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The development of launch vehicles has led to higher slenderness ratios and higher structural efficiencies, and the traditional
control methods have difficulty in meeting high-quality control requirements. In this paper, an incremental dynamic inversion
control method based on deformation reconstruction is proposed to achieve high-precision attitude control of slender launch
vehicles. First, the deformation parameters of a flexible rocket are obtained via fiber Bragg grating (FBG) sensors. The
deformation and attitude information is introduced into the incremental dynamic inverse control loop, and an attitude control
framework that can alleviate bending vibration and deformation is established. The simulation results showed that the proposed
method could accurately reconstruct the shapes of flexible launch vehicles with severe vibration and deformation, which could
improve the accuracy and stability of attitude control.

1. Introduction

To improve launch capacity, the development trend of
launch vehicles is to increase the slenderness ratio and reduce
the structural mass; thus, the structural vibrations and flexi-
ble characteristics of rockets are becoming increasingly sig-
nificant. During a flight process, a large vibration amplitude
will not only damage the structure of the rocket but also lead
to inaccurate information measured by the attitude sensors.
In addition, the low-order vibration modes of the rocket are
easily excited by external interference, which has a negative
impact on the stability of the rocket [1].

To prevent structural vibration signals from feeding back
to the trajectory control system, some effective strategies have
been adopted including notch filters [2–5] and observers [6,
7]. Choi and Bang [2, 3] designed an adaptive notch filter that
first estimated the elastic mode frequency and then adjusted
the notch filter parameters based on the identification results
to improve the control performance. Oh et al. [4] proposed
an attitude control method with real-time control adaptive
notch filter technology and developed a demonstration sys-

tem to verify the stability of the method. Wei et al. [5] intro-
duced an adaptive filtering attitude control algorithm and a
norm robust gain scheduling control algorithm to design
the controller and verified the effectiveness and robustness
of the two control methods. Shtessel and Baev [6] realized
the separation and reconstruction of the first two modes of
the rocket body using a sliding mode observer and intro-
duced the modal information into the control loop. Zhou
et al. [7] applied a robust state observer to the attitude stabil-
ity control of a launch vehicle and realized antijamming
attitude controller design through the observation and
compensation of the compound interference.

The research of the above scholars mainly focused on two
strategies to deal with the attitude control problem caused by
the vibration of the projectile: the first is to use the robustness
of the controller to suppress flexible interference without
using any structural filters and the second is to design a notch
filter to suppress the vibration modes. Although robust con-
trol can achieve stable flight, the design parameters are gen-
erally conservative, and the control accuracy is low. The use
of a notch filter will reduce the phase margin, and it is
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difficult to ensure that the rigid and elastic rocket bodies have
a sufficient stability margin at the same time [6]. It is difficult
to meet the requirements of launch vehicle development
using only attitude information. Therefore, it is necessary to
measure the strain and deformation of the rocket body and
introduce the deformation information into the control sys-
tem to achieve high-precision attitude control and stable
flight of the rocket.

The fiber Bragg grating (FBG) has various advantages,
including a small size, low weight, antielectromagnetic inter-
ference, and multiplexing capabilities [8]. In recent years,
optical fiber sensor systems have been used for structural
monitoring and diagnosis [9–11], and they have been applied
in the development of aircraft and launch vehicles at NASA’s
Armstrong Flight Research Center and Kennedy Space Cen-
ter [12]. By installing a fiber Bragg grating sensor array on the
rocket body to measure the rocket strain, the stress and
deformation state of the rocket structure, decoupling atti-
tude, and elastic deformation information can be obtained
in real time to obtain accurate rocket attitude information.
Combined with an advanced control algorithm, the accuracy
and stability of rocket attitude control can be effectively
improved. At present, there are some research results in the
field of rocket deformation reconstruction and attitude con-
trol using fiber Bragg grating sensors, but they mainly focus
on the deformation reconstruction algorithm of the rocket
[12–14]. To the authors’ knowledge, at present, comprehen-
sive research of the combination of rocket deformation and
attitude control has not been carried out.

To solve the problem of high-precision attitude control of
a flexible rocket, a high-precision attitude control method is
proposed in this paper, which introduces the deformation
and attitude information into the control loop. In the defor-
mation reconstruction of the rocket, the basic theory and
method of shape reconstruction using a fiber Bragg grating
sensor are studied. The proposed reconstruction method is
applied to the bending vibration analysis of a cantilever
beam, and the accuracy of the method is verified by compar-
ing with the modal displacement and angular velocity of the
cantilever beam obtained by finite element simulations. In
the design of a flexible-body rocket attitude controller, the
dynamic model of a flexible-body rocket is established. Based
on incremental nonlinear dynamic inversion (INDI), the

deformation information is introduced into the design of
the attitude controller. An FBG+INDI control strategy is pro-
posed, and the effectiveness and robustness of the proposed
control scheme are verified.

2. Deformation Reconstruction Method of a
Flexible Launch Vehicle

2.1. Principle of Strain Sensing with FBG. Fiber Bragg grating
(FBG) sensing technology is essentially a new type of sensing
technology that uses the Bragg grating effect to sense physical
quantities such as external temperature, strain, and displace-
ment. The refractive index of FBG has a constant relationship
with the period of the grid. When the light passes through the
FBG, the FBG will reflect the light that meets the Bragg phase
matching condition, and the light that does not meet the con-
dition will continue to transmit. When the temperature,
strain, stress, or other physical quantities to be measured
around the grating sensor change, it will cause the grating
period or the core refractive index to change, thereby causing
the Bragg wavelength shift. By measuring the offset of the
Bragg center wavelength, the changes in the physical quanti-
ties of temperature and strain can be obtained. The principle
is shown in Figure 1.

The FBG reflection wavelength λB that meets the Bragg
phase matching condition can be expressed as

λB = 2neffΛ, ð1Þ

where neff is the effective refractive index of the optical fiber
and Λ is the grid period of the FBG.

From the above formula, the change in Bragg reflection
wavelength can be further expressed as

ΔλB = 2ΔneffΛ + 2neffΔΛ: ð2Þ

Obviously, the reflection wavelength λB of FBG is related
to the effective refractive index and grid period of the optical
fiber. When the external quantities (such as temperature and
strain) change, the reflection wavelength of FBG used for
measurement will drift. Therefore, by detecting the change
of the reflection wavelength of FBG, the external quantities
can be measured.

I

0
𝜆

𝜆

I

0

I

0

Incident light
Core

Grating period

Cladding
Transmitted light

𝜆

Figure 1: FBG measurement principle diagram.
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Assuming the temperature keeps constant, the grate
period is proportional to the strain induced by axial uniform
stress:

ε = ΔΛ

Λ
: ð3Þ

At the same time, strain also changes the density of FBG,
which further changes the effective refractive index neff . The
relationship between the effective refractive index change
and the strain is

Δneff =
neff

3

2 v p11 + p12ð Þ − p12ð Þε, ð4Þ

where v is Poisson’s ratio of the fiber and p11 and p12 are the
photoelastic coefficients of the fiber. To simplify the formula,

a variable called FBG photoelastic coefficient is introduced:

pe =
neff

2

2

� �
p12 − v p11 + p12ð Þ½ �,

ε = 1
1 − peð Þ

ΔλB
λB

:

ð5Þ

The Bragg wavelength change is proportional to the
external stress (for single-mode SiO2 fiber, pe = 0:22).

Measurement errors exist due to the imperfect packaging
of FBG, transmission efficiency, and ambient temperature,
which can be expressed as

e = ε − εs
ε

��� ���: ð6Þ

At present, the strain measurement error of the corrected
strain optical fiber sensor can be reduced to less than 5% [15].
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Figure 2: Beam representation of a flexible rocket.
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2.2. Euler–Bernoulli Beam Model. As shown in Figure 2, a
flexible rocket can be simplified as a nonuniform free-free
Euler–Bernoulli beam. The elastic vibrations can be
described by the following differential equations:

∂2

∂x2
EJ xð Þ ∂

2y x, tð Þ
∂x2

 !
+m xð Þ ∂

2y x, tð Þ
∂t2

= P x, tð Þ, ð7Þ

where yðx, tÞ is the lateral displacement of the beam model
relative to the x-axis, mðxÞ is the mass distribution function
of the rocket, EJðxÞ is the bending stiffness, and Pðx, tÞ is
the transverse force on a unit length of the beam. The free-
beam boundary condition requires the following relations
to be satisfied:

EJ 0ð Þy″ 0ð Þ = 0, EJ Lð Þy″ Lð Þ = 0,

EJ 0ð Þy″ 0ð Þ
� �

′ = 0, EJ Lð Þy″ Lð Þ
� �

′ = 0:
ð8Þ

In the study of elastic vibrations of a flexible rocket, the
deformation is considered to be a linear combination of the
linear normal modes, given as

y x, tð Þ = 〠
∞

j=1
φj xð Þηj tð Þ, ð9Þ

where φjðxÞ is the j-th mode shape and ηjðtÞ is the time-
dependent amplitude of the j-th mode. φjðxÞ can be deter-
mined by the finite element method. For a beam vibration

system, the finite element model of the Euler–Bernoulli
beams is given as follows:

M€X tð Þ +C _X tð Þ +KX tð Þ = F tð Þ, ð10Þ

where M, C, and K are the inertia matrix, damping matrix,
and stiffness matrix, respectively; XðtÞ, _XðtÞ, and €XðtÞ are
the displacement, speed, and acceleration of the system,
respectively; and FðtÞ is the excitation force vector.

2.3. Deformation Reconstruction of a Flexible Rocket. There
are no analytical functions for the vibration modes of the var-
iable mass nonuniform beam model, and the discrete mode
points need to be fitted by a continuous function [12]. Legen-
dre polynomials are a set of complete and orthogonal poly-
nomials defined in the domain of ½−1, 1�, which can be used
to fit a group of discrete mode solutions derived from Equa-
tion (10). The general equations for the shifted Legendre
polynomials are given as follows:

P0 xð Þ = 1, P1 xð Þ = 2x − 1, 

Pi+1 xð Þ = 2i + 1ð Þ 2x − 1ð ÞPi xð Þ − iPi−1 xð Þ
i + 1 :

ð11Þ

The mode shape φjðxÞ can be fitted by the linear combi-
nation of (m + 1) Legendre polynomials as follows:

φj = 〠
∞

i=0
aijPi xð Þ ≈ a0jP0 xð Þ + a1jP1 xð Þ+⋯+amjPm xð Þ, ð12Þ
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Figure 3: Flowchart of the deformation reconstruction method.
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where aij is the Legendre polynomial coefficient. For the first
n-order modes, the approximate values can be fitted by the
linear combinations of the first m + 1 shifted Legendre poly-
nomials as follows:

Φ xð Þ = φ1 φ2 ⋯ φn½ �
= P0 xð Þ P1 xð Þ P2 xð Þ ⋯ Pm xð Þ½ �

�

a01 a02 ⋯ a0n

a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮ ⋮ ⋯ ⋮

am1 am2 ⋯ amn

266666666664

377777777775
= P xð ÞA:

ð13Þ

The characteristic coefficient matrix A is obtained by the
following formula:

A = P xð Þ−1Φ xð Þ: ð14Þ

Once the characteristic coefficient matrix A of the model
is determined, the mode shapes of the nodal rotations can be
obtained by taking the derivative of PðxÞ as follows:

Φθ xð Þ = φ1θ φ2θ ⋯ φnθ½ � = P′ xð ÞA: ð15Þ

According to the kinematics, the tensile strain due to the
beam bending (ε) is related to the nodal displacement (y) as
follows:

ε x, tð Þ = −z0y″ x, tð Þ, ð16Þ

where z0 is the distance from the reference line of the beam
(in this study, the center axis of the beam is taken as the base-
line) to the position of the FBG sensor, which is usually
arranged on the surface of the beam to measure the strain.
When εðx, tÞ is measured by FBG sensors, the instantaneous
modal coordinates ηðtÞ can be solved by the following for-
mula:

ε x, tð Þ = −z0P″ xð ÞAη tð Þ: ð17Þ

When the instantaneous mode coordinate ηðtÞ is known,
the deformation displacement at each point of the beam can
be obtained by the polynomial PðxÞ and characteristic coeffi-
cient matrix A. The velocity at each point of the beam can be
obtained by the following backward finite difference equa-
tions:

y x, tð Þ = P xð ÞAη tð Þ,

v x, tð Þ = P xð ÞA _η tð Þ = 1
ΔtP xð ÞA ηt − ηt−Δtð Þ:

ð18Þ

By inserting the Legendre polynomials PðxÞ into Equa-
tion (18), the beam deflection angle θv and angular velocity
_θv caused by vibration can be obtained as follows:

θv x, tð Þ = P′ xð ÞAη tð Þ,
_θv x, tð Þ = P′ xð ÞA _η tð Þ:

ð19Þ

However, there may be a variety of errors in the fitting
process, resulting in a deviation between the reconstructed
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Figure 4: Disturbance coefficient of an elastic rocket in the pitch plane.
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deformation and the actual state. The reconstruction error ev
is defined as

ev =
bκ − κ

κ

���� ����, ð20Þ

where bκ represents the state information of the rocket vibra-
tion obtained by shape reconstruction, including displace-
ment, velocity, angle, and angular velocity. κ represents the
actual status information.

In summary, the procedure of the deformation recon-
struction method of a flexible rocket is as follows.

Step 1. Set the simulation time interval ½t1, t2� and the simu-
lation step size Δt. Acquire the modal change information
of the rocket beam model in this time period via a ground
vibration test or finite element simulation. Obtain a set of
strain values εmeasured at time t using the FBG sensor array.

Step 2. Fit the modal information at this time with a contin-
uous Legendre polynomial to obtain the characteristic coeffi-
cient matrix A for this time point.

Step 3. Introduce the strain value ε and the characteristic
coefficient matrix A into Equation (17), to solve the instanta-
neous modal amplitude ηðtÞ.

Step 4. Substitute ηðtÞ into Equations (18) and (19) to obtain
the displacement, deflection angles, and angular velocities of
the beam model.

Step 5. Compare the deformation information of the launch
vehicle obtained by the deformation reconstruction method
(indirect solution) and the finite element method (direct
solution), and assess the accuracy of the launch vehicle body
reconstruction method.

The deformation fitting process based on the FBG sensor
is shown in Figure 3.

3. High-Precision Attitude Control Method of a
Rocket Based on
Deformation Reconstruction

3.1. Dynamic Modeling of Attitude and Vibration of a Launch
Vehicle. The pitching plane vibrations of the launch vehicle
are the key for system design and flight control. In this paper,
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Table 1: Model parameters.

Property Value Unit

Span, L 1.000 m

Cross-section thickness, b 0.006 m

Cross-section width, h 0.021 m

Material density, ρ 2667 kg/m3

Young’s modules, E 63.5 GPa
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the pitching plane vibrations and deformation are mainly
modeled. The model used in this paper is shown in
Figure 4. The nominal trajectory of the system is planned to
keep the launch vehicle position close to a zero angle of
attack. For equilibrium conditions, the assumption that the
angle of attack is close to zero is quite valid, and any change
in the angle of attack can be considered to be a disturbance
from the equilibrium conditions. Therefore, considering a
small disturbance, the linearized dynamic equations of the
pitch channel of the launch vehicle considering elastic vibra-
tions are as follows [16]:

Δ _θ = c1Δα + c2Δθ + c3δφ + c3′′€δφ + 〠
n

i=1
c1i _ηi + 〠

n

i=1
c2iηi + �Fbyc,

Δ€φ + b1Δ _φ + b2Δα + b3δφ + b3″€δφ + 〠
n

i=1
b1i _ηi + 〠

n

i=1
b2iηi = �Mbz

Δθ = Δφ − Δα,

€ηi + 2ξiωi _ηi + ω2
i ηi =D1iΔ _φ +D2iΔα +D3iδφ +D3i′′ €δφ −Qiy ,

8>>>>>>>>>><>>>>>>>>>>:
,

ð21Þ

where n is the number of bending modes, Δα is the angle
of attack, Δθ is the flight path angle, Δφ is the direction of
the vehicle axis, δφ is the Gimbal deflection angle, ηi is the
generalized coordinate of the vibration modes, �Fbyc, �Mbz ,
and Qiy are the perturbed force, torque, and generalized
disturbance force coefficients, respectively, ωi and ξi are
the bending mode natural frequency and damping ratio,
respectively, and c1, c2, c3, c3″, c1i, c2i, b1, b2, b3, b3″, b1i,
b2i, D1i, D2i, D3i, and D3i′′ are coefficients of the pitching
dynamics.

The system state equation of the pitch channel is given as
follows:

_x =Apx + Bpu +Dp, ð22Þ

where Ap, Bp, and Dp are the system, control, and distur-
bance matrices, respectively.

To simplify the analysis, the interference term Dp is
ignored in the design process, and the values of the n bending

modes are set to 1. The corresponding state space matrix can
be written as follows:

AP =

c2 − c1 c1 0 c21 c11

0 0 1 0 0
b2 −b2 −b1 −b21 −b11
0 0 0 0 1

−D21 D21 D11 −ω2
1 −2ξ1ω1

0BBBBBBBB@

1CCCCCCCCA
,

Bp =

c3

0
−b3
0
D31

0BBBBBBBB@

1CCCCCCCCA
,

ð23Þ

where the state vector x = ½θ, φ, q, η, _η�T . Since the control
command is the deflection angle of the gimbals, u = δφ.
According to Equation (2), the deformation at any point of
the launch vehicle can be approximately regarded as a com-
bination of the linear superposition of various modes. The
deflection angle θðx, tÞ caused by the vibration is given by
the following formula:

θ x, tð Þ = 〠
N

i=1
wi xð Þηi tð Þ, ð24Þ

where wiðxÞ = dφiðxÞ/dx. The measured pitch angle and
pitch angle rate are expressed as follows:

φM = φ + θ xgyro, t
� �

,

qM = q + _θ xgyro, t
� �

,
ð25Þ

where φM and qM are the actual measured pitch angle and
pitch angle rate, respectively, and xgyro is the position of the
attitude sensor.

3.2. Design of the High-Precision Attitude Control System

3.2.1. Incremental Dynamic Inverse Control Law. The incre-
mental dynamic inversion control law is a nonlinear robust

Fixed end
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1000 Unit: mm

6

20
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Figure 7: Beam element model and location of measurement points.
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control method that is insensitive to model parameters. The
method uses angular acceleration feedback [17]. The control
of a nonlinear system is assumed to be affine:

_x = f xð Þ +G x, uð Þ,
y = h xð Þ,

(
ð26Þ

where x is the n-dimensional state quantity, u is the m × 1
control input, fðxÞ represents the system dynamics, Gðx, uÞ
is an ðn ×mÞ-dimensional state-dependent control matrix,
and y is a p-dimensional output. To obtain the approximate

dynamics in incremental form, the first-order Taylor series
expansion of _x about ðx0, u0Þ is

_x ≈ f x0ð Þ +G x0, u0ð Þ + ∂
∂x f xð Þ +G x, uð Þð Þx0,u0 x − x0ð Þ

+ ∂
∂uG x, uð Þx0,u0 u − u0ð Þ:

ð27Þ

The equation of state at the point ðx0, u0Þ is

_x0 = f x0ð Þ +G x0, u0ð Þ: ð28Þ
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Two partial derivatives are defined as follows:

�A = ∂
∂x f xð Þ +G x, uð Þð Þ,

�B = ∂
∂uG x, uð Þ:

8>><>>: ð29Þ

The output equation with respect to time can be obtained
as follows:

_y = ∂h xð Þ
∂x _x ≈ hx _x0 + �A x0, u0ð ÞΔx + �B x0, u0ð ÞΔu� �

: ð30Þ

For a sufficiently high control update (and thus, a small
time increment), x approaches x0. The increment Δx of the
state variable is a high-order small quantity relative to the
increment Δu of the control input, so it can be omitted.
The expected closed-loop dynamic characteristic is ν. The
incremental dynamic inverse control law is designed to make
the system output dynamic characteristics track the expected
characteristics, which is expressed as ν = _y. By substituting
this into Equation (20), the control input is written as follows:

u = u0 + Δu = u0 + hx�B x0, u0ð Þ� �−1 ν − hx _x0ð Þ, ð31Þ

where u0 is a nominal (or reference) control.
The control law of the system is not dependent on the

state of the system. The incremental control law algorithm
requires the control system to use the derivatives of the state
variables, so angular acceleration feedback is needed in the
rocket attitude control.

3.2.2. Design of Control Law Based on Deformation
Information Compensation. For the attitude control of the
rocket studied in this paper, the dynamics equation of the
rocket is shown in Equation (12). The state quantity is
defined as x = ½θ, φ, q, η, _η�T , and the control input is u. In
the current configuration, u is the swing nozzle rotation angle
δφ. From Equation (31), the corresponding incremental
dynamic inverse control law is obtained as follows:

Δu = B−1 ν − _q0ð Þ, ð32Þ

where _q0 is the angular acceleration in the pitching direction
of the rocket at the current moment, and the inverse matrix
of hx�Bðx0, u0Þ is equal to B−1.

According to the characteristics of the rocket attitude
control, a dual-loop control law is designed based on the
incremental dynamic inverse control law. The outer loop
includes the attitude angle loop (slow loop) and angular
velocity loop (fast loop). The desired angular velocity of the

outer loop qdes can be obtained by a proportional-integral-
derivative (PID) or more complex control law. In this analy-
sis, a simple proportional control is used:

qdes =Ks,outΔφ: ð33Þ

The desired angular acceleration can also be obtained
from a proportion control law:

ν =Kq,outqe =Kq,out qdes − qð Þ, ð34Þ

where Ks,out and Kq,out are the proportional gain coefficients
of the slow loop and the fast loop, respectively. The inner
loop is the angular acceleration loop, which adopts an incre-
mental dynamic inverse control law:

uc = u0 + Δu = u0 + B−1 ν − _q0½ �: ð35Þ

The control block diagrams of the inner and outer loops
are shown in Figure 5, where u0 is the control input at the last
sampling time, and the subscript c represents the instruction.

In the actual control process, the attitude angle and atti-
tude angular rate (in the current study, these are the pitch
angle and the pitch rate, respectively) obtained by the mea-
suring device contain the elastic vibration information of
the rocket body, which cannot provide accurate measure-
ment information for the guidance, navigation, and control
(GNC) system. When the vibration information of the rocket
body is measured by an FBG sensor, the attitude angle and
angular rate error caused by the rocket vibrations can be
compensated for by the feedback loop, as shown in Figure 6.

According to Equation (18), the deflection of a flexible
rocket can be estimated using an FBG sensor array. FBG
measurements can be used to compensate for the pitch angle
and pitch rate φM and qM (the angular acceleration error
caused by vibration is not considered in this paper):

bφM = φM − φb,
q̂M = qM − qb,

(
ð36Þ

where bφM and q̂M are the pitch angle and pitch angle rate
after compensation, respectively, and φb and qb are the rocket
vibration information obtained by the FBG measurement,
which can be obtained using Equation (19).

4. Simulation Analysis

To verify the fitting accuracy of the reconfiguration algo-
rithm of the flexible rocket and the feasibility of the incre-
mental dynamic inversion control law based on FBG
compensation, the above schemes were simulated, and the
results are presented in this section.

4.1. Accuracy Analysis of Deformation Reconstruction. A
Euler–Bernoulli cantilever beam is taken as the simulation
object, and the model parameters are shown in Table 1.
The beam was divided into ten elements. One FBG sensor
was attached to the midpoint of each element, and all sensors

Table 2: Deformation fitting errors at different times.

Time 0.48 s 0.49 s 0.50 s

ERR 0.0246 0.0237 0.0211

RMSE 0.1246 0.1227 0.1176

9International Journal of Aerospace Engineering



were pasted along the center line of the beam surface at
equal intervals. The strain values measured by ten FBG
sensors attached to the surface of the beam were used to
identify the displacement and velocity at each point of
the beam. The node division and measuring point posi-
tions of the cantilever beam are shown in Figure 7. The
vertical distance from the sensor to the beam reference

line was b/2. In theory, the input of the system should
be the measurement data of an optical fiber sensor. In
the current research, the transient response of the beam
model was used as “measurement” data.

The boundary conditions used in the current study are
described briefly. Cantilever boundary conditions were
applied at the root of the rocket in the simulation cases in this
section. Although this is not the case in actual rocket flight,
the purpose of this section study is to explore and simulate
the concept of using FBG sensors to track the lateral bending
vibration of a flexible rocket, which can be easily excited and
simulated under cantilever boundary conditions and tip
loading. In addition, the method developed in this paper
for analyzing the deformed structure of the rocket does not
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Table 3: Angle fitting errors.

Time 0.48 s 0.49 s 0.50 s

ERR 0.0273 0.0245 0.0183

RMSE 0.1128 0.1038 0.0887
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exclude the free-flight condition of the rocket and can be
applied in rocket ground vibration tests.

The first four mode curves fitted by Legendre polyno-
mials are shown in Figure 8. The black dotted line in the fig-
ure represents the vibration mode of a cantilever beam with a
single degree of freedom obtained using the vibration theory
of continuous beams, and the blue boxes represent the dis-
crete modal data obtained by the finite element analysis soft-
ware, where the eigencoefficient matrix of the cantilever
model was calculated.

When the characteristic coefficient matrix A is known,
the vibration displacement of the beam model under an
external load can be reduced according to the strain data
“measured” by the FBG. A sine load F = 3 sin ð10πtÞN was
applied at the middle point of the top of the cantilever beam,
and the instantaneous response of the beam model was
obtained through the finite element software calculations.
The transverse strain values of the beam at 0.5, 0.49, and
0.48 s were used for deformation fitting calculations. The fit-
ting effect is shown in Figure 9(a).

To evaluate the fitting effect and quantify the deforma-
tion reconstruction error, the average error (ERR) and root

mean square error (RMSE) were used to describe the fitting
error [12]:

ERR = 1
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
〠
N

i=1

Yi − Y∧i

Yi

� �2
vuut ,

RMSE =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑N

i=1 Yi − Y∧ið Þ2
N − 1

s
,

ð37Þ

where Yi is the simulated real lateral displacement of the
beam structure, Ŷ i is the displacement identified by the algo-
rithm, and N is the total number of samples.

As shown in Figure 9(b), at 0.5, 0.49, and 0.48 s, the “real”
and reconstructed values agreed closely. As shown in Table 2,
the recognition error based on the Legendre polynomial algo-
rithm was small and had a good fitting effect.

The previous indirect solutions were all carried out at
0.5, 0.49, and 0.48 s. To test the universality of the solution
algorithm, the solution process was repeated in the range
of 0 to 1 s. As shown in Figure 10, the values of the
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indirect solutions were almost the same as those of the
direct solutions over the whole simulation time range,
which indicated that the fitting accuracy of the algorithm
was maintained well.

In the control system, it is necessary to compensate for
the attitude angle and the attitude angular velocity and to
process the displacement data according to Equation (19)
to obtain the angle and angular velocity at each point of the
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Figure 14: Trajectory performance of the miniature launcher.

Table 4: Performance results.

Unit Rigid FBG compensation Notch filter

〠
φerr

°s 0.363 0.384 0.492

〠
δ

°s 1.69 1.72 2.68
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beam model. The strain data acquired at 0.5, 0.49, and 0.48 s
were selected to estimate the angle along the transverse nor-
mal direction of the beam at 0.5, 0.49, and 0.48 s and the
angular velocity at 0.5 and 0.49 s.

As shown in Figure 11 and Table 3, the angle fitting
errors at 0.5, 0.49, and 0.48 s were small, and a good fitting
effect was achieved. In addition, the backward difference
method could basically restore the angular velocity variations
along the transverse normal direction of the beam. The aver-
age errors of the angular velocity at 0.5 and 0.49 s were 3.4%
and 3.7%, respectively. Farther from the fixed end, the rela-
tive error was greater. The possible reasons for this include
the following: there were errors in the calculation of the ini-
tial coefficient matrix A, which caused the error to be ampli-
fied in the backward difference process, and the selection of
the backward finite difference step size affected the calcula-
tion accuracy.

Figure 12 shows the relationship between the reconstruc-
tion error and the strain measurement error. Three sampling
points were selected, which are 0.48 s, 0.49 s, and 0.50 s. It can
be seen that when the strain measurement error changes
within the range of 1~5%, the average error of the recon-
structed angle θ and angular velocity _θ change near linearly,
and their root mean square error remains nearly constant.

4.2. Simulation and Analysis of Attitude Control
Performance. At present, there is little accessible data about
launch vehicles with a large slenderness ratio. Therefore, a
conceptually designed launch vehicle is adopted for control
performance simulation which has a slenderness ratio as high
as 16.2. Its payload capacity is 100 kg (300 km circular SSO).
Both stages use LOX/RP-1 as a propellant. The propellant
tanks are common bulkhead Al-Li alloy tanks, and the thick-
ness is 4mm (the schematic diagram of the launch vehicle is
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shown in Figure 13, and the detailed parameters are listed in
Tables 6 and 7 which are presented in Appendix A).

Figures 14(a) and 14(b) show the altitude and velocity
history of the miniature launcher. Figures 14(c) and 14(d)
show the flight path angle and dynamic pressure with time.
The peak dynamic pressure is located at 60.2 s (10.57 km),
about 44.1 kPa. At maximum dynamic pressure, the launcher
mass is 8072 kg, the velocity is 490.3m/s, and the flight path
angle is 44.2°. The system matrix and control matrix at max-
imum dynamic pressure are calculated based on the material
and geometric properties:

Ap =

−0:0965 0:1106 0 0:0055 −4:5344e − 5

0 0 1 0 0

−0:7629 0:7629 −0:0675 −1:5825 −0:0040

0 0 0 0 1

35:7639 −35:7639 0:4075 −1849 −1:2910

0BBBBBBBBBB@

1CCCCCCCCCCA
,

Bp =

0:0417
0

−5:1916
0

8:0918

0BBBBBBBB@

1CCCCCCCCA
:

ð38Þ

The incremental dynamic inverse control method based
on FBG compensation was used in the attitude control, and
notch filter technology was compared. Finally, the influence
of the FBG measurement accuracy on the control system
was analyzed.

To compare the control effect and accuracy of different
control systems, the performance of the controllers can be
evaluated using two indicators [18]: the state deviation rela-

tive to the guidance command and control cost required by
the control system. These two indicators can be, respectively,
expressed as the integral of pitch-angle deviation and swivel
angle, individually:

〠
θerr

=
ðt
0
φc tð Þ − φp tð Þ
��� ���dt,

〠
δ

=
ðt
0
δ tð Þj jdt:

ð39Þ

Traditionally, to lower the instability of the control sys-
tems caused by elastic vibrations, the control system gener-
ally uses a notch filter. The transfer function of a typical
notch filter is in the following form [19]:

Gnotch sð Þ = s2 + 2ξzωns + ω2
n

s2 + 2ξpωns + ω2
n
: ð40Þ

The notch filter was in the position of feedback control in
the attitude control system. In the attitude control system,
the center frequency ωn is generally the frequency of the
rocket body vibration. For the damping ratios ξz and ξp, the
value usually does not exceed 1. At the same time, to prevent
the notch depth from being too large, the values of these
ratios were not less than 0.01. In the following work, only
the attitude angle and attitude angular rate signals were fil-
tered, and the filtering of the attitude angular acceleration is
left as future work.

4.2.1. Modeling of the FBG Measurement System in Flight
Environment. In Section 4.1, the transient response of the
beam model is used as the “measured data” of the FBG to
reconstruct the overall deformation. However, the actual
rocket flight is affected by complex flight environment. In
addition to measurement error e, there are complex noise
in the outputted strain data and a transmission delay between
the sensors and the control system. These factors need to be
comprehensively analyzed and considered in FBG modeling
and controller simulation.

(1) Noise and Transmission Delay Analysis of the FBG Mea-
surement System. The FBG measurement system is mainly
composed of a light source, fiber Bragg grating sensors, and
FBG demodulator. Affected by the environment and hard-
ware characteristics, each unit may introduce noise sources,
resulting in complex additional effects.

To the best of our knowledge, at present, there are few
references about noise parameters of onboard FBG measure-
ment systems. In order to simulate the real output signal
noise of the FBG measurement system, we investigated and
tested the actual FBG measurement system. By analyzing
the data of the static FBG sensors, we found that there was
background noise in the wavelength signal output by the
FBG measurement system, the amplitude limit was 1.6 pm,
and the frequency was 1000Hz. After processing the wave-
length variation, the background noise of the strain signal
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was obtained, the maximum amplitude was about 2με, the
frequency was about 1000Hz, and the transmission delay of
the measurement system was about 1.5ms.

However, due to the influence of the complex mechanical
and acoustic environment during the flight of the rocket,
there may be noise of multiple frequencies. In order to simu-
late the strain value output by the FBG measurement system
during flight, we added three kinds of white noise to the con-
trol loop, their sampling times were 0.01 s, 0.001 s, and
0.0001 s, and the maximum amplitude was limited to 2με.
To simulate the response time delay phenomenon of the sen-
sor, a transmission delay error of 1.5ms was introduced into
the control loop.

(2) Influence of Flight Environment on the FBG Measurement
System. During the launcher flight, the temperature and pres-
sure of the environment where sensors are located will

change accordingly due to changes in the flight altitude and
the angle of attack. During first-stage flight of the miniature
launcher, altitude changes from 0 to 64.9 km. Assuming that
sensors are arranged on the surface of the rocket body,
according to the U.S. Standard Atmosphere (1976), the tem-
perature changes within the range of -40~15°C and the pres-
sure change range is within 0.1MPa.

For changes in external pressure and temperature, a
method called reference grating uses a separate reference
grating as a temperature and pressure sensor along the fiber
path, i.e., gratings that are in thermal and pressure contact
with the local structure but shield from strain changes [20].
Since the physical properties of the reference grating and
the strain grating are the same, the strain deviation caused
by the environmental parameter changes can be well com-
pensated. So, we temporarily ignored the measurement error
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caused by the pressure and temperature changes in the sim-
ulation process.

4.2.2. Incremental Dynamic Inverse Control Based on Fiber
Bragg Grating (FBG) Compensation. According to the model
of the liquid launch vehicle flight control system, the incre-
mental dynamic inverse control theory and the improved

method based on FBG compensation proposed in this paper
were used to simulate the high-precision attitude control
technology of the launch vehicle.

The simulation conditions were as follows:

(1) The fast loop gain Ks = 5, and the slow loop gain
Kq = 4
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(2) The notch filter parameter ωn was set to the first-
order vibration frequency of the rocket body, and ξz
and ξp were set to 0.012 and 0.57, respectively

(3) To increase the influence of the elastic effect on the
control system, the moment of maximum aerody-
namic pressure was selected as the characteristic ref-
erence point, and the attitude sensors were placed on
the forward end of the second stage, just below the
payload adapter (xgyro = 14:5m)

(4) The control command was set to a 1° step command,
and suppose the strain measurement error e was 0

The incremental dynamic inverse control law based on
FBG compensation proposed in this paper was used to carry
out flight simulations of the launch vehicle and compare the
control effects of the rigid body control, uncompensated
flexible-body control, and a traditional notch filter. The sim-
ulation results of the pitch angle φ and the engine swing angle
δ are shown in Figures 10 and 11, respectively. The control
performance evaluation indices of each control system are
shown in Table 4.

Figure 15(a) shows that for the rigid rocket model
(ηi = _ηi = 0), the system output could track the command atti-
tude in a short time. The maximum overshoot was 12.1%, the
adjustment time was 3.7 s (1% error band), and the steady-
state error was 0.05%, which verified the effectiveness of the
INDI for attitude control of the launch vehicle. For the flexible
rocket model, the system output was divergent due to the flex-
ible effect, and the control command could not be tracked
(Figure 15(b)). After adding FBG compensation, the maxi-
mum overshoot and the adjustment time were basically
unchanged, but due to the introduction of the noise error
and transmission delay of the FBG measurement system, the
steady-state error increased to 0.7%. After using the notch fil-
ter, the maximum overshoot increased to 20.7%, and the
adjustment time and steady-state error increased significantly.
Although the maximum swing angle of the engine was
reduced from 4.1 to 3.2 compared to a rigid body after the
use of the notch filter, there was a larger amplitude of vibration
in the swing angle during the control process (Figure 16).

In summary, the system could still track the command
attitude even though there were measurement errors caused
by the vibrations of the rocket body after the introduction
of the deformation information compensation or the notch
filter. However, based on the control effect, the pitching angle
response curve and engine swing angle curve with the notch
filter exhibited oscillations, and they could not converge to a
stable state. Compared with the FBG compensation method,
the control precision was higher and the cost was lower.

4.2.3. Influence of FBG Reconstruction Error on the Control
System. The simulation was carried out in an accurate system,
but there may have been parameter errors in the strain mea-
surements and deformation fitting which led to an inaccurate
reconstruction mode. To study the robustness of the control
system to the reconstruction error ev , the simulation was car-
ried out as follows: the FBG reconstruction data had 3%, 5%,
and 7% average positive errors, respectively (in this study, the

reconstruction data refers to θb and qb, assuming they had
the same reconstruction error), the other conditions
remained unchanged, and the simulation was repeated.
Figure 17 shows the simulation results of the attitude track-
ing with different reconstruction errors, and Figure 19 shows
the modal coordinates and modal velocity responses of the
rocket body with different errors.

Figure 17 shows that the pitch angle could still track the
command angle after adding 3% and 5% average positive
errors. Figures 18 and 19 show that the swivel angle, modal
coordinates, and modal velocity reached maxima at 1.0, 1.9,
and 1.1 s, respectively, after which they gradually converged
to 0. The smaller the ev was, the faster the convergence speed
became. The integrated pitch angle deviation and compre-
hensive deflection angle increased with the increase in the
error (Table 5). When the reconstruction error increased to
7%, the pitch angle curve oscillated by about 0.01° after stabi-
lization and the vibration amplitude increased with time. The
swivel angle, modal coordinates, and modal velocity gradu-
ally diverged with time.

The simulation results show the following: when the FBG
reconstruction error was within a certain range (in this study,
the range was 0%–5.2%), the proposed control system could
still accurately track the command attitude, but when the
reconstruction error was greater than a certain value
(5.2%), the mode position and velocity oscillated and
diverged, as shown by the blue line.

5. Conclusion

The bending information of a flexible rocket is affected by the
attitude control of the rocket body. To address this issue and
improve the accuracy of the controller, a deformation recon-
struction and high-precision attitude control method of the
launch vehicle based on strain measurements was proposed
in this paper. The vibration measurement information was
combined with the incremental dynamic inverse control to
design the control system, and the scheme was simulated
and verified. The simulation results showed the following.
The deformation reconstruction algorithm based on Legen-
dre polynomials could better estimate the deflection angle
and angular velocity caused by vibrations. Compared with
the traditional filtering method, the control system with
deformation information compensation could track the com-
mand attitude more accurately. The FBG reconstruction
error was within a certain range, and the control system
could still accurately track the command attitude state. The
proposed control scheme provided an effective method for
the high-precision attitude control of a flexible rocket.

Table 5: Performance results.

Unit 0% error 3% error 5% error 7% error

〠
φerr

°s 0.384 0.392 0.401 0.418

〠
δ

°s 1.72 2.23 3.04 4.16
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A. Miniature Launcher Mass Properties
and Geometry
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Table 7: Additional masses of the launch vehicle model.

Subsystem
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