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This paper researches the ascent trajectory optimization problem in view of multiple constraints that effect on the launch vehicle.
First, a series of common constraints that effect on the ascent trajectory are formulated for the trajectory optimization problem.
Then, in order to reduce the computational burden on the optimal solution, the restrictions on the angular momentum and the
eccentricity of the target orbit are converted into constraints on the terminal altitude, velocity, and flight path angle. In this way,
the requirement on accurate orbit insertion can be easily realized by solving a three-parameter optimization problem. Next, an
improved particle swarm optimization algorithm is developed based on the Gaussian perturbation method to generate the
optimal trajectory. Finally, the algorithm is verified by numerical simulation.

1. Introduction

As one of the most multifunctional vehicles, the launch vehi-
cle has been extensively applied to carry out spacecrafts since
1960s. It can effectively support the requirements on satellite
launching, for example, meteorological monitoring, deep
space exploration, and manned space flight. Nowadays, tech-
nologies about launch vehicle reflect the highest level of
science and technology of a country.

In order to send the upper stage payload into the prede-
termined orbit accurately, the launch vehicle should take off
in accordance with the specified launch direction at the spec-
ified time and finally reach the specified altitude, velocity, and
flight path angle at the time of shutdown. In addition, a series
of path constraints should be taken into consideration during
the ascent phase, so the requirements on flight security and
the performance on the control system can be satisfied.
Finally, in order to maximize the performance of the ascent
trajectory in a certain launching mission, the specified objec-
tive function should be incorporated into the design of the
trajectory. As a consequence, an optimization problem is for-
mulated for the ascent trajectory of the launch vehicle.

Trajectory optimization of the launch vehicle is in general
considered a typical nonlinear optimal control problem [1].
Initially, analytical methods are developed to solve ascent tra-
jectory optimization problems based on the optimal control
theory [2–4], which usually appears in the indirect methods
[5–7]. In this kind of method, the optimization problem is
first converted by formulating a Hamilton function and then
solved by solving a two-point boundary value problem using
the maximum principle [8]. But in many multiconstrained
optimization problems that are of great nonlinearity, analyt-
ical solutions are not easy to obtain, limiting the application
of the maximum principle. Numerical methods suit better
for multiconstrained problems and are extensively applied
to the design of ascent trajectory. In numerical methods [9],
the original problem is converted to a nonlinear system with
discretized constraints, states, and optimization parameters.
This kind of conversion can be realized by many developed
methods, for example, the shooting method, the pseudospec-
tral method, the convex method, and heuristic algorithms
[10–13]. Then, the nonlinear planning problem is solved by
a group of classical optimization methods, including the
sequential quadratic programming, the simulated annealing,
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particle swarm optimization (PSO) method, and the genetic
algorithm [14–17].

Based on the type of the objective function, the optimiza-
tion problem can be classified by a dynamic or a static
optimization problem [18–20]. In general, a trajectory opti-
mization problem is considered a dynamic problem because
the states, the constraints, and the objective function are con-
sidered to be dynamical. However, by converting the original
problem into a static problem, the calculation of the optimal
ascent trajectory can be facilitated because the solution is
determined by a series of independent characteristic param-
eters; then, the nonlinearity of the problem is largely relieved
and can be tackled by a developed optimization algorithm.

Generally, heuristic algorithms have fewer restrictions on
the objective function and can be applied to more optimiza-
tion problem in comparison with direct and indirect
algorithms. In addition, without any requirements on the
gradient information, heuristic algorithm could search the
searching space better and easily find the global optimal solu-
tion. Thus, heuristic algorithms have been extensively
applied to different kinds of optimization problems and have
been obtaining rapid developments from researchers. How-
ever, the computational efficiency of heuristic algorithms is
generally affected by two problems: premature and local opti-
mum. Since proposed by Eberhart and Kennedy in 1995 [21],
many improvement methods have been proposed to address
the shortcomings of PSO, for example, adaptive PSO, local
searching PSO, quantum PSO, and immune PSO [22–25].

A number of academic contributions have been pub-
lished since the PSO algorithm has been well studied. Becerra
[26] proposed the PSOPT method to achieve sparse nonlin-
ear programming and automatic differentiation, and it incor-
porates automatic scaling and mesh refinement facilities. To
avoid the calculations needed in the common analytical
approaches, a new method is proposed using a PSO method
[27] for solving an optimal control problem. Chaotic PSO
[28] is used to solve the classification problem. An optimiza-
tion method based on the PSO and LQR technique [29] was
proposed to tune the controller gains of digital proportional-
integral-derivative (PID) parameters for a DC motor.

This paper researches the optimal ascent trajectory for
the launch vehicle. A series of constraints are formulated
for the trajectory optimization problem, including various
orbital elements, overload, shear force, and bending moment.
Constraints, especially equity constraints, can increase the
difficulties on solving an optimization problem; so, in this
paper, the terminal constraints are first converted into forms
that can be easily addressed. In this way, the multicon-
strained, highly nonlinear optimization problem is converted
to a parameter optimization problem that is easier to solve.
Next, an improved PSO method is developed by proposing
a Gaussian perturbation term. Theoretical analysis indicates
that the revised PSO has better searching capacity in compar-
ison with the basic PSO and numerical simulation results
demonstrate the efficiency of the algorithm.

The rest of the paper is organized as follows. Section 2
details the mathematical models of the ascent trajectory opti-
mization problem. Section 3 formulates the approach that a
feasible trajectory is designed. Section 4 proposes an

improved PSO optimization method to solve the problem.
Simulation is carried out in Section 5, and conclusions are
drawn in Section 6.

2. Formulation of the Ascent Trajectory
Optimization Problem

2.1. Mathematical Models of the Launch Vehicle. The equa-
tions of motion of the launch vehicle are as follows [5]:

_V = P cos α − X
m

+ gv + ωv,

_γ = Y + P sin α

mV
cos σ + V

r
cos γ + gγ + ωγ,

_ψ = Y + P sin α

mV cos γ sin σ + V
r
cos γ sin ψ tan ϕ + gψ + ωψ,

_r =V sin γ,

_θ = V cos γ sin ψ,
r cos ϕ

_ϕ = V cos γ cos ψ
r

,

_m = −
P

Ispg
,

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð1Þ

where V is the velocity, γ is the flight path angle, ψ is the
heading angle, r is the radial distance from the Earth center
to the vehicle, θ is the longitude, ϕ is the geography latitude,
m is vehicle’s mass, P is the thrust, Isp is the specific impulse
of the propulsion, α is the AOA, σ is the bank angle, and g is
the gravity acceleration.

gv = gr sin γ + gω sin γ sin ϕ + cos γ cos ϕ cos ψð Þ,
gγ =

gr
V

cos γ + gω
V

cos γ sin ϕ − sin γ cos ϕ cos ψð Þ,

gψ = −
gω

V cos γ cos ϕ sin ψ,

8>>>>><
>>>>>:

ωv = ω2
er cos ϕ sin γ cos ϕ − cos γ sin ϕ cos ψð Þ,

ωγ = 2ωe cos ϕ sin ψ + ω2
er cos ϕ
V

cos γ cos ϕ + sin γ sin ϕ cos ψð Þ,

ωψ = 2ωe cos ϕ cos ψ tan γ − sin ϕð Þ + ω2
er

V cos γ sin ψ sin ϕ cos ϕ,

8>>>>>><
>>>>>>:

ð2Þ

where gr and gω represent components of the earth’s gravita-
tional acceleration; gr lies in the direction of the geocentric
vector, while gω is in the direction of the earth’s rotational
angular velocity. ωe represents the angular velocity of the
earth’s rotation.

An orbit in the three-dimensional space can be repre-
sented by six orbital elements [16]:

XO = io, eo, ho,Ωo, ωo½ �T , ð3Þ
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where io represents the orbital inclination, eo the eccentricity,
ho the orbital angular momentum, Ωo the right ascension of
ascending node (RAAN), and ωo the argument of perigee; eo
and ho determine the shape of the orbit, and Ωo, ωo and io
determine the position of the orbit in the inertial space.

For an elliptical orbit, the following formula can be
obtained:

ao =
h2o/μE
1 − e2o

, ð4Þ

where ao is the semimajor axis of the orbit and μE is the grav-
itational parameter of Earth.

The angular momentum can be calculated with the flight
states as follows:

ho =Vr cos γ: ð5Þ

According to the law of conservation of energy,

V2

2 −
μE
r

= −
μE
2ao

: ð6Þ

The semimajor axis can be derived as follows:

ao =
μEr

2μE − rV2 : ð7Þ

Based on Equation (4), the eccentricity is calculated as
follows:

eo =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2o

μEao

s
: ð8Þ

The orbit inclination is calculated as follows:

io = arccos sin ψ cos ϕð Þ: ð9Þ

Represent eo as the eccentricity vector and ho as the
angular momentum vector; then, eo andho can be repre-
sented in the inertial coordinate system and calculated by
the following way:

ho = r × v,

eo =
v × ho
μE

−
r
r
,

ð10Þ

where r denotes the position vector of the vehicle and v the
velocity vector.

Define n1 = ½0, 0, 1�T and n2 = n1 × ho. Then, the RAAN
and the argument of perigee can be calculated as follows:

Ωo =
arccos n2x

n2j j
� �

, n2y ≥ 0,

2π − arccos n2x
n2j j

� �
, n2y < 0,

8>>><
>>>:

ωo =
arccos n2 ⋅ eo

n2j jeo

� �
, eoz ≥ 0,

2π − arccos n2 ⋅ eo
n2j jeo

� �
, eoz < 0,

8>>><
>>>:

ð11Þ

where n2x denotes the first component of n2 and n2y the sec-
ond; eoz is the third component of eo.

The trajectory optimization problem can be represented
as follows:

min J

s:t: x0, Cu, f xð Þ

)
⇒ u, ð12Þ

where x denotes the states of the system, for example, the tra-
jectory states of the launch vehicle; x0 the initial states; u the
optimal or feasible law of control; f ðxÞ the differential equa-
tions of the system, for example, the equations of motion of
the launch vehicle; Cu the constraints that should be satisfied
when searching for u, including equality and inequality con-
straints; and J the performance index.

The formulation Equation (12) is detailed below.

2.2. Trajectory Constraints. In the ascending phase of a
launch vehicle, a series of constraints, which can be generally
classified by terminal constraints and path constraints,
should be carefully considered. In this paper, the terminal
constraints are proposed to satisfy the requirement on accu-
rate target-orbit insertion; at the same time, the path con-
straints are proposed to guarantee the flight security of the
launch vehicle. The trajectory constraints are formulated in
the following.

(a) Terminal constraints

At the end of the ascent phase, the trajectory states should
meet the specified orbital elements in order to achieve accu-
rate orbit insertion:

Cequ =

eo tfð Þ − e∗of

ao tfð Þ − a∗of

Ωo tfð Þ −Ω∗
of

io tfð Þ − i∗of

ωo tfð Þ − ω∗
of

θo tfð Þ − θ∗of

2
666666666664

3
777777777775
: ð13Þ
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Equation (13) can also be represented as follows:

h∗f = r∗f − ae =
h∗o /μE

1 + e∗o cos θ∗o
− ae,

V∗
f =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μ2E 1 + e∗o cos θ∗oð Þ

h∗o
−
μE
a∗o

s
,

γ∗f = arccos 1 + e∗o cos θ∗offiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e∗o

2 + 2e∗o cos θ∗o + 1
p

 !
:

8>>>>>>>>>><
>>>>>>>>>>:

ð14Þ

The bank angle is usually neglected in the ascent trajec-
tory optimization problem for a launch vehicle, so σ = 0.
When the launch position is given, the orbital inclination
can be satisfied by determining the launching azimuth, and
the RAAN can be satisfied by setting the launching time.
Therefore, the number of the terminal constrains is reduced
to four:

Cequ =

h tfð Þ − h∗f

γ tfð Þ − γ∗f

V tfð Þ −V∗
f

ωo tfð Þ − ω∗
of

2
666664

3
777775: ð15Þ

(b) Path constraints

Constraints derived from the structural strength can be
represented as follows:

Nm ≤Nm,max,
Nx ≤Nx,max,
Qy ≤Qy,max,
My ≤My,max,

8>>>>><
>>>>>:

ð16Þ

where Nm represents the normal overload, Nx the axial over-
load,Qy the shear force, andMy the bending moment;Nm,max
, Nx,max, Qy,max, and My,max represent the allowed maximum
values of Nm, Nx, Qy, and My , respectively.

The normal and axial overloads can be calculated as fol-
lows:

Nm = P sin α + Yj j
mg

,

Nx =
P −Db
mg

,

8>>><
>>>:

ð17Þ

where Db denotes the axial aerodynamics force.
In order to find the distribution of the axial load along the

axial direction of the launch vehicle, it is necessary to estab-
lish a discrete model of load calculation. From the top to
the bottom, the vehicle is divided into several units along
the axial direction; therefore, a series of discrete points, which

are connected successively by elastic units without mass, are
obtained to accomplish load analysis.

Consider the vehicle is divided into s units with (s + 1)
discrete points, as shown in Figure 1.

Consider that the inertia force equals to the external force
derived from the structure; the longitudinal load of the sec-
tion i (denoted as Nx,i) is obtained as follows:

Nx,i = P −Db −
P −Db
m

m 0−ið Þ = P 1 − m 0−ið Þ

m

� �
+ m 0−ið Þ

m
− 1

� �
Db

= P −Dbð Þ 1 − m 0−ið Þ

m

� �
,

ð18Þ

where the superscript (0 − i) denotes the part between section
0 to section i (i = 0, 1,⋯, s).

If the mass of the vehicle is uniformly distributed along
the axial direction, then

m 0−ið Þ =m 1 − i
s

� �
: ð19Þ

Therefore,

Nx,i =
i
s
P −Dbð Þ i = 0, 1,⋯, s: ð20Þ

In order to facilitate the performance of the control sys-
tem, the angle of attack (AOA) and its rate of change should
be constrained as follows:

αj j ≤ αmax,
_αj j ≤ _αmax,

(
ð21Þ

where αmax is the allowed maximum AOA and _αmax is the
allowed maximum change rate of AOA.

Obviously, there are four terminal constraints and six
path constraints in the optimization problem.

Finally, in order to minimize the requirement on the lat-
eral maneuver acceleration, the performance index is selected
as follows:

min Jopt =
ð
Nmdt: ð22Þ

3. Design of the Optimal Ascent Trajectory

According to the equations of motion of the launch vehicle,
the trajectory is mainly determined by the AOA and the bank
angle if we take the magnitude of the thrust as constant and
the aerodynamic forces as the function of the AOA and the
velocity. In general, the value of the bank angle is very small
(equals to zero mostly) when we design the optimal ascent
trajectory of the launch vehicle, so the trajectory is deter-
mined only by the AOA. In addition, the pitch angle is gen-
erally used to design the trajectory of the launch vehicle.
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The pitch angle is calculated as follows:

φ = α + γ, ð23Þ

where φ denoted the pitch angle. Thus, the trajectory optimiza-
tionproblemrequires us tofind the timehistoryofφ that satisfies
Equations (18–24) and minimizes the Jopt (see Equation (22)).

This paper takes the third stage of the launch vehicle for
example and studies the trajectory optimization algorithm.
During the third stage in the ascent phase, the aerodynamic
forces have such a small impact on the trajectory compared
to the thrust and the gravity that can be neglected in this opti-
mization problem.

Here, the pitch angle during the third stage is designed as
a three-segment piecewise linear function as follows:

φ =
φ0 + k1t, 0 ≤ t < t31,
φ1 + k2 t − t31ð Þ, t31 ≤ t < t32,
φ2 + k3 t − t32ð Þ, t32 ≤ t ≤ t3,

8>><
>>: ð24Þ

where φ0 denotes the initial pitch angle of the third stage, φ1
the pitch angle at the time whent = t31, and φ2 the pitch angle
at the time when t = t32; k1, k2, and k3 are unknown
coefficients. t3 is the working time of the propulsion of the
third stage; t31 and t32 are intermediate variables.

Since the initial states of the third stage are given, how-
ever, the value of φ0 is known. In addition, the values of k1,
k2, and k3 are difficult to calculate because the numerical
boundaries are generally not known in prior. Therefore, we
chose φ1, φ2, andφ3 (where φ3 denotes the pitch angle at
the time when t = t3) as the optimization parameters:

u = φ1, φ2, φ3½ �T : ð25Þ

Then, unknown coefficients can be calculated as follows:

k1 =
φ3 − φ2
t31

,

k2 =
φ2 − φ1
t32 − t31

,

k1 =
φ3 − φ2
t3 − t32

:

8>>>>>>><
>>>>>>>:

ð26Þ

The time history of the pitch angle is illustrated in
Figure 2.

In order to find the optimal u that satisfies all the con-
straints, the iteration of u is detailed as follows:

(1) Set the initial value of u
(2) Based on the equations of motion, the overall param-

eters, for example, the magnitude of the thrust and
the mass of the vehicle, the initial states x0, and the
value of u, calculate the trajectory in the third stage
of the vehicle via numerical integration

(3) Obtain the satisfaction of the terminal constraints
and the path constraints

(4) Obtain the performance index

(5) According to the satisfaction of the constraints and
value of the performance index, revise u using the
optimization algorithm

(6) If the optimal solution is generated based on the con-
vergence criterion of the optimization method, stop
iteration and output u, φðtÞ, and the trajectory; other-
wise, go to step 2

The optimization algorithm is proposed in Section 4.

4. The Improved Particle Swarm
Optimization Algorithm

4.1. The Basic PSO. This paper develops an improved PSO
algorithm to calculate the optimal ascent trajectory. In PSO,
a particle revises its position and velocity vectors by tracking
its individual optimal solution as well as the global optimal
solution of the swarm. This kind of updating gives the global
searching capacity of PSO in the early stage of evolution and
the local convergence capacity at the end of evolution.

The evolution of the swarm is as follows:

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − xGi,j

� �
+ c2r2 pg,j − xGi,j

� �
, ð27Þ

xG+1i,j = xGi,j + vG+1i,j , ð28Þ

where the optimal position that the ith particle has ever found is

……
012

Vertical axis Bottom �rust

s

Shear force Moment

Figure 1: Illustration of normal load, axial load, shear force, and
bending moment.

t3

t32t31

t

𝜑

Figure 2: Schematic diagram of program angle segment design of
vacuum segment.

Table 1: The initial trajectory states.

Variable Initial Terminal Units

Altitude 474 500 km

Velocity 6600 7669 m/s

Flight path angle 7.6 0.1 °
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represented byPi = ½pi,1, pi,2,⋯,pi,Dpso
�T . The superscript “G”

denotes the generation of the evolution, 0 <wpso < 1 denotes
the inertia weight that indicates how much the particle is
affected by its own velocity, and c1, c2 ∈ ½0, 4� denotes the learn-
ing factor; c1 denotes the influence of individual experience on
the ith particle, and c2 the influence of group experience on the i
th particle. r1, r2 ∈ ½0, 1� denotes uniformly distributed random
numbers generated in each generation of evolution.

Let ζ1 = c1r1 + c2r2 and ζ2 = c1r1pi,j + c2r2pg,j, then we
have

xG+2i,j + ζ1 −wpso − 1
� �

xG+1i,j +wpsox
G
i,j = ζ2: ð29Þ

If the movement of a particle is regarded as a continuous
process, Equation (29) can be treated as a classical inhomoge-
neous second-order differential equation without velocity
term. Equation (29) also indicates that the motion of a parti-
cle does not need to be described using the velocity, so the
process of evolution can be simplified to improve the search-
ing efficiency.

4.2. The Improved PSO. According to Equation (27), the evo-
lution of PSO is directly influenced by two random numbers
(r1 and r2). This kind of randomness can increase the proba-
bility of finding a better position but can also affect the con-
vergence and the optimality of the solution. Many scholars
have taken extensive efforts on the PSO method to balance

0 10 20 30 40 50

t (s)

6400

6600

6800

7000

7200

7400

7600

7800

V
 (m

/s
)

Figure 3: Time history of the velocity.

0 10 20 30 40 50
t (s)

470

475

480

485

490

495

500

h
 (k

m
)

Figure 4: Time history of the altitude.
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the searching capacity and the convergence accuracy, which
mainly include evolution formula improvement, parameter
selection, variation strategy, and machine learning [30–33].

In this paper, the basic PSO is modified by introducing
the Gaussian perturbation into the evolution of the particle’s
position. The improved PSO is as follows:

xG+2i,j + ζ1 −wpso − 1
� �

xG+1i,j +wpsox
G
i,j = ζ3, ð30Þ

where

ζ3 = c1r1 pi,j + r3η
G
i,j

� �
+ c2r2pg,j,

ηGi,j = r4 ⋅ R μR, σ2R
� �

,

8<
: ð31Þ

where ηGi,j denotes the Gaussian perturbation term,
which is added to the jth dimension of the ith particle’s
position in the Gth generation; r3 and r4 are another
two random numbers, and R is a random factor subject
to the average value (denoted as μR) and the variance
(denoted as σ2

R).
In order to demonstrate the improvements of PSO on

the computation efficiency, the basic PSO and the pro-
posed improved PSO are compared in view of four com-
mon cases as follows:

xGi,j = pi,j ≠ pg,j: ð32Þ

0 10 20 030 40 50
t (s)

0

1

2

3

4

5

6

7

8

𝛾
 (d

eg
)

Figure 5: Time history of the flight path angle.
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Figure 6: The orbital semiaxis and eccentricity.
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The change in the velocity of the basic PSO and that
of the improved PSO are as follows:

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − pi,j

� �
+ c2r2 pg,j − pi,j

� �
=wpsov

G
i,j + c2r2 pg,j − pi,j

� �
,

ð33Þ

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − pi,j

� �
+ c2r2 pg,j + r3η

G
i,j − pi,j

� �
=wpsov

G
i,j + c2r2 pg,j − pi,j

� �
+ c2r2r3η

G
i,j:

ð34Þ
Compare Equation (33) and Equation (34)), there is a

deviation item:c2r2r3η
G
i,j. Therefore, by proposing a Gauss-

ian perturbation term in PSO, the particle has a larger
searching space; so, the global searching capability is facil-
itated.

xGi,j = pi,j = pg,j: ð35Þ

In this case, Equations (33) and (34) are rewritten as
follows:

vG+1i,j =wpsov
G
i,j,

vG+1i,j =wpsov
G
i,j + c2r2r3η

G
i,j:

8<
: ð36Þ

t (s)
0 10 20 30 40 50

1.4

1.6

1.8
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y

Figure 7: Time histories of the normal load.
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In the basic PSO, without ηGi,j, the searching space of
the particle is quickly reduced (wpso < 1) because effects
of the random values (r1 and r2) do not exist. So, the par-
ticle can only search in the vicinity of xGi,j and can be easily
trapped in the local optimum. By using a Gaussian pertur-
bation term, local optimum can be better avoided and
thus, larger opportunity of finding the best position is
obtained.

(a) xGi,j ≠ pi,j, x
G
i,j ≠ pg,j, and pi,j = pg,j

In this case, Equations (33) and (34) are rewritten as follows:

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − xi,j

� �
+ c2r2 pi,j − xi,j

� �
=wpsov

G
i,j + c1r1 + c2r2ð Þ pi,j − xi,j

� �
,

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − xi,j

� �
+ c2r2 pi,j + r3η

G
i,j − xi,j

� �
=wpsov

G
i,j + c1r1 + c2r2ð Þ pi,j − xi,j

� �
+ c2r2r3η

G
i,j:

ð37Þ
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Figure 9: Time histories of the maximum axial load, shear force, and bending moment with improved PSO.
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Figure 10: The axial force, shear force, and bending moment at 45 s with improved PSO.
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In PSO, the ith particle moves to the global optimal position.
But if pi,j is the local optimal position, the swarm will quickly
gather there and finally obtains a suboptimal solution. But in
the improved PSO, the ith particle obtains a chance of jumping
out of the local optimal position.

(b) xGi,j ≠ pi,j ≠ pg,j and pi,j ≠ pg,j

In this case, Equations (33) and (34) are rewritten as
follows:

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − xi,j

� �
+ c2r2 pg,j − xi,j

� �
,

vG+1i,j =wpsov
G
i,j + c1r1 pi,j − xi,j

� �
+ c2r2 pg,j + r3η

G
i,j − xi,j

� �
:

8><
>:

ð38Þ

It can be seen that the Gaussian perturbation term affords
the particle a larger searching space, which facilitates global
searching.

Finally, the PSO algorithm terminates when the following
condition is satisfied:

G =Gmaxor
J Gð Þ
pso − 1/5∑4

i=0 J
G−ið Þ
pso

J Gð Þ
pso

≤ εJ , ð39Þ

where JðGÞpso denotes the gbest in theG
th generation and εJ is the

threshold.

5. Numerical Simulation

The initial trajectory states of the launch vehicle are listed in
Table 1. The engine thrust is 26.1 kN, the specified impulse is
240 s, the engine working time is 48.0 s, and the initial mass of

the vehicle is 1200 kg. In order to calculate the shear force
and the bending moment, set the length of the vehicle as
2.45m. In addition, set t31 = 10 s and t32 = 40 s; so the time
duration of each subphase in the third phase (see Figure 2)
is 10 s, 30 s, and 8 s, respectively; set the initial pitch angle
as -43.4°.

Then, the path constraints of the launch vehicle are set as
follows: αmax = 40°, _αmax = 5°/s, Nm,max = 10:0, Nx,max = 3,
Qy,max = 400N, andMy,max = 200N·m. In addition, the termi-
nal constraints are given in the form of target-orbital ele-
ments: e∗of = 0:001532, a∗of = 6770 km, Ω∗

of = 30°,i∗of = 60°,
ω∗
of = 50°, and θ∗of = 40°. The launching position is located at

(E100°, N40°); so, the initial heading angle equals to
40.75°according to Equation (9). After conversion, the termi-
nal constraints are represented by using the altitude, the
velocity, and the flight path angle which are also listed in
Table 1.

Search for the u = ½φ1, φ2, φ3�T by using the improved
PSO, the results of the optimization problem are illustrated
in Figures 3–10. In order to compare with the basic PSO algo-
rithm, we solve the problem using the same initial conditions.

The simulation results indicate that all the path con-
straints and terminal constraints are well satisfied: in view
of the absolute value, the maximum AOA is 39.57°, the max-
imum rate of change of the AOA is 0.286°/s, the maximum
normal load is 2.61, the maximum axial load is 2.03, the max-
imum shear force is 391.6N, and the maximum bending
moment is 188.6N·m.

The optimal solution derived from the improved PSO is
φ1 = ‐48:3°, φ2 = ‐48:4°, and φ3 = ‐52:5°; the corresponding
pitch angle can be seen in Figure 8.

The axial load, the shear force, and the bending moment
vary along the body of the launch vehicle, so only the maxi-
mum values are given in the simulation results, as illustrated
in Figures 9 and 11. In addition, take the values at the
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Figure 11: Time histories of the maximum axial load, shear force, and bending moment with basic PSO.
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moment when the flight time of the third stage equals to 45 s;
for example, the distributions of the axial load, the shear
force, and the bending moment are, respectively, shown in
Figures 10 and 12.

To compare with basic PSO, the results in Table 2.
According to the numerical results of the basic PSO, in

view of the absolute value, the maximum AOA is 46.28°,
the maximum rate of change of the AOA is 0.395°/s, the max-
imum normal load is 2.77, the maximum axial load is 2.05,
the maximum shear force is 459.8N, and the maximum
bending moment is 224.6N·m. The simulation results indi-
cate that basic PSO algorithm fails to achieve the path con-
straints and terminal constraints.

6. Conclusions

This paper researches the optimal ascent trajectory for the
launch vehicle. A series of constraints are formulated for the
trajectory optimization problem, which dramatically increase
the nonlinearity of the optimization problem and makes the
solution more difficult. In order to facilitate the computation
and the convergence of the optimization method, the multi-
constrained, nonlinear optimization problem is converted into
a parameter optimization problem that is easier to solve. Next,
an improved PSOmethod is developed by proposing a Gauss-
ian perturbation term. By comparing the improved PSO and
the basic PSO in consideration of four common cases, the
improvement in the searching capacity is theoretically proved.

Finally, numerical simulation demonstrates the efficiency of
the algorithm: in view of over ten constraints, the optimal, fea-
sible ascent trajectory is obtained with the performance index
minimized.

Data Availability

The data used to support the findings of this study were
related to trade secrets. Requests for data will be considered
by the corresponding author in the future if necessary.

Conflicts of Interest

There is no conflict of interest regarding the publication of
this paper.

Acknowledgments

This paper is supported by the China Postdoctoral Science
Foundation (2019M661290) and Postdoctoral Science Foun-
dation of Heilongjiang Province of China (LBH-Z19060).

References

[1] H. Ran, R. Zhou, J. Wu, and Z. Dong, “Trajectory optimization
of two aircrafts in collaborative passive target tracking,” Jour-
nal of Beijing University of Aeronautics and Astronautics,
vol. 41, no. 1, pp. 160–166, 2015.

Table 2: Basic PSO compare with improved PSO.

Algorithms Max AOA Max rate of change of the AOA Max normal load Max axial load Max shear force Max bending moment

Improved PSO 39.57° 0.286°/s 2.61 2.03 391.6N 188.6N·m
Basic PSO 46.28° 0.395°/s 2.77 2.05 459.8N 224.6N·m

Q
y
 (N

)

Axial position (m)

–50

0

50

0 0.5 1 1.5 2 2.5

M
y

/N
m

Axial position (m)

–20

5

20

0 0.5 1 1.5 2 2.5

0

2

4

A
xi

al
 fo

rc
e (

kN
)

0 0.5 1 1.5 2 2.5
Axial position (m)

×104

Figure 12: The axial force, shear force, and bending moment at 45 s with basic PSO.

11International Journal of Aerospace Engineering



[2] R. Chai, A. Savvaris, A. Tsourdos, S. Chai, and Y. Xia,
“Improved gradient-based algorithm for solving aero-assisted
vehicle trajectory optimization problems,” Journal of Guidance,
Control, and Dynamics, vol. 40, no. 8, pp. 2091–2099, 2017.

[3] W. Peng, T. Yang, Z. Feng, and Q. Zhang, “Analysis of morph-
ing modes of hypersonic morphing aircraft and multi- objec-
tive trajectory optimization,” Quality Control, Transactions,
vol. 7, pp. 2244–2255, 2019.

[4] C. Quentin, “A regularization method for the parameter esti-
mation problem in ordinary differential equations via discrete
optimal control theory,” Journal of Statistical Planning and
Inference, vol. 210, pp. 1–19, 2021.

[5] H. Zhou, X. Wang, and N. Cui, “Ascent trajectory optimiza-
tion for air-breathing vehicles in consideration of launch win-
dow,” Optimal Control Applications and Methods, vol. 41,
no. 2, pp. 349–368, 2019.

[6] W. Fu, B. Wang, X. Li, L. Liu, and Y. Wang, “Ascent trajectory
optimization for hypersonic vehicle based on improved chicken
swarm optimization,” IEEE Access, vol. 7, pp. 151836–151850,
2019.

[7] L. Ma, Z. Shao, W. Chen, X. Lv, and Z. Song, “Three-dimen-
sional trajectory optimization for lunar ascent using Gauss
pseudospectral method,” in AIAA Guidance, Navigation, and
Control Conference, California, USA, January 2016.

[8] R. Chai, A. Savvaris, and A. Tsourdos, “Fuzzy physical pro-
gramming for space manoeuvre vehicles trajectory optimiza-
tion based on hp-adaptive pseudospectral method,” Acta
Astronautica, vol. 123, no. 6, pp. 62–70, 2016.

[9] J. Byeong and A. Jaemyung, “Near time-optimal feedback
instantaneous impact point (IIP) guidance law for rocket,”
Aerospace Science and Technology, vol. 76, pp. 523–529, 2018.

[10] D. A. Benson, G. T. Huntington, T. P. Thorvaldsen, and A. V.
Rao, “Direct trajectory optimization and costate estimation via
an orthogonal collocation method,” Journal of Guidance, Con-
trol, and Dynamics, vol. 29, no. 6, pp. 1435–1440, 2006.

[11] D. Linaro, D. del Giudice, A. Brambilla, and F. Bizzarri,
“Application of envelope-following techniques to the shooting
method,” IEEE Open Journal of Circuits and Systems, vol. 1,
pp. 22–33, 2020.

[12] Z. Fu, J. Yu, G. Xie, Y. Chen, and Y. Mao, “A heuristic evolu-
tionary algorithm of UAV path planning,”Wireless Communi-
cations and Mobile Computing, vol. 2018, 11 pages, 2018.

[13] C. Yu, D. Zhao, and Y. Yang, “Efficient convex optimization of
reentry trajectory via the Chebyshev pseudospectral method,”
International Journal of Aerospace Engineering, vol. 2019, Arti-
cle ID 1414279, 9 pages, 2019.

[14] K. Hsu, H. Gupta, and S. Sorroshian, “Artificial neural network
modeling of the rainfall-runoff process,” Water Resources
Research, vol. 31, no. 10, pp. 2517–2530, 1995.

[15] A. Harada, “Dynamic programming applications to flight tra-
jectory optimization,” IFAC Proceedings Volumes, vol. 46,
no. 19, pp. 441–446, 2013.

[16] H. Zhou, X. Wang, and N. Cui, “Fuel-optimal multi-impulse
orbit transfer using a hybrid optimization method,” IEEE
Transactions on Intelligent Transportation Systems, vol. 21,
no. 4, pp. 1359–1368, 2020.

[17] A. Ansary and G. Panda, “A sequential quadratic program-
ming method for constrained multi-objective optimization
problems,” Journal of Applied Mathematics and Computing,
vol. 64, no. 1-2, pp. 379–397, 2020.

[18] M. Tobia, G. Marco, and A. Alessio, “A two-stage trajectory
optimization strategy for articulated bodies with unscheduled
contact sequences,” IEEE Robotics and Automation Letters,
vol. 2, no. 1, pp. 104–111, 2017.

[19] D. Rodrigues and D. Bonvin, “On reducing the number of
decision variables for dynamic optimization,” Optimal Control
Applications and Methods, vol. 41, no. 1, pp. 292–311, 2020.

[20] X. F. Liu, Z. H. Zhan, T. L. Gu et al., “Neural network-based
information transfer for dynamic optimization,” IEEE Trans-
actions on Neural Networks and Learning Systems, vol. 31,
no. 5, pp. 1557–1570, 2020.

[21] R. Eberhart and J. Kennedy, “A new optimizer using particle
swarm theory,” in The Sixth International Symposium on
Micro Machine & Human Science, Nagoya, Japan, 1995.

[22] A. Mukherjee, P. Goswami, Z. Yan, and L. Yang, “Adaptive
particle swarm optimisation based energy efficient dynamic
correlation behavior of secondary nodes in cognitive radio
sensor networks,” IET Communications, vol. 14, no. 10,
pp. 1658–1665, 2020.

[23] C. Wang, J. Yang, and H. Lv, “Maximum entropy segmenta-
tion of improved particle swarm optimization,” in 2019 12th
International Symposium on Computational Intelligence and
Design (ISCID),, Hangzhou, China, 2019.

[24] L. Wang, L. Liu, J. Qi, and W. Peng, “Improved quantum par-
ticle swarm optimization algorithm for offline path planning
in AUVs,” IEEE Access, vol. 8, pp. 143397–143411, 2020.

[25] P. Wang, Y. Lei, P. R. Agbedanu, and Z. Zhang, “Makespan-
driven workflow scheduling in clouds using immune-based
PSO algorithm,” IEEE Access, vol. 8, pp. 29281–29290, 2020.

[26] V. M. Becerra, “Solving complex optimal control problems at
no cost with PSOPT,” in 2010 IEEE International Symposium
on Computer-Aided Control System Design, Yokohama, Japan,
2010.

[27] A. Rahimi, K. Dev Kumar, and H. Alighanbari, “Particle
swarm optimization applied to spacecraft reentry trajectory,”
Journal of Guidance Control Dynamics, vol. 36, no. 1,
pp. 307–310, 2013.

[28] Z. Assarzadeh and A. Nilchi, “Chaotic PSO with mutation for
classification,” International Journal of Tourism Research,
vol. 4, no. 1, pp. 29–38, 2015.

[29] Z. Qi, Q. Shi, and H. Zhang, “Tuning of digital PID controllers
using particle swarm optimization algorithm for a CAN-based
DC motor subject to stochastic delays,” IEEE Transactions on
Industrial Electronics, vol. 99, p. 1, 2019.

[30] Z. Chen, H. Liu, Y. Tian, R. Wang, P. Xiong, and G. Wu, “A
particle swarm optimization algorithm based on time-space
weight for helicopter maritime search and rescue decision-
making,” IEEE Access, vol. 8, pp. 81526–81541, 2020.

[31] Y. Huang, Y. Xiang, R. Zhao, and Z. Cheng, “Air quality pre-
diction using improved PSO-BP neural network,” IEEE Access,
vol. 8, pp. 99346–99353, 2020.

[32] W. Cao, K. Liu, M. Wu, S. Xu, and J. Zhao, “An improved cur-
rent control strategy based on particle swarm optimization and
steady-state error correction for SAPF,” IEEE Transactions on
Industry Applications, vol. 55, no. 4, pp. 4268–4274, 2019.

[33] Q. Shi and H. Zhang, “Fault diagnosis of an autonomous vehi-
cle with an improved SVM algorithm subject to unbalanced
datasets,” IEEE Transactions on Industrial Electronics, vol. 99,
p. 1, 2020.

12 International Journal of Aerospace Engineering


	Multiconstrained Ascent Trajectory Optimization Using an Improved Particle Swarm Optimization Method
	1. Introduction
	2. Formulation of the Ascent Trajectory Optimization Problem
	2.1. Mathematical Models of the Launch Vehicle
	2.2. Trajectory Constraints

	3. Design of the Optimal Ascent Trajectory
	4. The Improved Particle Swarm Optimization Algorithm
	4.1. The Basic PSO
	4.2. The Improved PSO

	5. Numerical Simulation
	6. Conclusions
	Data Availability
	Conflicts of Interest
	Acknowledgments

