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In order to rapidly predict the performance of hydrocarbon-fueled regeneratively cooled scramjet engine in system design, a
quasi-one-dimensional model has been developed. The model consists of a supersonic combustor model with finite-rate
chemistry and a cooling channel model with real gas working medium, which are governed by two sets of ordinary differential
equations separately. Additional models for wall friction, heat transfer, sonic fuel injection, and mixing efficiency are also
included. The two sets of ordinary differential equations are coupled and iteratively solved. The SUNDIALS code is used since
the equations for supersonic combustion flow are stiff mathematically. The cooling channel model was verified by electric
heating tube tests, and the supersonic combustor model was verified by experimental results for both hydrogen and
hydrocarbon-fueled scramjet combustors. Three cases were comparatively studied: (1) scramjet combustor with an isothermal
wall, (2) scramjet combustor with an adiabatic wall, and (3) scramjet combustor with regenerative cooling. Results showed that
the model could predict the axial distributions of flow parameters in the supersonic combustor and cooling channel.
Differences on ignition delay time and combustion efficiency for the three cases were observed.

1. Introduction

Scramjet engines are regarded as the next-generation pro-
pulsion engine for air-breathing vehicles [1–3]. The biggest
difference between scramjet engines and traditional ones is
that the combustion process of scramjet engines is taken
place in supersonic flow which makes scramjet engines to
be operated at hypersonic speeds. Compared with traditional
air-breathing engines such as turbine jet engines and ramjet
engines, the flight speeds of scramjet engines are much fas-
ter. Theoretically scramjet engines can be operated at Mach
numbers above 10 [4]. As air-breathing engines, the fuel
impulses of scramjet engines are much higher than the one
of rocket engines. So scramjet engines are suitable for
high-speed and long-duration flights. Although scramjet
engines cannot be operated at low speeds, combined systems
composed of scramjet engines such as RBCC (Rocket-Based
Combined Cycle) [5] and TBCC (Turbine-Based Combined
Cycle) [6] can take off at the zero speed. Because of these
performance advantages, scramjet engines have attracted

more and more attentions. After decades of research, scram-
jet engine technology becomes more mature. Its viability has
been demonstrated by the past flight tests [7, 8], based on
which the actual application of scramjet engines is increas-
ingly possible.

In the early design of scramjet engines, it is important to
predict the engine performance accurately and efficiently.
Multidimensional numerical simulation by supercomputers
can get a relatively accurate performance prediction of
scramjet engines. However, it costs a lot of computing
resources and time. Compared with multidimensional
numerical simulation, the quasi-one-dimensional calcula-
tion is much more efficient. And the computational accuracy
is acceptable. So the quasi-one-dimensional calculation is
widely adopted in the performance prediction of scramjet
engines. And the quasi-one-dimensional model plays an
important role.

Various quasi-one-dimensional models of scramjet
engines with different assumptions have been put forward.
Tsujikawa et al. [9] proposed a quasi-one-dimensional
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model for the scramjet engine based on which the engine
performance was analyzed and the engine configuration was
optimized. For the combustion reaction, a global hydrogen-
air combustion model with a two-step reaction mechanism
was adopted. O’Brien et al. [10] developed a quasi-one-
dimensional scramjet combustor model with finite-rate chem-
istry. The fuel ignition position was accurately predicted by the
model as well as the wall pressure profiles. Tetlow and Doolan
[11] comparatively studied the performance of hydrogen and
hydrocarbon-fueled scramjet engine for orbital insertion
based on a quasi-one-dimensional model. Results showed
that the hydrogen-fuel scramjet engine outperformed the
hydrocarbon-fueled scramjet engine due to its higher specific
impulse and peak Mach number. Tomioka et al. [12] con-
ducted quasi-one-dimensional analyses with both chemical
equilibrium and finite-rate reaction to investigate the vitiation
effects on scramjet engine performance in Mach 6 flight con-
ditions. Brizer and Doolan [13] produced a quasi-one-
dimensional model of hydrogen-fuel scramjet combustor with
the assumption that the combustion was a mixing-controlled
process, based on which the computational efficiency was fur-
ther improved. Kang et al. [14] investigated the effects of flame
holder configurations on the combustion of a scramjet com-
bustor through experiments, numerical simulations, and
quasi-one-dimensional analyses. Noda et al. [15] carried out
a quasi-one-dimensional calculation to study the performance
of a supersonic combustor. Experimental results showed that
the calculated results had a reasonable accuracy. The mode-
transition equivalence ratio and the thrust performance of
the supersonic combustor were also investigated based on
the quasi-one-dimensional model. Bao et al. [16] developed
a quasi-one-dimensional model for a hydrogen-fueled regen-
eratively cooled scramjet combustor using MacCormack’s
method. Based on the model, the influence of the cooling
channel geometry, flight Mach number, and fuel equivalence
ratio on the performance of the regenerative cooling system
was investigated. Tian et al. [17] proposed a quasi-one-
dimensional analytical method with a novel model for pre-
combustion shock train, based on which different modes of a
dual-mode scramjet combustor were analyzed. The effect of
heat release distribution and engine structure on the net thrust
of the scramjet engine was also investigated [18]. Results
showed that the analytical method could be used for the opti-
mization of high-performance scramjet engines. Goel et al.
[19] adopted retrospective cost adaptive control to control
the thrust of the scramjet engine based on a quasi-one-
dimensional model. Wang et al. [20] established a quasi-one-
dimensional numerical method to simplify the unsteady
combustion and flow of the solid-fuel scramjet engine. Results
predicted by the model were in good agreement with the
experimental data. Based on the model, the parametric chang-
ing process of the combustor was calculated quickly. Smart
[21] developed a quasi-one-dimensional analysis technique
to calculate the flow through a pseudoshock. Results indicated
that the technique could predict accurately both the interac-
tion length and the pressure distribution for X-type pseu-
doshocks with Mach numbers above two. Vanyai et al. [22]
developed a novel quasi-one-dimensional model for scramjet
combustors in which the combustion process was predeter-

mined. Four ideal combustion processes occurred in the
scramjet combustor, which were comparatively analyzed.
Results showed that engines with a combination of different
combustion processes had the best performance. Cheng et al.
[23] developed a quasi-one-dimensional expansion model
coupled with wall cooling to analyze the expansion process
of scramjet engines with recuperation. Results showed that
the recuperation process by wall cooling in the nozzle could
improve the performance of the scramjet engine. Schetz et al.
[24] developed a quasi-one-dimensional model to conduct
the analysis of slot injection in hypersonic flow. Based on the
model, Kanda et al. [25] studied the effect of film cooling/
regenerative cooling on scramjet engine performance. Zuo
et al. [26] further investigated the cooling effect of the com-
bined cooling technique. Results showed that the combined
cooling technique had a good effect on reducing the engine
wall temperature; meanwhile, the flight Mach number could
be increased by nearly 8%.

For the scramjet engine designed for long-range flight,
regenerative cooling is usually employed [27]. Zhang et al.
[28] developed a quasi-one-dimensional model of a scramjet
combustor coupled with regenerative cooling. Hydrogen was
chosen as fuel in the model. Differences on mixing efficiency,
ignition delay time, heat flux, and engine performance were
observed in his study.

Zhang’s work is remarkable and meaningful. However,
hydrocarbon fuels are better fuel candidates than hydrogen
for scramjet engines. The density of a hydrocarbon is much
higher than the one of hydrogen, which means the volume of
a fuel tank of hydrocarbons is much smaller than the one of
hydrogen. Vehicles powered by hydrocarbon-fueled scram-
jet engines own less weight and drag. Hydrocarbon fuels
have the largest possibility to be fuel of scramjet engines,
and the research tendency has proven it. The vehicle X-43
A adopts hydrogen as fuel [29, 30], but the successor X-51
A uses hydrocarbon fuel as fuel [31]. So a quasi-one-
dimensional model of hydrocarbon-fueled scramjet combus-
tors coupled with regenerative cooling is necessary and
important. Such a model is developed in this work, based
on which the characteristics of a hydrocarbon-fueled regen-
eratively cooled scramjet combustor are analyzed.

2. Model of the Supersonic Combustor

The supersonic combustor model is composed of a set of
ordinary differential equations. By solving the equations,
flow variables in the combustor for certain inlet conditions
and fuel equivalence ratios can be obtained. Models of
mixing, heat transfer, and wall friction are also provided.
The mixing process of fuel and air along the combustor duct
is represented by adopting the concept of mixing efficiency.
The amount of heat transferred through the combustor wall
and the wall friction coefficient can be calculated by using
Eckert’s reference enthalpy method.

2.1. Governing Equations. The supersonic combustor model
is based on the following assumptions:
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(1) The flow is quasi-one-dimensional, and all flow
variables and the cross-sectional area of the combus-
tor duct are functions of the axial distance x along
the duct

(2) The flow is steady-state

(3) The flow is regarded as a perfect gas

The continuity equation of a steady-state flow can be
expressed in differential form as

1
_m
d _m
dx

= 1
ρ

dρ
dx

+ 1
U
dU
dx

+ 1
Acomb

dAcomb
dx

: ð1Þ

Variation in mass injection d _m/dx of fuel and cross-
sectional area dAcomb/dx of the combustor duct can be got
by providing a mass injection rate and an area profile.

Considering fuel injection and wall friction, the momen-
tum equation in differential form can be expressed as

1
p
dp
dx

+ γMa2

U
dU
dx

+
2γMa2Cf

D
+ γMa2 1 − εð Þ

_m
d _m
dx

= 0, ð2Þ

where γ is the specific heat ratio, Cf is the wall friction
coefficient, D is the hydraulic diameter of the combustor
duct, and ε is the ratio of fuel injection velocity in x direction
to main flow velocity.

Since the temperature in the combustor is very high, the
main flow behaves as a perfect gas. The differential form of
the equation of state (EoS) can be expressed as

1
p
dp
dx

= 1
ρ

dρ
dx

+ 1
T
dT
dx

−
1
Mw

dMw

dx
: ð3Þ

The mixture molecular weight Mw can be expressed in
terms of the mass friction as

Mw = 1
∑iyi/Mw,i

: ð4Þ

Expressing the mixture molecular weightMw in differen-
tial form yields

dMw

dx
= −Mw

2 〠
i

1
Mw,i

dyi
dx

 !
: ð5Þ

The mass or mole friction of species can be changed by
fuel injection and chemical reaction. The differential form
of the species conservation equation can be expressed as

dyi
dx

= _ωiMw,i
ρU

+ 1
_m
d _mi,added

dx
−
yi
_m
d _m
dx

, ð6Þ

where _ωi is the chemical production rate of species i and
_mi,added is the mass addition of species i. The first term on the
right-hand side of equation (6) represents the mass friction
change caused by chemical reaction. Fuel injection can cause

the increase in mass friction of some species and the
decrease in mass friction of other species because of the dilu-
tion effect, which are represented in the second and third
term, respectively.

By neglecting axial heat conduction, axial species diffu-
sion, and thermal radiation, the differential form of the
energy equation can be expressed as

dh
dx

= 1
_m
d∑i ho,i _mið Þadded

dx
−
qwPw

_m
−
ho
_m
d _m
dx

−U
dU
dx

, ð7Þ

where

ho = h + 1
2U

2, ð8Þ

dh
dx

=〠
i

hi
dyi
dx

+ cp
dT
dx

: ð9Þ

In equation (7), the term d∑iðho,i _miÞadded represents
total enthalpy increased by fuel injection, and the term qw
Pwdx means heat loss through the combustor wall.

Combining equation (1)–(9) gives the complete set of
ordinary differential equations for the supersonic combustor
model.

dyi
dx

= _ωiMw,i
ρU

+ 1
_m
d _mi,added

dx
−
yi
_m
d _m
dx

, ð10Þ

dMw

dx
= −Mw

2 〠
i

1
Mw,i

dyi
dx

 !
, ð11Þ

dρ
dx

= ρ
1
_m
d _m
dx

−
1
U
dU
dx

−
1

Acomb

dAcomb
dx

� �
, ð12Þ

dp
dx

= −
pU2Mw

RuT
1
U
dU
dx

+
2Cf

D
+ 1 − εð Þ

_m
d _m
dx

� �
, ð13Þ

dU
dx

= 1
α

−
1

Acomb

dAcomb
dx

+
1 + γM2 1 − εð Þ − ho/ Tcp

� �
_m

d _m
dx

(

+ 1
Tcp

−〠
i

hi
dyi
dx

+ 1
_m
〠
i

ho,i,added
d _mi,added

dx

� �" #

−
1
Mw

dMw

dx
+
2Cf U

2Mw

RuTD
−
qwPw

Tcp _m

)
,

ð14Þ
dT
dx

= T
1
p
dp
dx

−
1
ρ

dρ
dx

+ 1
Mw

dMw

dx

� �
, ð15Þ

α = 1
U

−
UMw

RuT
+ U
Tcp

, ð16Þ

ho = h + 1
2U

2: ð17Þ

In order to calculate the chemical production rates of
species, a simplified reaction mechanism including 34 steps
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with 24 species based on the mechanism proposed by Kundu
et al. [32] is used in this study.

2.2. Supersonic Mixing. In order to accurately predict the
performance of a scramjet engine, a reasonable assumption
of heat release distribution along the combustor duct is cru-
cial, which is performed by deriving a supersonic mixing
model. In the current model, the concept of mixing effi-
ciency is adopted to determine the fuel flow rate available
for combustion.

_mf c = ηm _mf , ð18Þ

where _mf c is the mass flow rate of fuel available for com-
bustion and _mf is the mass flow rate of fuel injected into the
combustor. The mixing efficiency ηm changes from zero at
the location of fuel injector to unity at a defined mixing
length Lmix. The mixing efficiency ηm and the mixing length
Lmix can be calculated by the following equations [13].

Mac =
Uf −Ua

af + aa
, ð19Þ

f Macð Þ = 0:25 + 0:75 exp −3Ma2c
� �

, ð20Þ

Lmix
df

 !
= K

f Macð Þ
ρf U f

ρaUa

� �0:5
, ð21Þ

ηm = b 1 − exp − c�xð Þd
� 	� 	

, ð22Þ

�x =
x − Linj
Lmix

, ð23Þ

where U f , af , and ρf are velocity, sound speed, and den-
sity of fuel at the outlet of the fuel injector which can be
obtained by the model of the fuel injector, respectively. Var-
iables Ua, aa, and ρa are velocity, sound speed, and density
of the main flow at the location of the fuel injector, respec-
tively. According to [13], values of constants in equation
(22) are as follows: b = 1:06492, c = 3:69639, and d =
0:80586. The value of constant K for strut-injected scramjet
engines is 390. The fuel flow rate available for combustion
can be obtained by the above mixing model.

2.3. Calculation of the Heat Flux and the Wall Frication
Coefficient. Accurate calculation of the heat flux through
the combustor wall is important because it can simulta-
neously affect the flow parameters in the combustor and
cooling channel. Eckert’s reference enthalpy method [4] is
adopted in this study. The density of heat flux through the
combustor wall and the wall friction coefficient can be calcu-
lated by the following equations.

h∗ = h + hw
2 + 0:22r U

2

2 , ð24Þ

r =
ffiffiffiffiffiffiffi
Pr∗3

p
=

ffiffiffiffiffiffiffiffiffi
μ∗c∗p
λ∗

3
r

, ð25Þ

qw = 0:0287pUMw haw − hwð Þ
RuT

∗Pr∗0:4Re∗0:2x

, ð26Þ

haw = h + U2

2 , ð27Þ

Re∗x =
pUMwx
RuT

∗μ∗
, ð28Þ

Cf =
0:0574
Re∗0:2x

T
T∗ , ð29Þ

where the variables with superscript ∗ are calculated
with the reference temperature T∗. The reference tempera-
ture T∗ can be obtained by iterative calculation from equa-
tions (24) and (25).

3. Model of the Cooling Channel and the
Fuel Injector

The model of the cooling channel is similar to the one of the
supersonic combustor, except for the complexity caused by
the thermodynamic properties of real gases. Since the flow in
the cooling channel is subsonic, the flow variables in the cool-
ing channel are solved together with the fuel injector to offer
boundary conditions for the supersonic combustor. For sim-
plicity, an isentropic sonic fuel injector is used in this study.

3.1. Thermodynamic Property Calculation of a
Multicomponent Mixture

3.1.1. Density Calculation of a Multicomponent Mixture. In
this study, the RK-PR equation is chosen as the EoS
(Equation of State) of real gases. Since the cracking products
of fuel contain a lot of species, the EoS must be extended to
satisfy the density calculation of a multicomponent mixture.
Here, by assuming the multicomponent mixture to be a
single-component gas, its density can be calculated by the
following mixing rules [33]:

aα = 〠
N

i=1
〠
N

j=1
xixjaijαij, ð30Þ

b = 〠
N

i=1
xibi, ð31Þ

δ1 = 〠
N

i=1
xiδ1,i, ð32Þ

δ2 =
1 − δ1
1 + δ1

, ð33Þ

aijαij =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aiajαiαj

p 1 − κij
� �

, ð34Þ
where κij is an empirical parameter of binary interaction

between species i and j. For hydrocarbons, it takes a value of
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0. For a mixture containing hydrogen, it needs to change the
value of the critical compressibility factor of hydrogen to
0.2897 in the calculation of δ1,H2

, or no real solution will
be got [34].

3.1.2. Thermodynamic Property Calculation Based on the
EoS. The thermodynamic properties of a real gas can be

obtained by modifying the corresponding values of an ideal
gas. Here, the modification is accomplished by applying
the general relations of thermodynamic properties of real
gases [35]. The final mathematic formulas of thermody-
namic properties of a real gas are listed as follows:

3.2. Governing Equations for the Cooling Channel. The
model of the cooling channel is based on the following
assumptions:

(1) The flow is quasi-one-dimensional, and all flow var-
iables and the cross-sectional area of the cooling
channel are functions of the axial distance x along
the duct

(2) The flow is steady-state

(3) The flow is a reacting flow

(4) The working medium is regarded as a real gas

The differential form of the continuity equation is shown
as follows:

1
ρ

dρ
dx

+ 1
U
dU
dx

+ 1
Ac

dAc

dx
= 0: ð42Þ

The momentum equation can be expressed in differen-
tial form as

_mf
dU
dx

+ Ac
dp
dx

+ 1
2
f
Dr

_mfU = 0, ð43Þ

where f is the drag coefficient of the cooling channel
which can be predicted by the Colebrook method shown in

1ffiffiffi
f

p = −2lg Δ/Dr

3:7 + 2:51
Re

ffiffiffi
f

p
 !

: ð44Þ

In the cooling channel, fuel behaves as a real gas whose
state is described by the RK-PR equation in this study. The
EoS in differential form can be expressed as

dp
dx

= �A
dρ
dx

+ �B
dT
dx

+ �C
dMwf

dx
+ �D〠

N

i=1
bi
dxi
dx

+ �E〠
N

i=1

ffiffiffiffiffiffiffiffi
aiαi

p dxi
dx

+ �F〠
N

i=1
δ1,i

dxi
dx

,
ð45Þ

where

�A =
RuTMwf

Mwf − bρ
� �2 −

2aαρMwf
2 + δ1 + δ2ð Þaαbρ2Mwf

Mwf + δ1bρ
� �2

Mwf + δ2bρ
� �2 ,

ð46Þ

em = em,0 +
1

δ1 − δ2ð ÞbMw
T

∂aα
∂T

� �
− aα

� �
ln Mw + δ1bρ

Mw + δ2bρ

� �
, ð35Þ

hm = em + p
ρ
, ð36Þ

cv,m = cv,m,0 +
T

δ1 − δ2ð ÞbMw

∂2aα
∂T2

 !
ln Mw + δ1bρ

Mw + δ2bρ

� �
, ð37Þ

cp,m = cv,m + T
ρ2

ρRu/ Mw − bρð Þð Þ − ∂aα/∂Tð Þ ρ2/ Mw + δ1bρð Þ Mw + δ2bρð Þ� �� �2
MwRuT/ Mw − bρð Þ2� �

− aαρMw 2Mw + δ1 + δ2ð Þbρ½ �/ Mw + δ1bρð Þ2 Mw + δ2bρð Þ2� �
( )

, ð38Þ

γm =
cp,m
cv,m

, ð39Þ

sm = sm,0 +
Ru

Mw
ln 1 − bρ

Mw

� �
−

Ru

Mw
ln ρ

ρ0

� �
+ ∂aα

∂T

� � 1
δ1 − δ2ð ÞbMw

ln Mw + δ1bρ
Mw + δ2bρ

� �
, ð40Þ

sm,0 = 〠
N

i=1
s°0,i −

Ru

Mw,i
ln xip

p°

� �� �
yi: ð41Þ
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�B = Ruρ

Mwf − bρ
−

ffiffiffiffiffi
aα

p
ρ2

Mwf + δ1bρ
� �

Mw f + δ2bρ
� �〠N

i=1

ffiffiffiffi
ai

p
xiffiffiffiffi
αi

p ∂αi
∂T

, ð47Þ

�C =
2aαρ2Mwf + δ1 + δ2ð Þaαbρ3
Mwf + δ1bρ
� �2

Mwf + δ2bρ
� �2 −

ρRuT

Mwf − bρ
� �2 , ð48Þ

�D = ρ2RuT

Mwf − bρ
� �2 +

δ1 + δ2ð Þaαρ3Mwf + 2δ1δ2aαbρ4

Mwf + δ1bρ
� �2

Mwf + δ2bρ
� �2 , ð49Þ

�E = −2 ffiffiffiffiffi
aα

p
ρ2

Mwf + δ1bρ
� �

Mwf + δ2bρ
� � , ð50Þ

�F =
aαbρ3 Mwf + δ2bρ

� �
− 2 Mwf + δ1bρ
� �

/ 1 + δ1ð Þ2� �
Mwf + δ1bρ
� �2

Mwf + δ2bρ
� �2 , ð51Þ

dxi
dx

=
Mwf

Mw,i

dyi
dx

+ yi
Mw,i

dMwf

dx
: ð52Þ

The differential form of the mixture molecular weight
Mwf can be expressed as

dMwf

dx
= −Mwf

2 〠
i

1
Mw,i

dyi
dx

 !
: ð53Þ

The differential form of the species conversation equa-
tion can be expressed as

dyi
dx

= _ωiMw,iAc

_mf
, ð54Þ

where _ωi is the chemical production rate of species i.
The differential form of the energy equation is shown in

equation (55). The three terms of the right-hand side of
equation (55) represent the influence of temperature, pres-
sure, and species on the enthalpy of mixture, respectively.

dh
dx

= BT
dT
dx

+ Bp
dp
dx

+ 〠
N−1

i=1
Byi

dyi
dx

, ð55Þ

where

BT = cv,m + T
ρ2

∂p/∂Tð Þ2ρi
∂p/∂ρð ÞT ,yi

 !
= cp,m, ð56Þ

Bp =
1
ρ
−

T
ρ2

∂p/∂Tð Þρi
∂p/∂ρð ÞT ,yi

 !
, ð57Þ

Byi
= ~ei −~eNð Þ + T

ρ

∂p
∂ρi

� �
T,ρ j≠i

−
∂p
∂ρN

� �
T ,ρ j≠N

" #
∂p/∂Tð Þρi
∂p/∂ρð ÞT ,yi

, ð58Þ

~ei =
∂ρe
∂ρi

� �
T,ρ j≠i

= e0,i +
2

δ1 − δ2ð ÞbMw,i

� 〠
j

xj T
∂ aijαij
� �
∂T

− aijαij

 !" #
ln

Mwf + δ1bρ

Mwf + δ2bρ

 !

+ bi
δ1 − δ2ð ÞbMw,i

T
∂ aαð Þ
∂T

− aα
� �

� δ1 − δ2ð ÞρMwf

Mwf + δ1bρ
� �

Mwf + δ2bρ
� � − 1

b
ln

Mwf + δ1bρ

Mwf + δ2bρ

 !" #
,

ð59Þ

∂p
∂ρi

� �
T,ρ j≠i

=
Mwf RuT

Mw,i Mwf − bρ
� �2 Mwf + ρ bi − bð Þ� �

−
2ρMwf∑jxjaijαij

Mw,i Mwf + δ1bρ
� �

Mwf + δ2bρ
� �

+
aαρ2MwfDd

Mw,i 1 + δ1ð Þ Mwf + δ1bρ
� �2

Mwf + δ2bρ
� �2 ,

ð60Þ

Dd = ρ b2δ1,i δ2 − δ1ð Þ + 2bδ1δ2bi 1 + δ1ð Þ − b2δ1 δ2 − δ1ð Þ� �
+Mwf −bδ1,i δ2 − δ1ð Þ + 1 + δ1ð Þ δ2 + δ1ð Þbi + bδ1 δ2 − δ1ð Þ½ �:

ð61Þ

The complete set of ordinary differential equations for
the cooling channel model is shown as follows:

dyi
dx

= _ωiMw,iAc

_mf
, ð62Þ

dMwf

dx
= −Mwf

2 〠
i

1
Mw,i

dyi
dx

 !
, ð63Þ

dU
dx

=
f _mfU BT + �BBp

� �
/2DrAcBT

� �
− �Aρ/Ac

� �
dAc/dxð Þ + �C dMwf /dx

� �
+ �D∑N

i=1bi dxi/dxð Þ + �E∑N
i=1

ffiffiffiffiffiffiffiffi
aiαi

p
dxi/dxð Þ + �F∑N

i=1δ1,i dxi/dxð Þ + �BqwPw/BT _mf

� �
− �B/BT

� �
∑N−1

i=1 Byi
dyi/dxð Þ

h i
�BU/BT

� �
+ �Aρ/U
� �

− BT + �BBp

� �
_mf /BTAc

� �� � , ð64Þ

dp
dx

= −
f _mfU

2DrAc
−

_mf

Ac

dU
dx

, ð65Þ

dρ
dx

= −
ρ

U
dU
dx

−
ρ

Ac

dAc

dx , ð66Þ

dT
dx

= qwPw

BT _mf
−

Bp

BT

dp
dx

−
1
BT

〠
N−1

i=1
Byi

dyi
dx

−
U
BT

dU
dx

: ð67Þ
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A two-step global reaction mechanism [36] based on the
mechanism proposed by Ward et al. [37] is adopted to calcu-
late the chemical production rates of species in the cooling
channel in this study.

3.3. Equations for the Fuel Injector. It is assumed that fuel is
isentropically accelerated to sonic speed in the fuel injector.
By ignoring changes in fuel compositions, equations for
the fuel injector are listed as follows:

ho = hf ,2 +
1
2U

2
f ,2 = hf ,cr +

1
2 a

2
f ,cr , ð68Þ

sf ,2 = sf ,cr , ð69Þ
_mf = ρf ,2Uf ,2Ac,2 = ρf ,craf ,crAcr , ð70Þ

hf = h T f , pf
� 	

, ð71Þ

ρf = ρ T f , pf
� 	

, ð72Þ

af =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cpf
cvf

∂pf
∂ρf

 !
T ,yi

vuut , ð73Þ

where ho is the total enthalpy of fuel, Acr is the outlet
area of fuel injector, and af is the sound speed of fuel.
Because of the complexity of the RK-PR equation, the above
equations need to be solved iteratively. Newton’s iteration
method is used in this study.

3.4. Calculation of the Wall Temperatures. Heat is trans-
ferred from the combustor wall to the cooling channel wall
by heat conduction and then transferred to the fuel in the
cooling channel by forced heat convection. The key to a heat
convection problem is to calculate the convective heat trans-

fer coefficient which relies on the heat transfer correlation.
The heat transfer correlation of fuel in the cooling channel
in this study [38] is shown in equation (74). The convective
heat transfer coefficient can be calculated by equation (75).

Nuf = 0:027 Re0:8f Pr0:33f

μf

μw

� �0:14
, ð74Þ

hc =
Nuf λf

Dr
, ð75Þ

where Nuf , Ref , and Prf are the Nusselt number,
Reynolds number, and Prandtl number of fuel, respectively.
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Variables μf and λf are viscosity and thermal conductivity
of fuel, respectively, which can be calculated by the method
proposed by Tong [39]. Variable μw is the viscosity of fuel
adjacent to the cooling channel wall. Variable Dr is the
hydraulic diameter of the cooling channel. After the wall
temperature of cooling channel is obtained, wall temperature
on the combustor side can be calculated by heat conduction
through the combustor wall.

4. Solution Methodology

In the previous sections, different parts of a regeneratively
cooled scramjet combustor are modeled separately. But in

reality, these parts are coupled together physically. The
coupling relationship of core variables between these parts
was analyzed clearly by Zhang et al. [28]. The solution
methodology proposed by Zhang et al. [28] is also adopted
in this study.

Because of the time scales of chemical reactions, govern-
ing equations for the supersonic combustor and the cooling
channel are stiff ordinary differential equations mathemati-
cally. The SUNDIALS code, a stiff ordinary differential equa-
tion solver developed by the Lawrence Livermore National
Laboratory [40], is used to solve the governing equations
in this study.

5. Verification

5.1. Verification of the Thermodynamic Property Calculation
Method. The thermodynamic property calculation method is
verified by comparing the computational results with the
data offered by REFPROP software which is provided by
NIST (National Institute of Standards and Technology).
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Figure 7: Geometry configuration of the HyShot II scramjet
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Figure 5: Comparison of enthalpies of n-decane under different
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As shown in Figures 1–6, computation accuracies of
thermodynamic properties such as density, enthalpy, and
constant-pressure specific heat capacity are very high. Relatively
large computational errors occur near the critical temperature
of n-decane. However, this appears in a narrow temperature
range. As a whole, the computational accuracies of the thermo-
dynamic property calculation method are acceptable.

5.2. Verification of the Supersonic Combustor Model. The
supersonic combustor model is verified by experimental
results for both hydrogen and hydrocarbon-fueled scramjet
combustors. The reason is that in a regeneratively cooled
scramjet engine, fuel injected into the combustor is a mix-
ture containing both small-molecule gases, such as hydrogen
and methane, and long chain hydrocarbons.

Firstly, flight data of the HyShot II scramjet flight exper-
iment [7] are adopted to verify the model. The combustor
configuration is shown in Figure 7. Hydrogen is injected into
the combustor at a location 58mm from the combustor
inlet. Conditions with fuel injection and without fuel injec-

tion are verified. A constant combustor wall temperature of
1200K is assumed during the calculation. Figure 8 displays
the computational results as well as the experimental data.

Then, the model is verified by experimental results
obtained by the research group of Professor Bao at Harbin
Institute of Technology (HIT) [41]. The combustor configu-
ration is shown in Figure 9. The scramjet combustor is
kerosene-fueled and strut-injected. Experiments were taken
at a direct-connected supersonic combustion test bench.
The fuel equivalence ratio is 0.3. Computational results
and experimental data are displayed in Figure 10.
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As shown in Figures 8 and 10, the model has a reason-
able accuracy for both hydrogen and hydrocarbon-fueled
scramjet combustors.

5.3. Verification of the Cooling Channel Model. Verification
of the cooling channel model is accomplished by comparing
the computational results with the experimental data
reported in [42]. As reported in the literature, an electric
heating tube test bench which could generate constant heat
flux was built to conduct the experiments. n-Decane is used
as a coolant. As shown in Figure 11, the computational
results are in good agreement with the experimental data,
which means that the cooling channel model has a reason-
able accuracy.

6. Results and Discussion

The flow processes that happened in a regeneratively cooled
scramjet combustor are really complex. Firstly, the flow pro-
cesses that occurred in the supersonic combustor are com-
plicated, which involve mass addition, supersonic mixing,
chemical reaction, wall friction, heat transfer, etc. Secondly,
the supersonic combustor is coupled with the cooling chan-

nel, which means that the flow processes happened in the
supersonic combustor and the cooling channel interacts
with each other. Finally, the fuel in the cooling channel will
go through various processes, including supercritical flow
and chemical reaction. So it is valuable to research the char-
acteristics of a regeneratively cooled scramjet combustor.

The geometry of the supersonic combustor is shown in
Figure 12. The duct is composed of a constant cross-
sectional area part followed by a diverging part. The sizes
are clearly labeled in the figure. n-Decane is used as fuel
instead of hydrogen. The fuel equivalence ratio is 1, and
the fuel temperature is 280K. The inlet conditions are the
same as before. The characteristics of the supersonic
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combustor are studied under three different boundary con-
ditions: (1) the combustor wall with constant temperature
of 1200K, (2) the combustor with the adiabatic wall, and
(3) the combustor with regenerative cooling. For simplicity,
conditions 2 to 3 are referred to as CT, AW, and RC, respec-
tively. In the case of CT, the heat transferred through the
combustor wall is not recovered and dissipated to the sur-
roundings. In the three cases, the mixing length is 1.5m in
the calculation of mixing efficiency.

The distributions of temperature, pressure, Mach num-
ber, and combustion efficiency along the combustor duct
are displayed in Figures 13–16, respectively. Computational
results of the three conditions are presented in each figure,
where the combustion efficiency is defined as the ratio of
the sum of mole friction of H2O and CO2 of real combustion
products to that of ideal combustion products, as shown in

ηC =
xH2O + xCO2

xH2O + xCO2

� �
ideal

: ð76Þ

As shown in the figures, the ignition delay time in RC is
the shortest among the three conditions. The ignition happens
in the constant cross-sectional area part of the combustor.
This is because the temperature and species of fuel change
dramatically owing to the regenerative cooling process. High
temperature and small molecule gases are beneficial to the
ignition process. For the other two conditions under which
the cold fuel is directly injected into the combustor, the
ignition occurs in the diverging part of the combustor. In
CT, because of heat dissipation, the ignition delay time and
the ignition distance are the longest, which results in the
lowest peak pressure compared to other two conditions.

From the viewpoint of energy conservation, energy is
conserved in RC and AW, but dissipated in CT, which can
be reflected by the temperature and Mach number of the

combustor outlet. In CT, the temperature and Mach number
of the combustor outlet are the lowest, which results from
the dissipation of energy. In RC, the temperature of the com-
bustor outlet is lower than the one in AW. However, the
Mach number of the combustor outlet is higher than the
one in AW. This means that more thermal energy of gases
is converted into kinetic energy in RC, which is one of the
advantages of regenerative cooling.

Combustion efficiencies at the combustor outlet under the
three conditions are nearly the same, which is about 70%. Due
to the different ignition delay time, the combustion efficiency
distributions along the combustor duct are different.
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The distributions of wall heat flux are displayed in
Figure 17. As shown in the figure, wall heat flux in RC is
much higher than the one in CT, which is one of the features
of regeneratively cooled scramjets. Owing to the regenerative
cooling, the wall temperature in RC is lower than the one in
CT which results in a higher wall heat flux. The distributions
of wall temperature and fuel temperature are presented in
Figure 18. At the inlet of the cooling channel, the wall tem-
perature is significantly below the limit temperature of the
material because of the regenerative cooling. With fuel flow-
ing through the cooling channel, the fuel temperature and
the wall temperature increase gradually until the material
was burned up or the coke of fuel formed. The distributions
of mass fraction of fuel along the cooling channel are dis-
played in Figure 19. With the fuel temperature increasing,
the thermal cracking reactions gradually occur and the mass
fraction of fuel gradually decreases.

7. Conclusion

A quasi-one-dimensional model of hydrocarbon-fueled
scramjet combustors coupled with regenerative cooling has
been developed to analyze the characteristics of the regen-
eratively cooled scramjet combustors. The model is com-
posed of a supersonic combustor model with finite-rate
chemistry and a cooling channel model with real gas work-
ing medium. By applying appropriate solution methodology,
flow variables of the supersonic combustor and cooling
channel can be calculated, based on which the characteristics
of the regeneratively cooled scramjet combustor are studied.
Examples of hydrocarbon-fueled scramjets with strut injec-
tors were taken under the flight Mach number of 8 at
30 km. Three cases were comparatively studied: (1) scramjet
combustor with the isothermal wall, (2) scramjet combustor
with the adiabatic wall, and (3) scramjet combustor with
regenerative cooling. The ignition delay time of the scramjet
combustor with regenerative cooling is the shortest because
the small molecule products have lower activation energy.
Compared with the scramjet combustor with the isothermal

wall, heat flux of the scramjet combustor with regenerative
cooling increases significantly. This new model can give a
relatively reasonable description of the flow phenomenon
involved in the hydrocarbon-fueled regeneratively cooled
scramjet engine. Further work such as optimization of
engine configuration and performance will be continued
based on it.

Nomenclature

A: area (m2)
a: Sound speed (m/s)
Cf : Wall friction coefficient
cp: constant pressure specific heat (J/kg/K)
cv: constant volume specific heat (J/kg/K)
D: Hydraulic diameter (m)
e: Specific internal energy (J/kg)
f : Drag coefficient
h: Specific enthalpy (J/kg)
hc: Convective heat transfer coefficient
ho: Total specific enthalpy (J/kg)
Lmix: Mixing length (m)
Ma: Mach number
Mw: Molar mass (kg/mol)
Mw: Mean molar mass (kg/mol)
_m: Mass flow rate (kg/s)
Nu: Nusselt number
P: Pressure (Pa)
Pr: Prandtl number
Pw: Perimeter (m)
qw: Density of heat flux (W/m2)
Re: Reynolds number
Ru: Universal gas constant (J/mol/K)
s: Specific entropy (J/kg/K)
T : Temperature (K)
U : Velocity (m/s)
x: Location along the duct (m)
y: Mass fraction
Φc: Heat flow through the wall (W)
γ: Specific heat ratio
ε: The ratio of velocity in x direction to velocity

magnitude
ηm: Mixing efficiency
θ: Thickness of the combustor wall (m)
λ: Thermal conductivity (W/m/K)
μ: Viscosity (Pa/s)
ρ: Density (kg/m3)
_ω: Molar production rate (mol/m3/s).

Subscripts

0: Evaluated at 1 atm
c: Cooling channel
comb: Combustor
f : Fluid in the cooling channel
i: Species i
m: Mixture
w: Wall condition on the combustor side
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Figure 19: Distributions of fuel mass fraction along the cooling
channel.
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wc: Wall condition on the cooling side.

Superscripts

∗: Evaluated at reference temperature.
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