTDO and the tran-
sition process of sliding mode dynamics do not destabilize
the closed-loop helicopter system controlled by observer-
based control laws.

In the third step, we will show that the variables eξ1, eξ2,
eξ3, and eξ4 will converge to zero asymptotically.
Since the estimation errors eji will go to zero in a finite
time t f and the sliding variable σP will go to the origin in
a finite time tσ, the dynamics ((40)–(42) and (43)) will
reduce to

eξ1 = eξ2,

eξ2 = eξ3,

eξ3 = −Λ3eξ3 −Λ2eξ2 −Λ1eξ1,
48

eξ4 = −Λ3eξ3 −Λ2eξ2 − Λ1eξ1, 49

when t > tξ, where tξ =max t f , tσ .
The matrix A is a Hurwitz matrix, so the variables eξ1, eξ2,

and eξ3 will converge to zero asymptotically. Furthermore,
according to the definition of matrices Λ1, Λ2, and Λ3, the
variable eξ4 will converge to zero too.In summary, the posi-
tion P of the unmanned helicopter will converge to the
desired trajectory asymptotically and all the states remain
bounded despite the presence of matched disturbance d2
and mismatched disturbance d1.

5. Simulation Results

Some numerical simulation results are provided in this
section to demonstrate the effectiveness of the proposed
continuous sliding mode controller of the small-scale
unmanned helicopter. Furthermore, in order to evaluate
the superiority of the proposed CSMC method, both the
traditional SMC and ENDO-SMC [28] are employed as
comparative methods.

The parameters of the small-scale unmanned helicop-
ter are given as follows. m = 8 2 kg, g = 9 81m · s−2, Zw =
−0 7615 s−1, Zcol = −131 4125m · rad−1 · s−2, J = diag 0 18,
0 34, 0 28 kg · m2, A = diag −48 1757,−25 5048,−0 9808
s−1, and

B =
0 0 1689 5 0
0 894 5 0 0

−0 3705 0 0 135 8
s‐2 50

The parameters of the controllers are chosen as fol-
lows. The coefficients of the FTDOs are λ10 = 4, λ11 = 3,
λ12 = 3, λ13 = 4, L1 = 10, λ20 = 4, λ21 = 4, L2 = 15, λ30 = 3, λ31 = 3,
and L3 = 10. The coefficients of the sliding surface are Λ1 =
diag 27,27,27 , Λ2 = diag 9, 9, 9 , Λ3 = diag 1, 1, 1 , and
λ4 = 1. The parameters of the continuous sliding mode
controller are KP = diag 5,15,20 , Kψ = 2, α1 = 0 8, and
α2 = 0 8. The parameters of the ENDO-SMC are KP =
diag 5,25,40 and Kψ = 2. The parameters of the tradi-
tional SMC are KP = diag 60,100,300 and Kψ = 10.

The lumped disturbances affecting the unmanned heli-

copter system are f Td τTd
T = Δ PT VT ΘT ΩT T

+ dwind, where Δ represents the model uncertainty matrix,
and all the elements are pseudorandom values in the interval
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of (−1, 1), and dwind = 0 0 f dw 0 0 τdw
T represents

the external disturbances produced by wind gusts [39].
In order to examine the performance of the proposed

flight controller comprehensively, two types of flight simula-
tion are conducted here.

5.1. Hovering Flight Simulation. To validate the hovering
performance of the unmanned helicopter, a hovering flight
simulation is carried out. The initial position and yaw
angle of the helicopter are P0 = 1 1 −0 5 Tm and ψ0 =
π/30 rad, respectively. The other state variables are all set
to zero. The control goal of this hovering flight simulation
is to stabilize the helicopter to the origin Pr = 0 0 0 Tm
and ψr = 0 rad in the presence of both matched and mis-
matched disturbances.

The simulation results are illustrated in Figures 3–6.
Figure 3 shows the estimates of the disturbances of hovering
by FTDOs. The response curves of the position and yaw
angle are depicted in Figure 4. It can be seen that all the posi-
tions of x, y, and z can be kept in the origin precisely under
the proposed CSMC method. The position of x and y can
almost be kept in the origin under the traditional SMC and
ENDO-SMC methods. However, the position of z results in
fluctuation severely under the traditional SMC method, and
it suffers from fluctuation to a certain degree under the
ENDO-SMC method too. As shown in Figure 3, the mis-
matched disturbance d1

3 affecting the z-axis is much larger
than d1
1 and d1

2 affecting the x- and y-axes, which reveals
that the proposed CSMC method possesses much stronger
ability to suppress mismatched disturbances. Furthermore,
the yaw angle ψ can stay near zero under all the three con-
trol methods; for that, the yaw dynamics is only subjected
to matched disturbance. Figure 5 depicts the response
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Table 1: The root mean square (RMS) of tracking errors.

Method Position x Position y Position z Yaw angle ψ

Proposed CSMC 0.0578m 0.4651m 0.0114m 0.0033 rad

ENDO-SMC 0.1114m 0.9403m 0.0816m 0.0039 rad

Traditional SMC 0.3614m 1.2816m 0.5622m 0.0054 rad

Table 2: The root mean square (RMS) of control inputs.

Method Input δcol Input δlon Input δlat Input δped

Proposed CSMC 0.0148 rad 0.0036 rad 0.0099 rad 0.0229 rad

ENDO-SMC 0.0172 rad 0.0051 rad 0.0159 rad 0.0435 rad

Traditional SMC 0.0187 rad 0.0155 rad 0.0215 rad 0.0789 rad
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curves of the control inputs. Figure 6 shows the response
curves of the sliding surfaces. Both the traditional SMC
and ENDO-SMC methods are suffering from a chattering
phenomenon due to the discontinuous switching control
actions. On the other hand, from these two figures, we
can obtain that the proposed CSMC method does not lead
to any chattering phenomenon.

5.2. Maneuver Flight Simulation. To validate the tracking
performance of the unmanned helicopter, a maneuver flight
simulation is carried out.

A comprehensive maneuver flight trajectory is given
as [7]

xr t =

t2, t ≤ 4s,
8t − 16, 4 < t ≤ 8s,
−t2 + 24t − 80, 8 < t ≤ 12s,
64, 12 < t ≤ 20s,

74 + 10 cos π

10 t − 20 − π , 20 < t ≤ 40s,

64, t > 40s,

yr t =

0, t ≤ 2s,

10 sin π

4 t − 2 , 2 < t ≤ 10s,

0, 10 < t ≤ 20s,

10 sin π

10 t − 20 − π , 20 < t ≤ 40s,

0, t > 40s,
zr t = −5, t ≤ 0s,

ψr t =
0, t ≤ 20s,
0 1π t − 20 , 20 < t ≤ 40s,
2π, t > 40s

51

The initial values of the state variables are all set to
zero.

The simulation results are illustrated in Figures 7–12.
Figure 7 depicts the estimates of the disturbances of the
maneuver flight by FTDOs. Figure 8 shows the response
curves of the position and yaw angle. We can see that the
control performance of the proposed CSMCmethod is better
than those of the traditional SMC and ENDO-SMC methods
due to its more precise tracking performance and gentler
dynamic process. Figure 9 shows the tracking errors of the
maneuver flight. It can be observed that the tracking errors
of the proposed control method are smaller than those of
the two control methods, especially for the tracking error of
position z. In addition, Table 1 gives the root mean square
(RMS) of the tracking errors, which supports the aforemen-
tioned analysis primely. The x-y plane of the maneuver is
illustrated in Figure 10, which shows the horizontal trajectory
intuitively. Figure 11 depicts the response curves of the
control inputs. Figure 12 shows the response curves of the
sliding surfaces. It can be noted that the control inputs and
the sliding surfaces of the proposed CSMC method are con-
tinuous and free from any chattering phenomenon. Further-
more, the RMS of the control inputs is given in Table 2. It can
be seen that the control energy of the proposed control
method is lower than that of the other two control methods,
which means that the proposed CSMC method performs the
flight mission most effectively.
6. Conclusion

In this paper, a novel continuous sliding mode controller
based on the approximate feedback linearization and FTDO
is developed for the small-scale unmanned helicopter with
matched and mismatched disturbances. The CSMC method
is robust to both matched and mismatched disturbances
and does not result in any chattering phenomenon. Further-
more, representative simulation results demonstrate that the
proposed CSMC method exhibits superior control perfor-
mance compared with the traditional SMC and ENDO-
SMC methods. Additionally, future works include the exper-
iment tests for the proposed control method on an experi-
mental helicopter platform.
Data Availability

The data used to support the findings of this study are
included within the article.
Conflicts of Interest

The authors declare that there is no conflict of interest.
Acknowledgments

This work is supported by the National Natural Science
Foundation of China under grants 61803182 and 61703118
and the Natural Science Foundation of Jiangsu Province
under grant BK20180593.



14 International Journal of Aerospace Engineering
References

[1] F. Chen, L. Cai, B. Jiang, and G. Tao, “Direct self-repairing
control for a helicopter via quantum multi-model and distur-
bance observer,” International Journal of Systems Science,
vol. 47, no. 3, pp. 533–543, 2014.

[2] X. Fang, A. Wu, Y. Shang, and N. Dong, “Robust control of
small-scale unmanned helicopter with matched and mis-
matched disturbances,” Journal of the Franklin Institute,
vol. 353, no. 18, pp. 4803–4820, 2016.

[3] J. Hu and H. Gu, “Survey on flight control technology for
large-scale helicopter,” International Journal of Aerospace
Engineering, vol. 2017, Article ID 5309403, 14 pages, 2017.

[4] F. Leonard, A. Martini, and G. Abba, “Robust nonlinear con-
trols of model-scale helicopters under lateral and vertical wind
gusts,” IEEE Transactions on Control Systems Technology,
vol. 20, no. 1, pp. 154–163, 2012.

[5] H. Kim, “A flight control system for aerial robots: algorithms
and experiments,” Control Engineering Practice, vol. 11,
no. 12, pp. 1389–1400, 2003.

[6] M. V. Kumar, P. Sampath, S. Suresh, S. N. Omkar, and
R. Ganguli, “Design of a stability augmentation system for a
helicopter using LQR control and ADS-33 handling qualities
specifications,” Aircraft Engineering and Aerospace Technol-
ogy, vol. 80, no. 2, pp. 111–123, 2008.

[7] G. W. Cai, B. M. Chen, and T. H. Lee, Unmanned Rotorcraft
Systems, Springer, Heidelberg, 2010.

[8] S. Zhao, B. Huang, and Y. S. Shmaliy, “Bayesian state estima-
tion on finite horizons: the case of linear state-space model,”
Automatica, vol. 85, pp. 91–99, 2017.

[9] T. J. Koo and S. Sastry, “Output tracking control design of a
helicopter model based on approximate linearization,” in Pro-
ceedings of 37th IEEE decision and control, pp. 3635–3640,
Tampa, FL, USA, 1998.

[10] J. Hu and H. Zhang, “Immersion and invariance based
command-filtered adaptive backstepping control of VTOL
vehicles,” Automatica, vol. 49, no. 7, pp. 2160–2167, 2013.

[11] B. Zhao, B. Xian, Y. Zhang, and X. Zhang, “Nonlinear robust
sliding mode control of a quadrotor unmanned aerial vehicle
based on immersion and invariance method,” International
Journal of Robust and Nonlinear Control, vol. 25, no. 18,
pp. 3714–3731, 2015.

[12] W.-H. Chen, D. J. Ballance, P. J. Gawthrop, and J. O'Reilly, “A
nonlinear disturbance observer for robotic manipulators,”
IEEE Transactions on Industrial Electronics, vol. 47, no. 4,
pp. 932–938, 2000.

[13] Z. Gao, “On the centrality of disturbance rejection in auto-
matic control,” ISA Transactions, vol. 53, no. 4, pp. 850–857,
2014.

[14] A. Mujumdar, B. Tamhane, and S. Kurode, “Observer-based
sliding mode control for a class of noncommensurate
fractional-order systems,” IEEE/ASME Transactions on
Mechatronics, vol. 20, no. 5, pp. 2504–2512, 2015.

[15] B. Tamhane and S. Kurode, “Finite time state and disturbance
estimation for robust performance of motion control systems
using sliding modes,” International Journal of Control,
vol. 91, no. 5, pp. 1171–1182, 2017.

[16] W. Xue, R. Madonski, K. Lakomy, Z. Gao, and Y. Huang,
“Add-on module of active disturbance rejection for set-point
tracking of motion control systems,” IEEE Transactions on
Industry Applications, vol. 53, no. 4, pp. 4028–4040, 2017.
[17] Y. Huang and W. Messner, “A novel disturbance observer
design for magnetic hard drive servo systemwith a rotary actu-
ator,” IEEE Transactions onMagnetics, vol. 34, no. 4, pp. 1892–
1894, 1998.

[18] C. Ming, R. Sun, and X. Wang, “Velocity control based on
active disturbance rejection for air-breathing supersonic vehi-
cles,” Complexity, vol. 2018, Article ID 6217657, 11 pages,
2018.

[19] L. Sun, D. Li, and K. Y. Lee, “Enhanced decentralized PI con-
trol for fluidized bed combustor via advanced disturbance
observer,” Control Engineering Practice, vol. 42, pp. 128–139,
2015.

[20] H. K. Khalil, Nonlinear Systems, Prentice Hall, New Jersey,
2002.

[21] C. Peng, J. Fang, and X. Xu, “Mismatched disturbance rejec-
tion control for voltage-controlled active magnetic bearing
via state-space disturbance observer,” IEEE Transactions on
Power Electronics, vol. 30, no. 5, pp. 2753–2762, 2015.

[22] J. Yang, W. H. Chen, S. Li, L. Guo, and Y. Yan, “Disturban-
ce/uncertainty estimation and attenuation techniques in
PMSM drives—a survey,” IEEE Transactions on Industrial
Electronics, vol. 64, no. 4, pp. 3273–3285, 2017.

[23] S. Li, H. Sun, J. Yang, and X. Yu, “Continuous finite-time out-
put regulation for disturbed systems under mismatching con-
dition,” IEEE Transactions on Automatic Control, vol. 60,
no. 1, pp. 277–282, 2015.

[24] J. Yang, A. Zolotas, W. H. Chen, K. Michail, and S. Li, “Robust
control of nonlinear MAGLEV suspension system with mis-
matched uncertainties via DOBC approach,” ISA Transac-
tions, vol. 50, no. 3, pp. 389–396, 2011.

[25] J. Yang, S. Li, and X. Yu, “Sliding-mode control for systems
with mismatched uncertainties via a disturbance observer,”
IEEE Transactions on Industrial Electronics, vol. 60, no. 1,
pp. 160–169, 2013.

[26] B. Tamhane, A. Mujumdar, and S. Kurode, “Mismatched dis-
turbance compensation using sliding mode control,” in 10th
Asian Control Conference (ASCC), pp. 1–6, Kota Kinabalu,
Malaysia, May 2015.

[27] J. Yang, J. Su, S. Li, and X. Yu, “High-order mismatched distur-
bance compensation for motion control systems via a contin-
uous dynamic sliding-mode approach,” IEEE Transactions on
Industrial Informatics, vol. 10, no. 1, pp. 604–614, 2014.

[28] X. Fang, A. Wu, Y. Shang, and N. Dong, “A novel sliding mode
controller for small-scale unmanned helicopters with mis-
matched disturbance,” Nonlinear Dynamics, vol. 83, no. 1-2,
pp. 1053–1068, 2016.

[29] J. J. Xiong and G. B. Zhang, “Global fast dynamic terminal slid-
ing mode control for a quadrotor UAV,” ISA Transactions,
vol. 66, pp. 233–240, 2017.

[30] L. He, Y. J. Wu, and J. X. Zuo, “Sliding mode controller design
for UAV based on backstepping control,” in IEEE 2016 Chi-
nese Guidance, Navigation and Control Conference (CGNCC),
pp. 1448–1453, Nanjing, China, 2017.

[31] B. Xian, G. Jianchuan, Z. Yao, and Z. Bo, “Sliding mode track-
ing control for miniature unmanned helicopters,” Chinese
Journal of Aeronautics, vol. 28, no. 1, pp. 277–284, 2015.

[32] B. Zhu, “Nonlinear adaptive neural network control for a
model-scaled unmanned helicopter,” Nonlinear Dynamics,
vol. 78, no. 3, pp. 1695–1708, 2014.

[33] M. Wan, M. Chen, and K. Yan, “Adaptive sliding mode track-
ing control for unmanned autonomous helicopters based on



15International Journal of Aerospace Engineering
neural networks,” Complexity, vol. 2018, Article ID 7379680,
11 pages, 2018.

[34] C. Liu, W.-H. Chen, and J. Andrews, “Tracking control of
small-scale helicopters using explicit nonlinear MPC aug-
mented with disturbance observers,” Control Engineering
Practice, vol. 20, no. 3, pp. 258–268, 2012.

[35] J. J. E. Slotine and W. P. Li, Applied Nonlinear Control, Pren-
tice Hall, Englewood Cliffs, 1991.

[36] A. Levant, “Higher-order sliding modes, differentiation and
output-feedback control,” International Journal of Control,
vol. 76, no. 9-10, pp. 924–941, 2003.

[37] Y. B. Shtessel, I. A. Shkolnikov, and A. Levant, “Smooth
second-order sliding modes: missile guidance application,”
Automatica, vol. 43, no. 8, pp. 1470–1476, 2007.

[38] S. Li and Y. P. Tian, “Finite-time stability of cascaded time-
varying systems,” International Journal of Control, vol. 80,
no. 4, pp. 646–657, 2007.

[39] A. Martini, F. Leonard, and G. Abba, “Dynamic modelling and
stability analysis of model-scale helicopters under wind gust,”
Journal of Intelligent and Robotic Systems, vol. 54, no. 4,
pp. 647–686, 2009.



International Journal of

Aerospace
Engineering
Hindawi
www.hindawi.com Volume 2018

Robotics
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

 Active and Passive  
Electronic Components

VLSI Design

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Shock and Vibration

Hindawi
www.hindawi.com Volume 2018

Civil Engineering
Advances in

Acoustics and Vibration
Advances in

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Electrical and Computer 
Engineering

Journal of

Advances in
OptoElectronics

Hindawi
www.hindawi.com

Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Control Science
and Engineering

Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

 Journal ofEngineering
Volume 2018

Sensors
Journal of

Hindawi
www.hindawi.com Volume 2018

International Journal of

Rotating
Machinery

Hindawi
www.hindawi.com Volume 2018

Modelling &
Simulation
in Engineering
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Chemical Engineering
International Journal of  Antennas and

Propagation

International Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Navigation and 
 Observation

International Journal of

Hindawi

www.hindawi.com Volume 2018

 Advances in 

Multimedia

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/ijae/
https://www.hindawi.com/journals/jr/
https://www.hindawi.com/journals/apec/
https://www.hindawi.com/journals/vlsi/
https://www.hindawi.com/journals/sv/
https://www.hindawi.com/journals/ace/
https://www.hindawi.com/journals/aav/
https://www.hindawi.com/journals/jece/
https://www.hindawi.com/journals/aoe/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/jcse/
https://www.hindawi.com/journals/je/
https://www.hindawi.com/journals/js/
https://www.hindawi.com/journals/ijrm/
https://www.hindawi.com/journals/mse/
https://www.hindawi.com/journals/ijce/
https://www.hindawi.com/journals/ijap/
https://www.hindawi.com/journals/ijno/
https://www.hindawi.com/journals/am/
https://www.hindawi.com/
https://www.hindawi.com/

