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In order to overcome the drawbacks of the convergence time boundary dependent on tuning parameters in existing finite/fixed-
time cooperative guidance law, this paper presents a three-dimensional prescribed-time pinning group cooperative guidance
scheme that ensures multiple unpowered missiles to intercept multiple stationary targets. Firstly, combining a prescribed-time
scaling function with pinning group consensus theory, the prescribed-time consensus-based cooperative guidance law is
proposed. Secondly, the prescribed-time convergence of the proposed pinning group consensus-based cooperative guidance law
proves that the convergence can be achieved at a specified time, regardless of initial conditions and parameters. Furthermore,
the design steps including two stages of the proposed guidance law are given for engineering application. Extensive simulations
are carried out in three cases to verify the properties. Simulation results show the effectiveness and superiority of the proposed
prescribed-time consensus-based cooperative guidance scheme.

1. Introduction

With the development of the advanced defense missile sys-
tems, such as the surface-to-air missile system and close-in
weapon system, one-to-one has more obvious drawbacks
in attacking or intercepting some equipped important tacti-
cal and strategic targets [1–3]. One of the effective counter-
measures is cooperation. Obviously, the cooperative
framework offers the major advantage that even if parts of
missiles are neutralized by the defense system, the target
interception will be achieved by the remaining missiles.
Hence, the multimissile cooperative attack or interception
problem is of great practical significance. To increase the
lethality and probability of penetration, a lot of interest has
been understandably paid to cooperative guidance in combat
scenarios [4–15].

Compared with one-to-one engagement, cooperative
engagement has advantages in effectively and comprehen-
sively information detection or acquisition. As one of the
initial efforts in this field, an impact time control guidance

law (ITCG) is proposed for realizing salvo attack in [4]. To
improve the precision strike, the consensus-based coopera-
tive guidance scheme has arisen for increasing the penetra-
tion probabilities of multiple missiles. With the
communication, the main objective of impact-time-related
cooperation is achieving impact time consensus by adjusting
relative distances and radial velocities to the target of each
missile. Although existing powered missiles with controlla-
ble velocity shows better effectiveness in guidance accuracy
[16–20], high cost is not conducive to giving full play to
the advantages of scale. Therefore, coping with the unpow-
ered multimissile cooperative guidance problem is more
practical for engineering. Most of analytic results on unpow-
ered cooperative guidance law considered the planar situa-
tions [21–25].

Note that most previous studies are dedicated for two-
dimensional (2-D) unpowered cooperation engagements
that ignore the couplings between the horizontal and vertical
planners. Although 2-D guidance schemes can be applied in
a realistic three-dimensional (3-D) scenario, its applications
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need to be guaranteed by decoupling models. Generally, the
pursuit situations are not confined only in one of the pitch
and yaw planar planes but exist in the coupling between the
motions. Nevertheless, aforementioned 3-D schemes are appli-
cable to powered missiles, but they are limited by immature
engine and high cost. Hence, the unpowered 3-D cooperative
guidance is still an area to be studied. Since the 3-D guidance
model was first introduced in [26], several researchers have con-
centrated on the studies of 3-D cooperative guidance law. With
consensus theory, in [20, 27–30], auxiliary states were given to
PPN-based cooperative guidance law for reducing the error of
time-to-go estimation. With undirected graph, a distributed
cooperative guidance law investigated in [27]. As to [28], an
unpowered 3-D cooperative guidance law with constraint is
proposed on the basis of undirected communication. However,
the convergence conditions of aforementioned unpowered 3-D
guidance law were established on the undirected topology.
Though the consensus of the first-stage can be achieved, taking
limited and power resources into consideration, uncertain con-
vergence timemay increase the negative influence of communi-
cation. Hence, proceeding from relaxing restrictions of
communication with proper switch scheme is necessary for
scale expansion.

As an effective solution, consensus-based cooperative
guidance relies heavily on communication network. In
essence, the network serves for the cooperation. The net-
work framework of multimissile communication, which
influences the quality and quantity of information, deter-
mines the topology directly. Due to the inherent importance
of the communication network, consensus protocols for
achieving the guidance cooperation have been widely
researched for applications in different scenarios. Based on
the proposed two-level hierarchical cooperative guidance
architecture, Ref. [7] classified the cooperation into central-
ized and distributed. Furthermore, as a reliable way of cen-
tralized cooperation, the leader-follower scheme was
utilized in multimissile cooperation widely [8–10]. Gener-
ally, the centralized structure has limitations such as not
being conducive to the expansion of scale and strong depen-
dence on network information. Therefore, more attention
has turned to distributed cooperation with flexible commu-
nication. Derived from neighbour-to-neighbour communi-
cation, on the basis of a directed spanning tree, a
distributed cooperative guidance law was designed in [11].
Although local neighbouring communication facilitates scale
expansion, the incomplete information caused by network
growth and distributed communication slows down the con-
vergence rate. To keep the balance between astringency and
expansibility, the integrated framework has earned more
attention. In [31], under the directed topologies, an inte-
grated cooperative framework with guidance layer, coordi-
nation layer, and control layer were proposed with
formation containment tracking requirement. As to [32],
an integrated framework provides a new solution for cooper-
atively against single stationary target by combining central-
ized and decentralized communication. For multiple
centralized leader-follower groups, group communication
is guaranteed by leaders, which means there is no communi-
cation between followers in a group.

In the aforementioned works, though different frame-
works were utilized, only problems of multiple missiles
against one single target were considered. However,
important targets are usually shielded by defense systems.
Hence, it is necessary to destroy the targets and their
defense system together. In order to strike the multiple
targets with cooperation, group consensus provides an
effective way without time-to-go estimation [33–35]. To
solve the unidirectional neighbour-to-neighbour communi-
cation limitation, a two-stage unpowered cooperative guid-
ance law with directed group topology was first studied in
[34]. On this basis, distributed group cooperative guidance
law with switching directed communication topology was
investigated. In [35], the study was further improved with
directed communication and zero in-degree assumption.
Thus, extensive researches are limited with conservative
assumptions of the network so that unpowered group
cooperative attack problems have not been studied
extensively.

Considering the interception engagement, the conver-
gence time is also an essential factor. Due to the limit of
flight duration, the consensus of cooperation requires a fas-
ter convergence rate. To meet the demands of fast conver-
gence, finite-time consensus-based cooperative guidance
schemes show their superiorities. As presented in [22], the
2-D cooperative guidance law was designed via communica-
tion over a directed cycle graph, and consensus with time-to-
go can be achieved at an apriority fixed finite time. With the
small heading angle assumption, the 2-D time-go-to estima-
tion has poor practicability for parts of scenarios. To ensure
the fast convergence without estimation, in [20], a leader-
follower cooperative guidance law was designed with a
finite-time sliding mode method. Furthermore, to improve
the effectiveness, the adaptive super-twisting sliding mode
control with a new finite-time consensus protocol was devel-
oped in [36]. Although several efforts have been developed
for finite-time cooperative guidance to achieve fast conver-
gence, their effectiveness is affected by initial conditions.
Recently, research has turned to the fixed-time theory’s
application in cooperative guidance [37–39]. Independent
of initial conditions, practicability of fixed-time cooperative
guidance law was enhanced. However, the bound of settling
time in these fixed-time consensus algorithms was calculated
via the conservation, which means that the upper bound of
the settling time is still related to system parameters, and
usually, its estimated value is larger than the real settling
time. Therefore, the convergence time of existing fixed-
time cooperative guidance is unable to be prescribed.
Though there have been several studies on prescribed-time
consensus [40, 41], study on 3-D prescribed-time unpow-
ered cooperative guidance has not been studied extensively.
According to these observations, for cooperative intercep-
tion, the prescribed-time consensus-based cooperative guid-
ance law can provide better convergent conditions for the
latter flight mission. Therefore, exploring the prescribed-
time consensus-based cooperative guidance law is
meaningful.

Motivated by the above discussions, this paper
attempts to design a novel 3-D two-stage prescribed-time
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pinning group cooperative guidance law for more general
topology. The main benefits are summarized as the follow-
ing aspects.

(1) Different from the existing finite/fixed-time coopera-
tive guidance law, independent of retuning parame-
ters or initial conditions, the proposed cooperative
guidance law can ensure prescribed-time conver-
gence according to the mission

(2) The second-order prescribed-time pinning group
framework is proposed for improving the coordina-
tion. Utilizing the pinning group consensus, the
prescribed-time group guidance framework is
improved with the pinning scheme. Compared with
other existing works in [33–35] with zero in-degree
balance assumption, the convergence condition is
relaxed by a pinning-based M-matrix and the con-
vergence time can be specified. Obviously, a network
with a topology that allows for interactions from
other subgroups is more practical

(3) The 3-D two-stage prescribed-time cooperative
guidance scheme is provided for practical applica-
tions. By using the proposed prescribed-time
consensus-based cooperative guidance law in the
first stage, the convergence can be realized at a desir-
able switching time. On this basis, the individual
PPN guidance law in the second phase significantly
reduces the cost of the network integration. Hence,
with the 3-D two-stage prescribed-time cooperative
scheme based on the simplified pinning group
framework, unpowered missiles’ cooperation is ben-
eficial for reducing cost in practice.

The remainder of this study is organized as follows. In
Section 2, preliminaries and problem formulation are pre-
sented. The main results of three-dimensional two-stage
prescribed-time pinning group cooperative guidance scheme
is provided in Section 3. Considering different scenarios,
Section 4 provides numerical simulation results for verifica-
tion. Section 5 concludes the whole work.

2. Preliminaries and Problem Statement

In this section, the research background and some necessary
preliminaries are discussed in detail. Firstly, the three-
dimensional homing engagement geometry of a missile in
one group against its target is established. On this basis,
the pure proportional navigation guidance law is given.
Then, in order to describe the communication network of
the multiple missiles, some concepts and lemmas of M
-matrix and prescribed-time convergence are introduced.
To achieve the cooperative missions, the control objective
is presented with some assumptions.

2.1. Basic Assumptions. For simplification, the relative kine-
matics of the multiple missiles and targets are established
on the basis of the following assumptions: (1) In the three-
dimensional space, all the missiles are considered as mass

points in the three dimensional. (2) All missiles are unpow-
ered with the same constant speed. The acceleration is per-
pendicular to its velocity. (3) The seekers’ and autopilots’
dynamics are fast enough in comparison with the guidance
loop.

2.2. Formulation of the Three-Dimensional PPN Guidance
Law. To describe the cooperative engagement geometry,
the relative motion relationship of the i-th missile belonging
to the gi-th subgroup attacking task-specified target Tγ is
shown in Figure 1, where LOS is the abbreviated form of
line-of-sight, Mi − XIYIZI is the reference coordinate sys-
tem, and Mi − XMi

YMi
ZMi

is the missile body coordinate
system. ri denotes the range between the i-th missile and tar-
get, and VM represents the velocity vector. As for θmi and
ψmi, they are two Euler angles for the LOS coordinate system
to the body coordinate system of Mi. θLi and ψLi represent
LOS angles in the azimuth and elevation directions, respec-
tively. Following this, the 3-dimensional geometry is estab-
lished on the basis of the point-mass assumption. Referring
to Ref. [1], the engagement kinematic is outlined as

_ri = −VM cos θmi cos ψmi,

ri _λyi = VM sin θmi,

ri _λzi = −VM cos θm sin ψm,

_θmi =
Azmi

Vm
−
VM

ri
tan λyi cos θmi

sin2ψmi +
VM

ri
sin θmi cos ψmi,

_ψmi =
Aymi

Vm cos θmi
+
VM

ri
tan λyi sin θmi sin ψmi cos ψmi

+
VM

ri cos θmi
sin2θmi sin ψmi +

VM

ri
cos θmi sin ψmi,

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
ð1Þ

where λyi and λzi are LOS angle components in the inertial
reference frame and Aymi and Azmi are normal accelerations
of Mi in the yaw and pitch directions, respectively. Subse-
quently, the heading error σi, which represents the field-of-
view of the missile’s seeker, is defined with Euler angles as

σi = arccos cos θmi cos ψmið Þ, σi ∈ 0, π½ Þ: ð2Þ

Hence, the 3-dimensional PPNG law is given as

Aymi−PPN
= −KVM

_λyi sin θmi sin ψmi + KVM
_λzi cos θmi,

Azmi−PPN
= −KVM

_λyi cos ψmi,

8<:
ð3Þ

where K is the navigation gain of the PPN which guarantees
the convergence of the heading error during the terminal
guidance.
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Differentiating Equation (2) with respect to time t and
substituting Equation (3) into it yields

_σi =
1

sin σi
sin θmi cos ψmi

_θmi + cos θmi sin ψmi _ψmi

� �
= −

K − 1ð Þ
sin σi

VM

ri
cos2ψmi − cos2θmi cos2ψmi + sin2ψmi

� �
= −

K − 1ð ÞVM

ri
sin σi:

ð4Þ

Subsequently, the following expression is obtained:

∂ri
∂σi

=
ri cot σi
K − 1

: ð5Þ

Solving Equation (5), the range-to-go can be obtained as

ri =
ri 0ð Þ

sin σi 0ð Þj j1/ K−1ð Þ sin σij j1/ K−1ð Þ, ð6Þ

which implies that missiles guided by the typical PPN
exhibit the same flight trajectory with the same initial condi-
tions of the range-to-go and heading error. This valuable
information plays an important role in the following section
in designing the cooperative guidance scheme for different
scenarios.

Substituting Equation (6) into (4), we can obtain that

_σi = −
K − 1ð ÞVM sin σi 0ð Þj j1/ K−1ð Þ

ri 0ð Þ sin σij j K−2ð Þ/ K−1ð Þ, ð7Þ

which indicates that convergence of the heading error will be
guaranteed with the navigation gain K ≥ 2.

Remark 1. For the size of stationary targets in nonzero, when
a cooperative attack of interception happens, ri belongs to
the interval rs ∈ ½rsmax, rsmin�. Hence, the following inequality
holds during the entire flight:

rs ≤ ri tð Þ ≤max ri 0ð Þð Þ, ð8Þ

where max ðrið0ÞÞ denotes the maximum initial range-to-go
of the i-th missile.

2.3. Preliminaries. In this paper, the homogeneous coopera-
tion group containing Nmissiles are divided into κðκ ≥ 2Þ
subgroups for attacking. For the multimissiles’ cooperation,
communication network between missile nodes and sub-
groups is essential. Herein, the directed graph G = ðH ,E,AÞ
is utilized to describe the communication network, where
H = fvi,⋯, vNg denotes the N-missile set and E = fði, jÞ
∈H ×Hg represents the relationship between missiles in
the topology, in which ðvi, vjÞ ∈ ℇ represents the j-th missile
which can receive information from the i-th missile. The
weight adjacency matrix is defined as A = faijg, where aii = 0,
aij > 0 if and only if ðvi, vjÞ ∈ ℇ, otherwise aij = 0. Accordingly,
the Laplacian matrix L = flijg associated with A is defined as

lij =
〠
N

j=1,j≠i
aij, j = i,

−aij, j ≠ i,

8>><>>: ð9Þ

which guarantees that ∑N
j=1lij = 0, i = 1, 2,⋯,N:

Subsequently, some lemmas are given for derivation.

Z1

XMi

ZMi

YI

YMi

XI

Mi

LOS

VM

Tγ

𝜃mi

𝜃Li

𝜓mi

𝜓Li

𝜎i

Figure 1: Geometry of missile and target in 3-dimensional.

4 International Journal of Aerospace Engineering



Definition 2. A nonsingular matrix A = faijg ∈ RN×N is
defined as a M-matrix if all the elements satisfy aij ≤ 0ði ≠ j
Þ and all the elements of A−1 are nonnegative.

Definition 3. A diagonal matrix A = diag faig ∈ RN×N is
defined as a pinning matrix, if diagonal elements ai = 1mean
that the i-th node is pinned, otherwise ai = 0.

Lemma 4 (see [42]). For a nonsingular matrix A = faijg ∈
RN×N , the following statements are equivalent: (1) A is a M
-matrix; (2) all eigenvalues of A have a positive real part,
which means Re ðλiðAÞÞ > 0, i = 1, 2,⋯,N ; (3) there exists a
positive definite diagonal matrix Ξ = diag ½ξ1, ξ2,⋯, ξN � > 0,
such that ΞA + ATΞ is positive definite.

Lemma 5 (see [40]). For any given vectors A and B, if there is
any arbitrarily positive definite matrix W, the following
inequality holds:

2ATB ≤ ATWA + BTW−1B: ð10Þ

A time-varying function for the specified time conver-
gence is defined as the following form:

ζ tð Þ =
T

t0 + T − t

� �h

, t ∈ t0, t0 + T½ Þ,

1, t ∈ t0 + T ,∞½ Þ,

8><>: ð11Þ

where h > 1, t0 is the start time, and T is the user’s assigned
convergence time.

The time derivative of Equation (11) can be expressed as

_ζ tð Þ =
h
T

T
t0 + T − t

� �h+1
, t ∈ t0, t0 + T½ Þ,

0, t ∈ t0 + T ,∞½ Þ:

8><>: ð12Þ

Lemma 6 (see [41]). Considering a dynamic system described
by _x = f ðt, xðtÞÞ, xð0Þ = x0, where x ∈ RN and f ð∙, ∙Þ is a func-
tion bounded in time. There exists a continuously differentia-
ble function Vðt, xðtÞÞ denoted as VðtÞ in short with
Vðt, 0Þ = 0. If there exists _VðtÞ ≤ −ηVðtÞ − μð _ζðtÞ/ζðtÞÞVðtÞ
with constants η ≥ 0 and μ > 0, then the system is globally
prescribed-time stable. Moreover, for t ∈ ½t0, t0 + TÞ, it sat-

isfies _VðtÞ ≤ ζ−μðtÞe−ηðt−t0ÞVðt0Þ, and for t ∈ ½t0 + T ,∞Þ, it
holds that VðtÞ ≡ 0.

3. Main Results

In this section, a novel 3-D prescribed-time cooperative
guidance law is designed. Then, the two-stage cooperative
guidance scheme is given for practical implementation.
Finally, a design flow is introduced for real application.

3.1. Design of Prescribed-Time Cooperative Guidance Law.
Suppose that impact time t f is the total time taken by
the missile from predefined reference terminal guidance

starting time to the moment of hitting its target. As to
time-to-go, it is defined as the total time remaining till
the missile hitting its target. So, we have t f = tgo + t. Tradi-
tionally, the estimation method of the time-to-go is estab-
lished on the small heading error assumption. However,
the heading error not only influences on the estimation
of the time-to-go but also represents the movement of
the seeker. The smaller the heading angle is, the closer
the target is to the center of the field-of-view, which ben-
efits the target capture and impact-time cooperation.
Hence, the state variables are selected as

x1i =
ri
VM

+ t, x2i = − cos σi + 1, i = 1, 2,⋯,N: ð13Þ

Remark 7. ri and σi can be measured by radar or inertial
measurement unit in practical engineering. When σi = 0,
x1i represents the arrival time. However, for the existence
of heading error, x1i can be used as an auxiliary state
rather than the approximated arrival time. In addition,
heading error represents the position of the target in
the field-of-view. The smaller heading angle benefits tar-
geting. Hence, the state variable setting is similar in terms
of the control objective, which is used for cooperatively
generating the desired range-to-go without the heading
angle.

Accordingly, time derivatives of state variables can be
calculated as

_x1i = x2i,

_x2i =
Azmi−co

VM
sin θmi cos ψmi +

Aymi−co

VM
sin ψmi

+
VM

ri
sin2θmi +

VM

ri
cos2θmi sin2ψmi:

8>>>>>><>>>>>>:
ð14Þ

The N-missile group containing κ subgroups denote as
ℊ = ℊ1 ∪ ℊ2 ∪⋯ℊgi ∪⋯∪ ℊκ, where the i-th missile belongs
to the gi-th group and its group’s assigned state variable is
represented with subscript gi, such as the heading angle
σgi

. The design objective of the cooperative guidance law
can be expressed as prescribed-time cooperative attack in
Definition 8.

Definition 8. The multimissile system Equation (14) is said
to be group prescribed-time cooperative attack if

lim
t⟶t0+T

ri tð Þ − rj tð Þ
�� �� = 0, i, j ∈ ℊgi ,

lim
t⟶t0+T

σi tð Þ − σ j tð Þ
�� �� = 0 or lim

t⟶t0+T
cos σi tð Þ − cos σj tð Þ
�� �� = 0, i, j ∈ ℊgi ,

lim
t⟶t0+T

rf ,i tð Þ − rf ,gi tð Þ
��� ��� = 0, i ∈ ℊ,

lim
t⟶t0+T

σi tð Þ − σgi
tð Þ

��� ��� = 0 or lim
t⟶t0+T

cos σi tð Þ − cos σgi tð Þ
��� ��� = 0, i ∈ ℊ,

8>>>>>>>>>><>>>>>>>>>>:
ð15Þ
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and for ∀t ≥ t0 + T ,

ri tð Þ − r j tð Þ
�� �� = 0, i, j ∈ ℊgi ,

r f ,i tð Þ − r f ,gi tð Þ
��� ��� = 0, i ∈ ℊ,

σi tð Þ − σgi tð Þ
��� ��� = 0 or cos σi tð Þ − cos σgi

tð Þ
��� ��� = 0, i ∈ ℊ:

8>>>><>>>>:
ð16Þ

Assumption 9. L +D is a M-matrix, where L is a Laplacian
matrix of a group topology and D is a pinning matrix.

Assumption 10. There exist parameters h > 1, T > 0, ι1 > 0, ι2
> 0, β2 > 0, β0 > β2

1/β2hϖ2 and η ≥ 0, such that

2
h
< μ < −

T
h

η +max
Ω1
Ω2

,
Ω3
Ω4

� �� �
, ð17Þ

where

Ω1 =
h
T

β0 − α1β1 +
hβ0 + α1β2

4ı1

� �
ϖ2 + β1

1
h
+ α2

� �
1
4ı2

	 

< 0,

Ω2 = ϖ1hβ0 +
β1
2ı2

,

Ω3 =
h
T

β1 − α2β2 + β1
1
h
+ α2

� �
ι2 + hβ0 + α1β2ð Þı1ϖ1

	 

< 0,

Ω4 = β2 + 2β1ı2ð Þ,

8>>>>>>>>>>><>>>>>>>>>>>:
ð18Þ

where α1 and α2 are guidance gains and η and μ are param-
eters defined in Lemma 4; Ξ defined in Lemma 6 satisfies
Γ = ΞðL +DÞ + ðL +DÞTΞ with ϖ1 = λmaxðΓÞ/λminðΞÞ and
ϖ2 = λminðΓÞ/λmaxðΞÞ.

Accordingly, the following theorem for the proposed
prescribed-time cooperative guidance law is given.

Theorem 11. Suppose Assumptions 9 and 10 are satisfied. If
there exists the group prescribed-time cooperative guidance
law Equation (19), the multimissile system Equation (14)
can achieve the group prescribed-time cooperative attack at
prescribed-time t0 + T .

Aymi−co
= −

V2
M

ri
sin ψmi +

UiVM

2 sin ψMi
,

Azmi−co
= −

V2
M

ri
sin θmi cos ψmi +

UiVM

2 sin θMi cos ψMi
,

8>>><>>>:
ð19Þ

where Ui = −α2ð _ζðtÞ/ζðtÞÞðx2iðtÞ − x2,giÞ + α1ð _ζðtÞ/ζðtÞÞ
2

∑N
j≠i,j=1 aijðx1jðtÞ − x1iðtÞÞ + α1ð _ζðtÞ/ζðtÞÞ

2
∑N

j=1 lijx1,gj
+ pi

with pinning command pi = −α1dið _ζðtÞ/ζðtÞÞ
2ðx1iðtÞ − x1,giÞ,

i, j ∈ ℊ.

Proof. The proof of prescribed-time convergence will be
divided into three parts. We first prove that pinning group
consensus can be achieved in the assigned time T . Then,
the consensus is kept over ½t0 + T ,∞Þ with input remaining
zero is proven. Finally, the proof that the control input keep-
ing C0 smooth over ½t0,∞Þ is given.

(i) Pinning group consensus in specified time T

In order to prove pinning group consensus by Lyapunov
stability theorem, we first proceed several system
transformations.

Substituting Equation (19) into Equation (14), the multi-
missile system can be described by a double-integrator system

_x1i = x2i,

_x2i =Ui,

(
ð20Þ

whereUi is regarded as a control input. By introducing the pin-
ning scheme, the prescribed-time group consensus with general
coupling topology is extended and complemented by the group
consensus results in [42] from single-order to second-order sys-
tem with prescribed-time scaling function. In view of Equation
(19), the pinning group controller can be rewritten as

Ui = −α2
_ζ tð Þ
ζ tð Þ x2i tð Þ − x2,gi

� �
− α1di

_ζ tð Þ
ζ tð Þ

 !2

x1i tð Þ − x1,gi

� ��
+ α1

_ζ tð Þ
ζ tð Þ

 !2

liix1,gi + α1
_ζ tð Þ
ζ tð Þ

 !2

〠
N

j≠i,j=1
aij x1j tð Þ − x1i tð Þ
� �

− α1
_ζ tð Þ
ζ tð Þ

 !2

〠
N

j≠i,j=1
aijx1,gj

= −α2
_ζ tð Þ
ζ tð Þ x2i tð Þ − x2,gi

� �
− α1di

_ζ tð Þ
ζ tð Þ

 !2

x1i tð Þ − x1,gi

� ��
+ α1

_ζ tð Þ
ζ tð Þ

 !2

〠
N

j≠i,j=1
aijx1,gi

+ α1
_ζ tð Þ
ζ tð Þ

 !2

〠
N

j≠i,j=1
aij x1j tð Þ − x1i tð Þ
� �

− α1
_ζ tð Þ
ζ tð Þ

 !2

〠
N

j≠i,j=1
aijx1,gj

= −α2
_ζ tð Þ
ζ tð Þ x2i tð Þ − x2,gi

� �
− α1di

_ζ tð Þ
ζ tð Þ

 !2

x1i tð Þ − x1,gi

� �
+ α1

_ζ tð Þ
ζ tð Þ

 !2

〠
N

j≠i,j=1
aij x1j tð Þ − x1,gj

� �
− x1i tð Þ − x1,gi

� �� �

= −α2
_ζ tð Þ
ζ tð Þ x2i tð Þ − x2,gi

� �
− α1 di + 〠

N

j=1
lij

 !
_ζ tð Þ
ζ tð Þ

 !2

x1i tð Þ − x1,gi

� �
:

�

ð21Þ

Let E1 = X1ðtÞ − X1,ℊ and E2 = X2ðtÞ − X2,ℊ; it can be
obtained that

U = −α2
_ζ tð Þ
ζ tð ÞE2 − α1

_ζ tð Þ
ζ tð Þ

 !2

L +Dð ÞE1, ð22Þ

where U = ½U1,U2,⋯,UN �T ∈ R1×N , X1 = ½x11, x12,⋯, x1N �T
∈ R1×N , X2 = ½x21, x22,⋯, x2N �T ∈ R1×N , X1,ℊ =
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½x1,g1 , x1,g2 ,⋯, x1,gN �
T ∈ R1×N , X2,ℊ = ½x2,g1 , x2,g2 ,⋯, x2,gN �

T ∈
R1×N .

Let Ê1 = ð _ζðtÞ/ζðtÞÞE1, Ê2 = E2; the system (20) can be
transformed as follows:

_̂E1 tð Þ =
_ζ tð Þ
ζ tð Þ Ê2 tð Þ +

_ζ tð Þ
hζ tð Þ Ê1 tð Þ,

_̂E2 tð Þ = −α2
_ζ tð Þ
ζ tð Þ Ê2 − α1

_ζ tð Þ
ζ tð Þ L +Dð ÞÊ1:

8>>>><>>>>:
ð23Þ

Hence, denote

H =
1
h
IN IN

−α1 L +Dð Þ −α2IN

24 35: ð24Þ

System (23) can be rewritten as

_̂E =
_ζ tð Þ
ζ tð ÞHÊ, ð25Þ

where Ê = ½Ê1, Ê2� ∈ R1×2N .
In the following, we can prove the pinning group con-

sensus in specified time T based on Equation (25). A candi-
date Lyapunov function is set as

V =
1
2
E∧TΨ bE, ð26Þ

where

Ψ =
β0hΓ β1Ξ

β1Ξ β2Ξ

" #
: ð27Þ

According to Schur’s Complement Lemma, when β0 > 0 and
β0hΓ − β1Ξðβ2ΞÞ−1β1Ξ, then Ψ > 0. Hence, if β2 > 0 and
β0 > β2

1/β2hϖ2 hold, then V > 0.
Calculating the time derivative of V along Equation (14)

and substituting Equation (22) into it gives

_V =
_ζ tð Þ
ζ tð Þ β0 − α1β1ð ÞÊT

1ΓÊ1 + β1 − α2β2ð ÞÊT
2ΞÊ2

h
+ β0hÊ

T
1ΓÊ2−α2β1Ê

T
1ΞÊ2 +

β1
h
Ê
T
2ΞÊ1 − α1β2Ê

T
2Ξ L +Dð ÞÊ1



:

ð28Þ

According to Lemma 5, the cross terms satisfy

±ÊT
1ΓÊ2 ≤

1
4ı1

Ê
T
1 ΓÊ1 + ı1Ê

T
2ΓÊ2 or ± Ê

T
2 ΓÊ1 ≤

1
4ı1

Ê
T
1ΓÊ1 + ı1Ê

T
2ΓÊ2,

±ÊT
1ΞÊ2 ≤

1
4ı2

Ê
T
1ΞÊ1 + ı2Ê

T
2ΞÊ2 or ± Ê

T
2ΞÊ1 ≤

1
4ı2

Ê
T
1ΞÊ1 + ı2Ê

T
2ΞÊ2:

8>>><>>>:
ð29Þ

Scaling the Ê
T
1ΓÊ1 and Ê

T
2ΓÊ2, we obtain the following

inequalities:

Ê
T
1ΓÊ1 ≥ λmin Γð Þ〠

N

k=1
Ê1k

2 ≥ λmin Γð Þ 1
ξmax

〠
N

k=1
ξkÊ1k

2 = ϖ2Ê
T
1ΞÊ1,

Ê
T
2ΓÊ2 ≤ λmax Γð Þ〠

N

k=1
Ê2k

2 ≤ λmax Γð Þ 1
ξmin

〠
N

k=1
ξkÊ2k

2 = ϖ1Ê
T
2ΞÊ2:

8>>>>><>>>>>:
ð30Þ

Thus,

_V ≤
_ζ tð Þ
ζ tð Þ β0 − α1β1 +

β0h + α1β2
4ı1

� �
ϖ2

	�
+ β1

1
h
+ α2

� �
1
4ı2



Ê
T
1ΞÊ1+ β1 − α2β2 + β1

1
h
+ α2

� �
ı2

	
+ β0h + α1β2ð Þı1ϖ1



Ê
T
2ΞÊ2

�
:

ð31Þ

Furthermore, let PðtÞ = _VðtÞ + ðη + μð _ζðtÞ/ζðtÞÞÞVðtÞ <
0. Substituting Equations (26)–(31) into PðtÞ yields

P tð Þ ≤ η + μ
_ζ tð Þ
ζ tð Þ

 !
hβ0Ê

T
1ΓÊ1 + β2Ê

T
2ΞÊ2 + β1Ê

T
1ΞÊ2 + β1Ê

T
2ΞÊ1

h i
+

_ζ tð Þ
ζ tð Þ β0 − α1β1 +

β0h + α1β2
4ı1

� �
ϖ2 + β1

1
h
+ α2

� �
1
4ı2

	 
�
� ÊT

1ΞÊ1+ β1 − α2β2 + β1
1
h
+ α2

� �
ı2 + β0h + α1β2ð Þı1ϖ1

	 

Ê
T
2ΞÊ2

�
:

ð32Þ

Scaling VðtÞ, we have

V tð Þ ≤ hβ0 +
β1
2ı2

� �
ϖ1Ê

T
1ΞÊ1 + β2 + 2β1ı2ð ÞÊT

2ΞÊ2: ð33Þ

According to the definitions as Equations (11) and (12), we
have _ζðtÞ/ζðtÞ ≥ h/T. Substituting it into Equation (33), we
have

P tð Þ ≤ h
T

β0 − α1β1 +
β0h + α1β2

4ı1

� �
ϖ2 + β1

1
h
+ α2

� �	�
� 1
4ı2

+ μ hβ0 +
β1
2ı2

� �
ϖ1



+η hβ0 +

β1
2ı2

� �
ϖ1

�
Ê
T
1ΞÊ1

+ η β2 + 2β1ı2ð Þ + h
T

β1 − α2β2 + β1
1
h
+ α2

� �
ı2

	�
+ β0h + α1β2ð Þı1ϖ1 + μ β2 + 2β1ı2ð Þ


�
Ê
T
2ΞÊ2:

ð34Þ

Due to η ≥ 0 and μ > 0, when 2/h ≤ μ < −ðT/hÞðη +

7International Journal of Aerospace Engineering



max ðΩ1/Ω2,Ω3/Ω4ÞÞ, the parameters satisfy

h
T

β0 − α1β1 +
β0h + α1β2

4ı1

� �
ϖ2 + β1

1
h
+ α2

� �
1
4ı2

+ μ hβ0 +
β1
2ı2

� �
ϖ1

	 

+η hβ0 +

β1
2ı2

� �
ϖ1 < 0,

h
T

β1 − α2β2 + β1
1
h
+ α2

� �
ı2 + β0h + α1β2ð Þı1ϖ1 + μ β2 + 2β1ı2ð Þ

� �
+η β2 + 2β1ı2ð Þ < 0:

8>>>>>>>>>>><>>>>>>>>>>>:
ð35Þ

Substituting the inequality Equations (32) and (35) into
(34), we have PðtÞ < 0; that is, _VðtÞ ≤ −ðη + μð _ζðtÞ/ζðtÞÞÞV
ðtÞ.

Calculating the inequality PðtÞ < 0, the following
inequality holds:

V tð Þ ≤ ζ−μe−η t−t0ð ÞV t0ð Þ: ð36Þ

Moreover, _ζðt0Þ/ζðt0Þ = h/T, and letting χ =max ðh/T , 1Þ,

the following inequality can be deduced that

Ê1 tð Þ2 + Ê2 tð Þ2 ≤ λmax Ψð Þ
λmin Ψð Þ ζ

−μ exp−η t−t0ð Þ Ê1 t0ð Þ2 + Ê2 t0ð Þ2
� �

≤ χ2 λmax Ψð Þ
λmin Ψð Þ ζ

−μ exp−η t−t0ð Þ E1 t0ð Þ2 + E2 t0ð Þ2� �
:

ð37Þ

Similarly, we have

Ê1
2 + Ê2

2 =
_ζ tð Þ
ζ tð Þ

 !2

E1
2 + E2

2 ≥
h2

T
E1

2 + E2
2: ð38Þ

Based on Lemma 5, combining Ê1
2 + Ê2

2 ≥ 2Ê1Ê2 with
Equations (37) and (38) obtains

h
T
E1 tð Þ + E2 tð Þ

	 
2
≤ 2χ2 λmax Ωð Þ

λmin Ωð Þ ζ
−μ exp−η t−t0ð Þ E1 t0ð Þ + E2 t0ð Þ½ �2:

ð39Þ

Guidance system1

Guidance system2

Guidance system N

Guidance system3
...

Laplacian matrix + Pinning matrix

Network of the multi-missile formation

Group 1

Group K

Target 1 Target 𝛾. . .

I1

I2

I3

IN

Multi-missile engagements

E1

E2

E3

EN

AmN

Am2

Am3

Am1

State variables x1i and x2i

Missile 1

Missile 2

Missile 3

Missile N

Position
Velocity

Position
Velocity

Position
Velocity

Position
Velocity

...

Multi-missile formation

Euler angles, LOS angles, range

Prescribed time T Pinning state variables

Figure 2: Schematic diagram of prescribed-time cooperative guidance scheme in the first phase.

Input: state variables of the i-th missile and its neighbours, convergence time t0 andT , group topology L and pinning scheme D
Output: normal accelerations of the i-th missile in yaw and pitch directions
1. Initialize with initial state of the i-th missile and user prescribed state
2. Whent ∈ ½t0, t0 + TÞ, utilize first-stage cooperative guidance law
3. IfjE1j ≤ ρ1, jE2j ≤ ρ2, switch to the second stage in Step 7.
4. Else
5. Gather information of the i-th missile and its neighbours through network
6. Generate the guidance law in Equation (19) with designed gains α1, α2, h and ensure the existence of the other virtual parameters.
7. Whent ∈ ½t0 + T,∞Þ, utilize second-stage individual PPN guidance law in Equation (3) with navigation gain K
8. End

Algorithm 1: Design steps of local guidance law.
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Therefore, when t⟶ ðt0 + TÞ−,we have ζ−μ ⟶ 0, so

E1 tð Þk k⟶ 0, E2 tð Þk k⟶ 0, t⟶ t0 + Tð Þ−, ð40Þ

that is, x1i ⟶ x1,gi , x2i ⟶ x2,gi , which means the pinning
group consensus is achieved within the assigned finite time
T.

(ii) Keeping pinning group consensus over ½t0 + T ,∞Þ

When t ∈ ½t0 + T ,∞Þ, _ζðtÞ/ζðtÞ = 0, then

_V tð Þ ≤ −ηV tð Þ ≤ 0: ð41Þ

Let t = t0 + T ; according to Equation (40), it satisfies

V t0 + Tð Þ = lim
t⟶ t0+Tð Þ−

V tð Þ = 0: ð42Þ

It is obvious that VðtÞ is continuous at t = t0 + T . Thus,

0 ≤V tð Þ ≤ V t0 + Tð Þ = 0, ∀t ∈ t0,∞½ Þ: ð43Þ

That is, VðtÞ ≡ 0 and E = 02N at any t ∈ ½t0 + T ,∞Þ.
According to the definition of U as Equation (22), we deduce

that control input U ≡ 02N over ½t0 + T ,∞Þ. Hence, the con-
sensus is kept, and the input remains zero over ½t0 + T ,∞Þ
with the guidance law as Equation (19).

(iii) Control input U is bounded and C0 is smooth over
the whole time interval ½t0,∞Þ

Note that L∞ ≔ fxðtÞjx : R+ ⟶ R, sup
t∈R+

∣ xðtÞ∣<∞g.

According to conditions in Theorem 11, 0 < ζ−ð1/2Þμ+1/h ≤ 1,
0 < e−ð1/2Þηðt−t0Þ ≤ 1 hold. Substituting Equation (39) into
Equation (22) yields

∥U∥ = −α2
_ζ tð Þ
ζ tð Þ Ê2 − α1

_ζ tð Þ
ζ tð Þ

 !
L +Dð ÞÊ1

≤
_ζ tð Þ
ζ tð Þ α2Ê2 + α1∥L +D∥Ê1

� �
≤

_ζ tð Þ
ζ tð Þ max α2, α1∥L +D∥ð Þ

� Ê2 + Ê1
� �

≤
ffiffiffi
2

p
χ
h
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λmax Ωð Þ
λmin Ωð Þ

s
max α2, α1∥L +D∥ð Þ

� ζ− 1/2ð Þμ+1/h exp− 1/2ð Þη t−t0ð Þ E1 t0ð Þ + E2 t0ð Þ½ �:
ð44Þ

According to the proof, in Equations (41) and (46), the
input is C0 smooth over the whole time interval. Besides,
the control input remains zero over ½t0 + T ,∞Þ and is
bounded over ½t0, t0 + TÞ. So it is obvious that U is bounded
over ½t0,∞Þ.

According to the three parts, the multimissiles can real-
ize consensus at the prescribed time with the pinning group
guidance law. Therefore, the group prescribed-time cooper-
ative guidance law Equation (19) can ensure that the multi-
missile system Equation (14) will achieve the group
prescribed-time cooperative attack. This completes the
proof.

Remark 12. Different from most of existing results of finite-
time or fixed-time cooperative guidance law by estimating
the upper bound of settling time, the settling time of the pro-
posed cooperative guidance law (19) can be assigned off-line
according to interception mission requirements without esti-
mation. Besides, compared with existing conservative group
consensus, the pinning scheme helps to transform the spe-
cial communication conditions into general coupling topol-
ogy considering the interaction between groups.

Table 1: Initial conditions of simulation.

Group No. XI , YI , ZIð Þ kmð Þ θm, ψmð Þ °ð Þ Group No. XI , YI , ZIð Þ kmð Þ θm, ψmð Þ °ð Þ

A

1 (-15, 7.5, 2.5) (10, 4)

C

6 (-15.5, -3.9, 2.5) (10, -4)

2 (-13.6, 8.8, 2.8) (5, 2) 7 (-14.5, -4,3) (5, -2)

3 (-11.5, 12, 2.4) (6 ,3) 8 (-14.5, 2.4, 3) (4, -3)

B
4 (-15, -4.5, 2.4) (6, -5)

D
9 (-15, -6.1, 4) (6, -5)

5 (-12.5, -21.5, 2.5) (8, -6) 10 (-14, -16.5, 4) (8, -6)

Table 2: Parameters of simultaneous attack.

Setting Case 1.0 Case 1.1 Case 1.2 Case 1.3 Case 1.4

α1, α2, hð Þ (1.2, 3, 4) (2, 4, 4) (1, 2, 3, 6) (1.2, 3, 4) (1.2, 3, 4)

Pinning 1, 4, 6, 9 1, 4, 6, 9 1, 4, 6, 9 1 1, 4, 6, 9

Topology Figure 3 Figure 3 Figure 3 Figure 3 Figure 9

10

9

5

4

2

1

37

6

8

AC B D

Target 1 Target 2

Figure 3: Pinning group network of the 10 missiles with 4
subgroups.
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Remark 13. Parameters or matrices in Theorem 11 can be
divided into four types for designing easily as follows: (i)
system matrices L and D. L and D represent the topol-
ogy of multimissiles, which are decided by structure of
communication network and missile’s task orientation.
Generally, L +D must be a M-matrix. (ii) Convergence
parameters T and h. T is prescribed as the convergence
time based on the requirements of the mission or users,
and h strongly affects the convergence rate by adjusting
the gain variation. (iii) Guidance gains α1 and α2 need
to be designed, which are strongly associated with the sta-

bility of the system. (iv) The others are process parameters
and matrices. Matrices Ξ and Γ related to the network
must to satisfy the properties of the M-matrix. Lyapunov
parameters β0, β1, and β2 are given to guarantee the Ψ
> 0. Prescribed-time convergence parameters are η and
μ. Scaling parameters are ι1 and ι2.

According to the structure of the system and user’s
requirements, the first three types of parameters need to be
designed or assigned. The other parameters and matrices
are process parameters which only need to exist.
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Figure 4: Trajectory of Case 1.0: (a) 3-D trajectory; (b) trajectory on Y-Z plane; (c) trajectory on X-Y plane.
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Figure 5: Variables of Case 1.0: (a) state variable x1; (b) state variable x2; (c) normal command Aym; (d) lateral Command Azm.
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Remark 14. The group’s impact time t f ,gi need to satisfy

t f ,gi ≥max t f ,i
� �

, i ∈ ℊgi : ð45Þ

When the missile flies to the target with σi = 0, its arrival
time is the shortest. If the t f ,gi is shorter than its estimation,
it is impossible for the i-th missile to cooperate with others.
Hence, the latest missile in subgroup should be pinned first.

3.2. Practical Implementation. Compared with the existing
researches, the proposed prescribed-time pinning group
consensus-based cooperative guidance law has two advan-
tages: faster convergence speed and fewer restrictions.
Firstly, the convergence time can be arbitrarily specified,
instead of retuning parameters to obtain an upper bound-
ary. Secondly, the proposed cooperative guidance law is

not only independent of initial conditions but also relaxing
the convergence condition by the pinning group network.
For targets protected by strong defensive interference, the
relaxed restrictions and earlier convergence are beneficial
for intercepting. The diagram of the proposed
prescribed-time cooperative guidance scheme is given in
Figure 2.

However, the application of proposed guidance law faces a
common problem; that is, it cannot satisfy the precise consen-
sus convergence property but the bounded error consensus.
Though the virtual constructed state variables are selected as
information transmitted by physical network communication,
they are strongly connected with actual physical state of mis-
sile and influence the guidance precision. Actually, in many
practical interception missions, the bounded error consensus
convergence is common. Hence, the objective of prescribed-
time cooperative guidance law is to reduce the group
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Figure 6: Variables of Case 1.1: (a) state variable x1; (b) state variable x2; (c) normal command Aym; (d) lateral command Azm.
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Figure 7: Variables of Case 1.2: (a) state variable x1; (b) state variable x2; (c) normal command Aym; (d) lateral command Azm.
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consensus error less than the given boundaries ρ1 and ρ2,
which represent the lower limits of allowable errors for multi-
missiles achieving cooperation tasks.

In order to make full use of the superiority of the pro-
posed cooperative guidance law, the two-stage cooperative
guidance scheme can be given for simultaneous interception.
Decided by the mission, the prescribed convergence time
provides a clear switching point. Meanwhile, combining
with the analysis of Equations (5)–(7), individual PPN can
achieve the cooperative interception with convergent coop-
erative state variables, which helps to avoid communication
problems in hostile areas. Besides, taking the prescribed con-
vergence instant as the switching point, the PPN in the sec-
ond stage can significantly reduce the cost and interference
in network communication.

On this basis, the implementable version of the practical
two-stage cooperative guidance scheme is summarized and
the design steps are given as follows.

In the following, we give an explanation about the design
steps.

Firstly, a prescribed-time cooperative guidance law in
Equation (19) is utilized to achieve agreement of the range-
to-go and heading angle through the constructed state
variables.

Secondly, when the errors of state variables satisfy the
conditions jE1j ≤ ρ1 and jE2j ≤ ρ2,if t ∈ ½t0, t0 + TÞ, then the
cooperative guidance commands are switched into individ-
ual PPN guidance law outlined in Equation (3). Otherwise,
the switching will be executed when time comes to the pre-
scribed convergence instant t0 + T .

Remark 15. Note that unsuitable small values of boundaries
are not conducive to the switching between the two stages,
even leading to failure of mission.

Remark 16. To overcome the inherent singularity problem, a
small boundary layer is given for Equation (19). Suppose
that there exist small constants rlower , d1, and d2, then the
prescribed-time cooperative guidance law can be rewritten
as

Aymi−co
= −

V2
M

ri−lim
sin ψmi +

UiVM

Q1
,

Azmi−co
= −

V2
M

ri− lim
sin θmi cos ψmi +

UiVM

Q2
,

8>>>><>>>>:
ð46Þ

where ri−lim = max ðri, rlowerÞ and rlower is the selected near
miss-distance; Q1 = max ð2 sin ψMi, d1 sgn ðsin ψMiÞÞ and
Q2 = max ð2 sin θMi cos ψMi, d2 sgn ðsin θMi cos ψMiÞÞ, in
which d1 and d2 are strongly related to limitations of head-
ing error. Though the influence of modification is passive
for the prescribed-time convergence, it will only work when
time is very close to the specified time t0 + T. Besides, if d1
and d2 are small enough, the influence can be ignored.

Remark 17. With the prescribed-time scaling function, the
proposed prescribed-time cooperative guidance can achieve
convergence at a specified time. However, for its continu-
ously growing gains, if the convergence errors are not small
enough, rapidly increasing commands at the end of terminal
guidance are not beneficial for the actuator working with
maximum overload. In theory, the prescribed-time consen-
sus can be ensured. Nevertheless, considering the complex
environment and performance in practice, smaller and
smoother overloads are beneficial. In order to improve the
practicability of the proposed cooperative guidance law, the
two-stage cooperative guidance law is given to avoid the
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Figure 8: Variables of Case 1.3: (a) state variable x1; (b) state variable x2; (c) normal Command Aym; (d) lateral command Azm.
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greatly increasing command as the prescribed-time
approaches. On the first stage, the prescribed-time coopera-
tive guidance law is used for group convergence of state
variables and the PPN takes over in the second stage. How-
ever, the hard switching scheme at specified time T may
cause sudden changes for guidance command, which leads
to difficulties for implementation of actuators. Hence, the
soft switching scheme with the weight function is given
as follows:

w =
T + t0 − t
T + t0 − td

� �l

, ð47Þ

where td is a small transition time for switching which
satisfies t0 ≤ td ≤ t0 + T and l ≥ 1.

According to the Equations (3), (19), (46), and (47), the
switching guidance law is given as

Aymi =

Aymi−co
, t ∈ t0, T + t0 − td½ Þ,

wAymi−co
+ 1 −wð ÞAymi−PPN

, t ∈ T + t0 − td , T + t0½ Þ,
Aymi−PPN

, t ∈ T + t0,∞½ Þ,

8>><>>:
Azmi =

Azmi−co
, t ∈ t0, T + t0 − td½ Þ,

wAzmi−co
+ 1 −wð ÞAzmi−PPN

, t ∈ T + t0 − td , T + t0½ Þ,
Azmi−PPN

, t ∈ T + t0,∞½ Þ:

8>><>>:
ð48Þ

Remark 18. At the second stage of terminal guidance, los-
ing the target will cause the failure of task. Thus, cooper-
ation with better view field can provide more schemes.
When t⟶ ðt0 + TÞ−, then ζðtÞ⟶∞, considering the
little state errors; though the adaption time-varying gain

helps to achieve convergence, it may also lead to too
much overload for the prescribed-time convergence.
Selecting a short time period for soft switching can
ensure the smooth handoff without affecting cooperative
guidance

4. Simulation and Analysis

In this section, the simulations were carried out to demon-
strate the performance of the proposed 3-D two-stage
prescribed-time cooperative guidance law for different sce-
narios. Three scenarios for describing multiple missiles
against multiple stationary targets are given.

For verification, the initial conditions of a missile group
including 10 missiles with 4 subgroups attack two stationary
targets are given in Table 1, where four subgroups are
denoted as A to D for convenient expression. The target of
group A and C is located at ð2 km, 1 km, 0 kmÞ and the tar-
get of group B and D is located in ð2 km,−11 km, 0 kmÞ.
The constant speed of the missile is 200m/s. The navigation
gain of PPN is set as K = 4. Besides, for the proposed coop-
erative guidance law the time interval td is given as 0:5 s, l is
2, d1 and d2 are both 0:01, ρ1 and ρ2 are 0:1 and 0:01,
respectively. The limitation manoeuvring overload of actua-
tors is ±10 g.

On this basis, the network of the 10-missile group is
shown in Figure 3.
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Figure 10: Variables of Case 1.4 with one directed spanning tree: (a) state variable x1; (b) state variable x2; (c) normal command Aym; (d)
lateral command Azm.

Table 3: Consumption evaluation indicators of Case 1.

J Case 1.0 Case 1.1 Case 1.2 Case 1.3 Case 1.4

Jy 1108 1207 1264 1133 1109

Jz 1154 1209 1250 1189 1165
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Hence, the Laplacian matrix can be written as

L =

1 0 0 −1 0 0 0 0 0 0

−1 1 0 0 0 0 0 0 0 0

−1 0 1 0 0 0 0 0 0 0

−1 0 0 1 0 0 0 0 0 0

0 0 0 −1 1 0 0 0 0 0

−1 0 0 0 0 1 0 0 0 0

0 0 0 0 0 −1 1 0 0 0

0 −1 0 0 0 0 −1 2 0 0

0 0 0 −1 0 0 0 0 1 0

0 0 0 0 −1 0 0 0 −1 2

2666666666666666666666664

3777777777777777777777775

,

ð49Þ

and the pinning matrix is written as D = diag ð½1 0 0 1 0 1 0
0 1 0�Þ,where missiles 1, 4, 6, and 9 are pinned, which means
at least one node in each group is pinned while inter-
subgroup communication is kept in all cases. The Laplacian
matrix shows that the topology in Figure 3 contains two
directed spanning trees with nodes 1 and 4 as root.

The control variables represent the energy consumption.
For actuators’ limitation, smaller control variables are
favourable for application. Consumption evaluation indica-
tors are defined as follows.

Ji =
ðt
0
ui tð Þj jdt, J = 〠

N

i=1
Ji: ð50Þ

4.1. Case 1: Simultaneous Attack. Considering a simulta-
neously engagement scenario, the prescribed convergence
time is set as 72 s and all the subgroups’ pinned state vari-

ables are expected as 92 and 0. To analyze the influence of
guidance gains, verifications were conducted on the 5 cases
shown in Table 2.

4.1.1. Case 1.0. The simulation results of Case 1.0, including
trajectory, state variables, and acceleration commands, are
presented in Figures 4 and 5. With demonstration of Case
1, the simultaneously attack for different targets is achieved
with arrival time error within 0.01 s. Figure 5 shows that
the convergence is achieved at the prescribed time with
two-stage switching permissible error and the control com-
mands are less than 40m/s2, which keeps within bounds of
the actuators. Pinning state variable x2,gi = 0 means that
the velocity coincides with the line-of-sight; x1 represents
the arrival time after the prescribed time. Since the conver-
gences of state variables are interactional, the errors of x2
lead to the error of actual arrival time. Besides, the transient
switching process balancing the excessive control command
also has a certain impact on it. Furthermore, taking the rela-
tionship between virtual state variables and actual arrival
time into consideration, it is reasonable to scatter the arrival
time between 92.01 s and 92.02 s.

4.1.2. Cases 1.1–1.4. The simulation results of Cases 1.1–1.3
are shown in Figures 6–8. We choose one of the spanning
directed trees with zero-in-degree node 1 in Figure 9 and
keep the pinning scheme for Case 1.4; the variables are
shown in Figure 10.

4.1.3. Simulation Analysis of Case 1. The consumption eval-
uation indicators are shown in Table 3. Taking Case 1.0 as a
reference, further analysis is given as follows.

The first three cases have shown the influence of control
command. Compared with Case 1.1, though the larger con-
trol commands increase the convergence rate and reduce the
error of state variables, larger overshoots which may cause
the heading angles likely exceed the physical limitations of
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Figure 12: Variables of Case 2 with one directed spanning tree: (a) state variable x1; (b) state variable x2; (c) normal command Aym; (d)
lateral command Azm.
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seekers. In Case 1.2, h is the pow parameter of the
prescribed-time function; its increase greatly affects the con-
trol commands. Compared with the increase of gains, the
increase of the pow is advantageous to decrease the control
commands before the two-stage switching. However, the

larger the pow is, the larger initial control commands are
needed for prescribed-time convergence.

With the same control gains, the influence of pinning
group topology is analyzed. In Case 1.3, node 1 is only the
pinned node; the control commands have a chattering
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property which has adverse effect on stability. As for Case
1.4, one directed spanning tree causes more consumption.

Although bigger gains or pow is beneficial to increasing
the convergence speed, more consumption is needed.
Besides, the structure of the communication network is also
essential. When the pinning group scheme satisfies the M
-matrix, the simpler the network connected, the more energy
consumption of control is needed for the more incomplete
information. Accordingly, striking a balance between the
network communication complexity and available coopera-
tive guidance command is required under different circum-
stances when selecting the control parameters and pinning
group scheme.

4.2. Case 2: Time-Difference Attack on the Same Target with
Different Intervals. This case is given for possible scenarios of
round attack. Viewing each subgroup as a round unit, the
round attack can be achieved by the proposed pinning group
cooperative guidance law with different time intervals. The
prescribed convergence time is set at 75 s, and all the pinned
virtual state variables x2,gi = 0. For the round attack on the
first target, pinned state variables of subgroups A and C
are 92 s and 98 s, respectively. As to the round attack on
the second target, pinned state variables of subgroups B
and D are 92 s and 98 s, respectively. To achieve the simulta-
neous attack, the parameters are given as follows: α1 = 2, α2
= 3:3, and h = 4. The simulation results of are presented in
Figures 11 and 12.

The simulation results show that when subgroups A and
B reach their respective targets at the same time, subgroups
A and C achieve round attack with a time difference of 3 s.
Similarly, the time difference between subgroups B and D
attacking the second target is 5 s. With intrasubgroup arrival
time error less than 0.01 s, the subgroup D arrives at
98.027 s, subgroup C arrives at 95.03 s, and subgroups A
and C arrive at 92.02 s. For the mission of round attack,
the absolute values of initial control commands are less than
±10g which are caused by initial errors of state variables and
control gains. However, the commands are acceptable for
the actuators. Considering good extensibility of the proposed
pinning group scheme, it benefits to realize large scale multi-
missiles’ round attack.

4.3. Case 3: Comparison of Prescribed Convergence Time.
Case 3 is given for showing the advantages of prescribed-
time cooperative guidance law by comparisons. Considering
the cooperation between Group A and Group B with differ-
ent assigned convergence times, the control parameters are
set asα1 = 1:5, α2 = 3, and h = 6.

To demonstrate the effectiveness of proposed scheme,
the prescribed times for the switching stage are appointed
as 25 s, 48 s, and 72 s.

According to the simulation results in Figure 13, the
switching time can be arbitrarily assigned with proper con-
trol parameters, and the cooperation can be achieved regard-
less of the specified time. Specified time consensus achieved
at the prescribed time in the first stage for providing ideal
conditions for the second stage.

5. Conclusions

This paper has proposed a 3-D two-stage prescribed-time
pinning group cooperative guidance law for supporting dif-
ferent attacking scenarios of multimissiles. In the first stage,
the prescribed-time convergence of the proposed pinning
group consensus-based cooperative guidance law has been
proven. With the proposed cooperative guidance law, each
missile will lock on its subgroups’ target with expected coop-
erative range-to-go at the specified convergence time. Coop-
erating with the expected subgroups’ heading error and
range-to-go, the cooperative guidance law switches to the
second stage. In the second stage, the PPN has been
employed to lead the cooperating missiles in the same sub-
group to impact on the target. Based on the synergy of the
pinning group prescribed-time two-stage cooperative guid-
ance law, one subgroup can reach any specified target with
reasonable engagement, and its convergence time can be
assigned, which provides possibilities for the target fire dis-
tribution. Simulations have validated the effectiveness of
the proposed cooperative guidance law. On this basis, this
work presented in this paper can be further extended in
the case of manoeuvring target interception.
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