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To investigate the influence factors of propellant grain integrity under the internal pressure, the cylindrical grain was
equivalent to a thick-wall cylinder and its three-dimension stress-strain problem was solved. Under the internal and
external pressure, the strain and displacement equations of the inside thick-wall cylinder were expressed, and then, the
stress and strain expressions of grain were obtained. On this basis, the hoop strain equations on the inside surface of the
cylindrical grain and case were developed. The hoop strain on the inner surface of the grain can be predicted by the hoop
strain of the case cylinder via the strain equations, and therefore, the hoop strain in the inner surface can be indirectly
monitored in real time during the working process of the motor. The hoop strain in the inner surface of grain can be
effectively reduced by increasing the case stiffness or decreasing the m number of the grain.

1. Introduction

The load conditions that the grain in solid rocket motor
(SRM) experiences during the stages from production to
flight are temperature load in the stage of propellant solidify,
gravity load in storage stage, inner pressure when a motor is
in working process, and the inertia load in the flight stage
[1, 2]. Given that the grain structure is rationally designed,
when the comprehensive mechanical properties of propel-
lants are good or the working temperature is not very low,
the structural integrity of grain usually can be ensured under
the working pressure [3]. Also, the influence from the case
stiffness is not obvious, and the case design can meet the
requirement of the internal pressure strength will be enough
[4–6]. As for tactic motors in service at low temperatures,
explosions occur from time to time in the ground test when
the motor is working [7, 8]. In this regard, on the one hand,
people believe that this is related to the decrease of the
overall mechanical properties of the propellant at low tem-
peratures. For instance, the fracture strain and fracture
toughness of the grain reduce at low temperatures, while

its fracture strength increases indicating that the tendency
of its brittleness property is noticeable. On the other hand,
when mechanical properties of the propellant at low temper-
atures are enhanced, the influence of the grain m number,
internal pressure, boost rate, and case stiffness on the struc-
tural strength of the propellant grain should be considered in
the motor design [9–12].

The hoop strain on the inner surface is a significant indi-
cator of propellant grain form design for SRMs. It is not only
related to the reliability of the grain structure but also the
basis for determining the m number of grains. Limited to
the measurement methods of the strain of grains, the strain
on the inner surface of grains cannot be tested, and predictive
results given by the elastic solution cannot be verified by the
ground tests, so it is inevitable to design it too safely and
conservatively [13].

The influence of case stiffness on the grain strength under
inner pressure is discussed in this paper. To analyze the influ-
ence of the case on grains, the combination of the case and
grains as an integral whole is necessary to study mechanical
properties under inner pressure. The viscoelastic mechanical
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method should be applied to the accurate analysis of
viscoelastic propellant grains, but it is difficult to obtain an
analytical solution in such conditions. However, the elastic
property of grains is remarkable under rapid pressure load-
ing, and when it is considered as an elastic body, the result
is accurate sufficiently [14].

The elastic mechanical method was employed in this
paper to obtain the analytical solutions for quantitative and
qualitative analysis, which was to analyze and discuss the
mechanical properties of circular tube grains under internal
pressure considering the case stiffness of materials [15–17].
The relation between the hoop strain on the inner surface
of circular tube grains and the hoop strain of the case
under inner pressure was deduced, and the accuracy of
the expression was verified by the finite element method
and ground tests [18, 19]. The research results show that
it is viable to predict the hoop strain on the inner surface
of the tube grain from the case strain [20–23]. The conclu-
sion drawn in this paper can be applied to the analysis
and design of SRMs.

2. The Strain of the Grain

The tube section in the middle part of the grain is intercepted
as a research subject, as shown in Figure 1. Under the internal
pressure load p, the pressure q between grains and cases is
computed by Equation (1), and the specific derivation pro-
cess is elaborated in literature 15 and literature 16.

q = 4 1 − υ2
� �

P

2 1 + υð Þ 1 + 1 − 2υð Þm2½ � + 2 − υkð Þ m2 − 1ð Þ ER/Ekhð Þ ,

ð1Þ

where m = R/a is the ratio of the outer diameter to the inner
diameter of the grain, p is the internal pressure, υ is Poisson’s
ratio of the grain, E is the elastic modulus of the grain, υk is
Poisson’s ratio of the case, and Ek is the elastic modulus
of the case. If it is a composite material case, υk is
circumferential-longitudinal Poisson’s ratio, and Ek is the
circumferential elastic modulus.

After obtaining q, the strain at any point of the grain can
be acquired by following Equation (2), in which r is the polar
coordinate of a point inside the grain.
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Besides, according to the research [17–19], Poisson’s
ratio of grains approximates 0.5. Substitute υ = 0:5 and r = a
(coordinates on the inner surface of grains) into Equation
(2), and the strain on the inner surface of grains will be as
following:

εr =
1:5m2

m2 − 1ð ÞE q‐pð Þ,

εθ =
1:5m2

m2 − 1ð ÞE p‐qð Þ:
ð3Þ

The pressure between grains and the case in Equation (1)
can be simplified as

q = 3P
3 + 2 − υkð Þ m2 − 1ð Þ ER/Ekhð Þ : ð4Þ

According to the continuity condition of displacements,
it can be known that the strain of the grain will be equal to
the strain of the case at the bonding point between the grain
and the case, that is, at r = R. Therefore, substitute r = R and
υ = 0:5 into Equation (2), and the strain of the case will be
expressed as follows:

εkr =
1:5

m2 − 1ð ÞE q‐pð Þ,

εkθ =
1:5

m2 − 1ð ÞE p‐qð Þ:
ð5Þ

By comparing Equations (5) and (3), the strain of the
tube section on the case and the strain of the grain on the
inner surface can be elaborated as Equation (6).

εr =m2εkr ,
εθ =m2εkθ:

ð6Þ

p

Figure 1: The scheme of the grain structure in solid rocket motors.
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Equation (6) is deduced under the quasi-static loading
condition. During the working process of the motor, it can
be regarded as a quasi-equilibrium state at any time, which
indicates that Equation (6) is valid at any time.

The hoop strain of the tube section, either in the case or
in the grain structure, is much greater than the axial strain,
and because of the space limitation, the influence factor on
hoop strain on the inner surface of grain is only discussed
in this paper [16, 20].

The m number of the grain is a function of decreasing
with motor working time, it reaches the largest when t = 0.
Hence, if there is an initial pressure peak of the motor, at
the corresponding moment, the hoop strain of the case is
the largest, and the hoop strain of the grain is also the largest
at this time, as shown in Equation (7). This is also the reason
that the ignition timing of the motor at low temperatures is
very dangerous.

εθ max =m2εkθ max =m2 Rpmax
2Ekh

2 − υkð Þ: ð7Þ

The hoop strain of the case is as following [20]:

εkθ =
Rp
2Ekh

2 − υkð Þ: ð8Þ

3. Numerical Validation

The tube section of a SRM was intercepted and its two-
dimensional axisymmetric finite element model was estab-
lished to validate the accuracy of Equations (3) and (4), as
shown in Figure 2. The diameter of the case is 750mm, and
the wall thickness of case is 3.5mm; while the inner diameter
of the grain is 200mm, and the internal pressure is 7.4MPa.
The material parameters are shown in Table 1. In this

paper, the hybrid element CAX4RH in ABAQUS was used
to avoid the self-locking problem of the high Poisson’s
ratio of grain.

The calculation results of the internal strain of the grain
are shown in Figure 3, and the variation trend of the strain
along the radius is shown in Figures 3 and 4. It can be seen
from the figures that results calculated from Equation (3)
are consistent greatly with the numerical simulation results,
while the numerical results are slightly larger than the calcu-
lated value of Equation (3). The reason is that the change of
the m number resulting from the deformation of the inner
hole in the grain is not considered in the calculation, which
affected the calculation result to be smaller.

The strain curve in the figure shows that the strain inside
the grain is changing from the inner surface of the grain col-
umn to the surface of the case. The reason is that under the
action of internal pressure, the diameter of the inner surface
of the grain expands and becomes larger, leading to the max-
imum hoop tensile strain on the inner surface, which gradu-
ally decreases along the radial direction and tends to a
constant value when approaching the case. In the radial
direction, the inner surface of the grain is compressed, and
the radial strain is mainly compression strain, all of which
are negative. The closer to the case, the closer the value is to
the fixed value.

Based on Equation (4), the internal pressure between the
grain and the case is q = 7:38MPa, and the result calculated
from the numerical model is also 7.38MPa, as shown in
Figure 5, which shows that Equation (4) has a high calcula-
tion accuracy.

Inner surface Propellant grain CaseAxis

Model

(a) Model

Mesh

(b) Mesh

Figure 2: The model of numerical calculation.

Table 1: Property parameters of the case and the grain.

Structure components Modulus Poisson’s ratio

Case 206GPa 0.285

Grain 0.7MPa 0.5
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4. Ground Test

The strain change in the outer surface of the motor case was
monitored during one ground test, which was to verify the
accuracy of strain calculation of the motor case so that it
can provide support for indirect measurement of the strain
of the grain.

In the motor ground test, the change tendency of the
pressure in the combustion chamber and the hoop strain of
the tube section of the case is shown in Figure 6. It can be fig-
ured out that the strain measured by the ground test is in
good agreement with the calculation result by equations.

The working time of the motor is 46.8 s. During the
whole working process, the m number decreases with the
regression of the propellant grain surface. It is necessary to

obtain the change rule of the grain thickness according to
the relationship between pressure and time. Consequently,
the variation rule of the m number over time of the motor
working process was obtained, substitute which into Equa-
tion (6), and the change of the hoop strain of the grain was
acquired as shown in Figure 7.

It can be seen that the variation tendency of the hoop
strain of grain in the motor is consistent with the chang-
ing trend of the m number. At the commence of the
motor working process, the hoop strain of the inner hole
in the grain is the largest, which is the moment of highest
risk, while along with the regression of the combustion
surface of grain, the strain of the inner hole of the grain
decreases rapidly. This result validates the conclusions in
previous papers [19, 20].

Cloud map of hoop strain distribution
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Figure 3: The result of the hoop strain calculated.
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5. Discussion

(1) The fracture strain of grains is low at low tempera-
tures. If the maximum tensile strain criterion is used
to verdict the strength failure of the grain, the hoop
strain on the inner surface of the grain should be
decreased to the greatest extent. It can be seen from
the second equation in Equation (3) that εθ can be
effectively reduced by the growth of pressure q
between the grain and the case. To increase q, it is
not difficult to obtain a solution as long as Equation
(1) of q is analyzed carefully

(2) Both the decrease of m, E, and R and the increase of
υk, Ek, and h can make q increase based on Equation
(1). This indicates that to ensure the strength of the
grain at low temperatures, the m number and the
modulus E of the grain should not be too large when
designing the grain. In the case design, the materials
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Figure 4: The result of the radial strain calculated.
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Figure 5: The pressure distribution of the grain.
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with larger hoop modulus and Poisson’s ratio should
be selected as a priority

(3) It can be seen from Equation (7) that the hoop strain
of the case is inversely proportional to Ekh. Ekh usu-
ally is called case stiffness, the increment of which can
effectively reduce the hoop strain on the inner surface
of the grain. However, the growth of the cylindrical
wall thickness will increase the case mass, which will
reduce the mass ratio of the motor

(4) According to Equation (7), the initial pressure peak at
commencing of the motor working process has a
great impact on the integrity of the grain. Therefore,
when design the grain, the existence of the initial
pressure peak should be avoided, and the time when

the maximum working pressure occurs should be
delayed as far back as possible

(5) Based on the second equation in Equation (6), the m
number can be expressed as

m =
ffiffiffiffi
εθ
εkθ

s
: ð9Þ

The hoop strain of grain is taken as the allowable strain
½ε� = εg max/k, where εg max the fracture strain of the propel-
lant grain and k is a safety factor. Then, introducing Equation
(8), the strain of the case and εkθ max = ðRpmax/2EkhÞð2 − υkÞ is
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obtained. Thus, Equation (9) converts into the following
form:

m =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ekh ε½ �
Rpmax 2 − υkð Þ

s
: ð10Þ

It can be known from Equation (10) that the determina-
tion of m number of grains is not only determined by the
fracture strain of the propellant but also closely related to
the case stiffness, the diameter of the case, and maximum
working pressure of the motor.

According to the second equation in Equation (6), under
the maximum working pressure condition, the hoop strain of
the case must meet the following equation so that the hoop
strain of the inner surface of the grain will not exceed its
allowable strain ½ε�

εkθ ≤
ε½ �
m2 : ð11Þ

Substitute it into the strain of the case and we can obtain
the following:

Rpmax
2Ekh

2 − υkð Þ ≤ ε½ �
m2 , ð12Þ

Ekh ≥
Rpmm

2

2 ε½ � 2 − υkð Þ: ð13Þ

For the steel case, Equation (13) can generally be satisfied,
because the elastic modulus of steel Ek is large. For composite
cases, especially for the glass fiber-reinforced composite
cases, due to their small elastic modulus, sometimes Equation
(13) may not able to be satisfied, higher requirements for the
elastic modulus Ek of which are put forward.

6. Conclusion

(1) During the motor working process, both inner
pressure and m number are functions of time, so
the strain of grains is not only a function of radial
coordinate r but also a function of time. Under the
internal pressure loading, the hoop strain on the
inner surface of the grain is into tension strain, which
is a significant parameter affecting the structural
integrity of the grain. The method to determine the
m number of the inner hole of the grain is elaborated
in this paper. Them number is not only a function of
grain performance but also a function of the maxi-
mum working pressure of the motor, geometric
dimensions of the case, and material properties

(2) Under a load of internal pressure, the pressure
between the grain and the case has an important
influence on the hoop strain on the inner surface of
the grain. The greater the pressure is, the smaller
the hoop strain is. Either increasing the circumferen-
tial modulus of the case cylinder or decreasing the m

number of the grain can effectively reduce the hoop
strain on the inner surface of the grain. Especially
decreasing m number, its effect is more obvious, but
it also leads to diminishing the propellant mass
amount of the motor

(3) For tactical motors in service at low temperature,
medium-strength and high-modulus carbon fibers
are prior materials to fabricate composite cases to
increase the circumferential modulus of the case cyl-
inder. During the working process of the motor, the
hoop strain of the case can be measured, and the
hoop strain on the inner surface of the grain can be
monitored in real time also. The curve of the strain
changes over time can be obtained, which can pro-
vide a basis of the detection index for the safety
assessment of the motor
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