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This work numerically simulates the natural vibration response of rotating piezoelectric functionally graded (FG) beams resting
on two-parameter elastic mediums. This is a common kind of design seen in reality, such as marine engine gas turbine blades,
rotating railway bridges, and helicopter rotors, where these components may be thought of as beam models rotating around a
fixed axis. For the first time, this study uses the finite element method (FEM) in conjunction with Reddy’s theory of high-order
shear deformation to model the vibration response of a beam rotating around one fixed axis. The present theory eliminates the
necessity for shear correction factors while precisely describing the structure’s mechanical response. The piezoelectric layers are
firmly connected to the top and bottom surfaces of the beam, while the core layer is composed of the FG material, whose
material and physical characteristics are expected to gradually change along the thickness direction of the beam in accordance
with a power law function as the thickness of the beam is increased. This study is conducted to determine the influences of the
structure’s geometric and material characteristics on the beam’s free vibration behavior, including the rotational speed, distance
between the fixed axis and beam endpoint, thickness of piezoelectric layers, and elastic foundation parameters, among other
things. Due to the obvious calculation results, the free vibration response of this structure can be easily seen by readers, which
serves as a foundation for its design and use in engineering practice.

1. Introduction

Functionally graded materials (FGM) are the smart and
advanced materials made by Japanese scientists in the
1980s. Because they are formed from two or more different
materials, they have full advantages over the component
materials. The most common type of FGM is made of
ceramic and metal, while beam, plate, and shell structures
made of FG material store many features that increase the
efficiency of these structures such as high strength, resistance
to friction and abrasion, good heat resistance, and being dif-
ficult to crack. The study of the mechanical responses of
these components is interested in researching the scientific

community [1–5]. Besides, to increase the efficiency of use
for structures made of FG materials, scientists also consider
the addition of piezoelectric layers, where the piezoelectric
effect produces special effects that are much more prominent
without the piezoelectric layer.

Beams made of FG materials with piezoelectric layers are
widely used in technical practice and play a significant role
in the field. As a consequence, experts all around the globe
have been doing research into FG beam structures, as well
as piezoelectric FG beams, with remarkable results. In their
study, Zhao et al. [6] used strain gradient theory and
Euler-Bernoulli beam theory to investigate the effects of
porosity and flexoelectricity on the static bending and free
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vibration of porous axially functional gradient piezoelectric
nanobeams with axially functional gradient piezoelectric
properties. Nan et al. [7] explored the static bending and free
vibration analysis of porous functionally graded piezoelectric
nanobeams utilizing the electric enthalpy variation and
Hamilton’s principle, as well as differential equations for
regulating the bending and free vibration. Using an analyti-
cal method, Singh and Kumari [8] investigated the free
vibration analysis of axially functionally graded beams that
were integrated with piezoelectric layers and subjected to
arbitrarily supported boundary conditions in a free-falling
state. Larkin and colleagues [9] used the modified couple
stress theory to investigate the impact of small-scale phe-
nomena on the natural frequencies and power density of
macro- to nanoscale functionally graded energy harvesters
with beam lengths ranging from 62.5mm to 6.25m. They
found that the natural frequencies and power density of
the harvesters were affected by small-scale phenomena. A
two-node efficient finite element model combining layer-
wise mechanics was used by Yasin and colleagues [10] to
assess the active vibration stabilization of piezoelectric func-
tionally graded beams. A functionally graded porous piezo-
electric sandwich nanobeam reinforced by graphene
platelets was investigated by Chen et al. [11] using the
Euler-Bernoulli beam theory and a differential quadrature
technique in order to capture the effect of flexoelectricity
on the vibration responses of the nanobeam. Askari and col-
leagues [12] used the classical, first-order, and higher-order
beam theories to analyze the natural frequencies of FG
porous beams combined with transverse and shear piezo-
electric layers under electrical conditions of short circuit
and open circuit.

The rotor of a helicopter, railway track in the turning
position, and other elements may be represented as a
beam moving around a fixed axis, as can be seen in the
illustration. Additionally, mechanical behavior research
on these rotating beam constructs is being carried out,
with early results having already been published. By
improving the geometry of rotating beams, Gunjal and
Dixit [13] investigated the lowest vibration states of rotat-
ing beams. Simulation of the rotating beam was carried
out using the finite-element method, and optimization
of the working process was conducted out using sequen-
tial quadratic programming. A rotating nanobeam was
explored by Pradhan and Murmu [14] utilizing Eringen’s
nonlocal elasticity theory as well as a single nonlocal
beam element to determine its mechanical response. A
method known as differential quadrature was used in this
investigation. For their study of the free vibration
response of a rotating FG beam, Li and colleagues [15]
utilized a dynamic model that took the influences of
stretching and bending into consideration. With the use
of Euler-Bernoulli, Timoshenko, and finite element beam
theories, Amir and colleagues [16] examined the topic
of lead-lag vibration in rotating microbeams utilizing
rotating microbeams. [17] explored the influences of frac-
tures on the free vibration behavior of a rotating
Bernoulli-Euler beam utilizing a unique numerical meth-
odology that allowed for the straightforward computation

of these effects using the transfer matrix method, as
developed by Jung-Woo and Jung-Youn. Das [18] used
the Ritz approach to compute the mechanical reaction
of rotating FG beams based on the Timoshenko beam
element theory, while also accounting for the Coriolis
acceleration. A rotating cantilever beam exposed to mag-
netic excitations was investigated by Xu and colleagues
[19] using the Hamilton principle and the Galerkin tech-
nique. The flow model and vibration suppression of the
cantilever beam were investigated. Alireza and Cai [20]
conducted a research of the free vibration response of a
spinning rod utilizing Eringen’s nonlocal elasticity to pro-
pose a solution. Liang et al. [21] investigated the free
vibration control of a rotating piezoelectric FG beam
under temperature settings by using high-order coupling
models. A method for capturing the free vibration
response of rotating microbeams composed of multilay-
ered composite components with initial geometrical
defects was proposed by Dejin and colleagues [22]. The
method was based on a combination of the Timoshenko
beam and a remodified couple stress theory, which was
modified to account for initial geometrical defects.
Researchers Atanasov and Stojanović [23] examined the
free vibration of rotating nanobeams utilizing a variety
of methods including the Euler beam, the Bernoulli-
nonlocal Eringen’s elasticity theories, and the Galerkin
technique. A large number of different parameter experi-
ments were carried out. Mai et al. [24] evaluated
mechanical behaviors of hybrid sandwich plates experi-
mentally. It has recently been used in studies [25–28]
and [29] to examine the mechanical behavior of beam
and plate structures when rotated. The authors of the
work [30] researched the mechanical response of plates
while considering temperature and numerous theories.
Scientists have studied the mechanical behavior of plate
and beam constructions [31–49].

According to the summary above, no papers exist on
the rotating piezoelectric FG beams resting on two-
parameter elastic foundations with a higher-order theory.
Thus, this paper will use a combination of the FEM and
Reddy’s third-order shear deformation theory (TSDT) to
numerically model the free vibration responses of this kind
of structure. The suggested method is straightforward,
since there are no shear correction variables, and it is sim-
ple to construct the stress and strain relations, while yet
accurately modeling the mechanical processes. The com-
putational findings presented in this study will provide a
solid foundation for the design and use of rotating beam
constructions incorporating piezoelectric layers, such as
propeller rotors, gas turbine rotors, and rotating railway
bridges.

The remainder of this work is arranged in the following
manner. Section 2 offers a finite element model of the rotat-
ing piezoelectric FG beam based on Reddy beam theory,
which takes into consideration the effects of the two-
parameter elastic basis on the beam’s rotational characteris-
tics. Section 3 includes instances of verification to demon-
strate the suggested approach and mechanical models’
correctness. Section 4 contains numerical findings and
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comments. Section 5 summarizes various novel points made
in this study.

2. Finite Element Formulations of the Rotating
Piezoelectric FG Beam Based on Reddy High-
Order Shear Deformation Theory

This paper focuses on a FG beam rotating at a constant
speed around a fixed axis Ω (see Figure 1). The length L,
the breadth b, and the depth h of the beam are its geometrical
dimensions, whereas the distance between the beam’s termi-
nus and the fixed axis is r. The beam is supported by Paster-
nak’s elastic foundation with two parameters, kw anηd ks.

The structure’s core layer is composed of metal (desig-
nated by m) and ceramic (designated by c), with the corre-
sponding material volume ratios of Vm and Vc. According
to the following power law function [1, 50–55], the material
ratio of ceramic and metal changes in the depth direction of
the core component:

Vc =
z
h
+ 1
2

� �n

; Vm = 1 −Vc, where n ≥ 0, ð1Þ

where z is the thickness coordinate variable associated with
−h/2 ≤ z ≤ h/2 and n is the volume fraction index and its
variation.

With the above-mentioned changing law of the material
ratio, Young’s modulus E, Poisson’s ratio ν, and density ρ are
all functions of the power law dismemberment as follows [1]:

E zð Þ = Em + Ec − Emð Þ 1
2 + z

h

� �n

,

ρ zð Þ = ρm + ρc − ρmð Þ 1
2 + z

h

� �n

,

ν zð Þ = νm + νc − νmð Þ 1
2 + z

h

� �n

:

ð2Þ

This studymakes use of the TSDT in order to develop finite
element formulas for estimating the free vibration response of a
rotating piezoelectric FG beam, which are then implemented in
numerical simulations. Because of this, the displacement com-
ponents at any location with coordinates ðx, y, zÞ inside the
structure have the following form [1], which is presented as fol-
lows:

u x, zð Þ = u0 x, 0ð Þ + zβx −
4
3h2

z3 βx +
∂w0
∂x

� �
,

w x, zð Þ =w0 x, 0ð Þ,

8><
>: ð3Þ

where u0ðx, 0Þ and w0ðx, 0Þ are the displacements along the
beam’s midaxis and u and w are the movement components
along the x- and z-axes at any location using the point ðx, zÞ.

The strain field is then expressed as follows:

εxx =
∂u
∂x

= ∂u0
∂x

+ z
∂βx

∂x
+ −4z3

3h2
∂βx

∂x
+ ∂2w0

∂x2

 !
= ε0x + zε1x + z3ε3x,

γxz = βx +
∂w0
∂x

+ z2
−4
h2

βx +
∂w0
∂x

� �
= γ0xz + z2γ2xz ,

ð4Þ

in which, the strain components are defined as follows:

ε0x =
∂u0
∂x

, ε1x =
∂βx

∂x
, ε3x =

−4
3h2

∂βx

∂x
+ ∂2w0

∂x2

 !
, γ0xz

= βx +
∂w0
∂x

, γ2xz =
−4
h2

βx +
∂w0
∂x

� �
:

ð5Þ

The normal and shear stress components of the FGM
core layer of the beam are calculated based on Hooke’s law
as follows:

σF
xx = E zð Þεxx,

τFxz =
E zð Þ

2 1 + ν zð Þð Þ γxz:

8><
>: ð6Þ

It is possible to describe the linear piezoelectric coupling
between the elastic field and an electric field using the direct
and reverse piezoelectric equations for the sensor and actua-
tor layers, and the stress-strain relationship can be stated as
follows [56, 57] for the sensor and actuator layers:

σp
x = Epεxx − e31Ev,

τpxz = Gpγxz ,
Dp = e31εxx + p33Ev,

8>><
>>: ð7Þ

where Ep and νp are, respectively, elastic modulus and Pois-
son’s ratio of sensor and actuator layers, Dp is the electric
displacement component, e31 denotes the piezoelectric stress
coefficient, and p33 is the dielectric coefficient. In this study,
the influence of the electric field is considered only in the
depth direction of the structure. Ev is the electric compo-
nent, which can be calculated through the change of voltage
as [58]

Ev =
−ϕ
hp

, ð8Þ

where hp is the depth of actuator and sensor layers (hp = ha,
hp = hs).

The energy of the piezoelectric FG beam resting on Pas-
ternak’s elastic medium is calculatedastic medium is
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calculated as

UEdS= 1
2

ð
S

〠
i

ðhi+1
hi

σF
xx + σpxx

� �T
εxx + τFxz + τpxz

� �T
γxz � Dpf gTEv

� �
dz

 !

= 1
2

ð
S

〠
i

ðhi+1
hi

εT0xE zð Þε0x + εT0xzE zð Þε1x + εT0xz
3E zð Þε3x

+ εT1xE zð Þzε0x + εT1xE zð Þz2ε1x + εT1xE zð Þz4ε3x
+ εT3xE zð Þz3ε0x + εT3xE zð Þz4ε1x + εT3xE zð Þz6ε3x

+ εT0xEpε0x + εT0xzEpε1x + εT0xz
3Epε3x

+ εT1xEpzε0x + εT1xEpz
2ε1x + εT1xEpz

4ε3x

+ εT3xEpz
3ε0x + εT3xEpz

4ε1x + εT3xEpz
6ε3x

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
dz

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
dS

+ 12

ð
S

〠
i

ðhi+1
hi

�e31Evε0x � e31Evzε1x � e31Evz
3ε3x

�εT0xe31Ev � εT1xze31Ev � εT3xz
3e31Ev

�Evp33Ev

0
BB@

1
CCAdz

0
BB@

1
CCAdS

+ 1
2

ð
S

〠
i

ðhi+1
hi

γT0xz
E zð Þ

2 1 + v zð Þð Þ
� �

γ0xz + γT0xzGpγ0xz

+ γT0xz
E zð Þ

2 1 + v zð Þð Þ z
2γ2xz + γT0xzGpz

2γ2xz

+ γT2xz
E zð Þ

2 1 + v zð Þð Þ z
2γ0xz + γT2xzGpz

2γ0xz

+ γT2xz
E zð Þ

2 1 + v zð Þð Þ z
4γ2xz + γT2xzGpz

4γ2xz

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
dS

+ 1
2

ð
S

kww
2 + ks

∂w
∂x

� �2
 !

dS + b
ð
L
wTPLdx:

ð9Þ

where kw and ks are the two parameters of the medium, b is
the beam’s width, and PL is the external force operating on
the beam.

The FG beam rotates along an axis Ω; therefore, the
potential energy generated by the structure is computed as
follows [22, 59]:

UR = 1
2

ð
L

Fη xð Þ ∂w
∂x

� �2
 !

dx, ð10Þ

where centrifugal force Fη is defined in the following form
[22]:

Fη = b〠
i

ðhi+1
hi

ρ zð Þ + ρp

� �
η2 r L − xð Þ + 1

2 L2 − x2
� 	
 �� �

dz:

ð11Þ

In this equation, ρp denotes the mass density of the pie-
zoelectric layers. The beam’s kinetic energy is defined as fol-
lows:

K = 1
2

ð
S
〠
i

ðhi+1
hi

ρ zð Þ + ρp

� � ∂ _u
∂t

T
 !

∂ _u
∂t

� �  

+ ∂ _w
∂t

T
 !

∂ _w
∂t

� �!
dzÞdS:

ð12Þ

It is necessary to use Hamilton’s concept to get the nat-
ural vibration equation for the piezoelectric FG beam, which
may be written as follows:

δ
ðt2
t1

K −UE −URo� 	
dt = 0: ð13Þ

Fixed axis 𝛺

r L

x

z

O
𝜂

y

z

b

h

Metal rich surface

Cross-sectional view

FG core layer

Ceramic rich surface

Piezoelectric layer - actuator

Piezoelectric layer - sensor

hs

ha

ks
kw

Figure 1: The representation of the rotating piezoelectric FG beam resting on Pasternak’s elastic medium.
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The beam is divided into two-node elements, each with
four degrees of freedom:

ψe = 〠
2

i=1

u0i

βxi

w0i

∂w0
∂x

� �
i

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
: ð14Þ

Interpolation functions such as Lagrange (Ni) and Her-
mit (Hi) are used to estimate displacements at any point
within the beam using nodal displacements as follows:

u0 = 〠
2

i=1
Niu0i =Nuψe,

βx = 〠
2

i=1
Niφxi =Nβψe,

w0 = 〠
2

i=1
Hiw0i +Hi+1

∂w0
∂x

� �
i

� 
=Hwψe,

∂w0
∂x

= 〠
2

i=1

∂Hi

∂x
w0i +

∂Hi+1
∂x

∂w0
∂x

� �
i

� 
=Hw1xψe,

∂2w0
∂x2

= 〠
2

i=1

∂2Hi

∂x2
w0i +

∂2Hi+1
∂x2

∂w0
∂x

� �
i

( )
=Hw2xψe:

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

ð15Þ

In the matrix form, the following is a more concise ver-
sion of equation (15):

u =

u0

βx

w0

∂w0
∂x

� �

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

=

Nu

Nβ

Hw

Hw1x

2
66664

3
77775:ψe =Hψ:ψe: ð16Þ

The strain components are denoted as follows in relation
to the nodal displacement vector:

ε0x =
∂u0
∂x

= ∂Nu

∂x
ψe = B0xψe,

ε1x =
∂βx

∂x
=
∂Nβ

∂x
ψe = B1xψe,

ε3x =
−4z3
3h2

∂βx

∂x
+ ∂2w0

∂x2

 !
= −4z3

3h2
∂Nβ

∂x
+Hw2x

� �
ψe = B3xψe,

8>>>>>>>><
>>>>>>>>:

γ0xz = βx +
∂w0
∂x

= Nβ +Hw1x
� 	

ψe = B0γψe,

γ2xz =
−4
h2

βx +
∂w0
∂x

� �
= −4

h2
Nφ +Hw1x
� 	

ψe = B2γψe:

8>><
>>:

ð17Þ

According to the following equation, the electric compo-
nents of the actuator and sensor layers may be computed via
two DOFs of the actuator and sensor components:

Ea
v = −

1
ha

ϕa = Ba
ϕϕea,

Es
v = −

1
hs
ϕs = Bs

ϕϕes,
ð18Þ

in which

Ba
ϕ = −

1
ha

; Bs
ϕ = −

1
hs
: ð19Þ

Thus, the energy of an element FG beam is estimated in
the following manner:

UE
e = ψT

e
1
2

ð
Se

〠
i

ðhi+1
hi

BT
0 E zð ÞB0 + BT

0 E zð ÞzB1 + BT
0 E zð Þz3B3

+BT
1 E zð ÞzB0 + BT

1 E zð Þz2B1 + BT
1 E zð Þz4B3

+BT
3 E zð Þz3B0 + BT

3 E zð Þz4B1 + BT
3 E zð Þz6B3

+BT
0γ

E zð Þ
2 1 + ν zð Þð Þ
� �

B0γ + BT
0γ

E zð Þz2
2 1 + ν zð Þð Þ
� �

B2γ

+BT
2γ

E zð Þz2
2 1 + ν zð Þð Þ
� �

B0γ + BT
2γ

E zð Þz4
2 1 + ν zð Þð Þ
� �

B2γ

+kwHT
wHw + ks Hw1x

THw1x
� 	

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

dz

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

dSψe

+ ψT
e
1
2

ð
Se

〠
i

ðhi+1
hi

BT
0 EpB0 + BT

0 EpzB1 + BT
0 Epz

3B3 + BT
1 EpzB0 + BT

1 Epz
2B1

+BT
1 Epz

4B3 + BT
3 Epz

3B0 + BT
3 Epz

4B1 + BT
3 Epz

6B3

0
@

1
Adz

8<
:

9=
;dSψe

+ ψT
e
1
2

ð
Se

〠
i

ðhi+1
hi

BT
0γ Gp

� 	
B0γ + BT

0γ Gpz
2� 	
B2γ

+BT
2γ Gpz

2� 	
B0γ + BT

2γ Gpz
4� 	
B2γ

0
@

1
Adz

8<
:

9=
;dSψe − ψT

e
1
2

ð
Se

� −BT
0 e31B

a
ϕ − BT

1 ze31B
a
ϕ − BT

3 z
3e31B

a
ϕ

� �
dSϕea − ψT

e
1
2

ð
Se

� −BT
0 e31B

s
ϕ − BT

1 ze31B
s
ϕ − BT

3 z
3e31B

s
ϕ

� �
dSϕes − ϕTea

1
2

ð
Se

� − Ba
ϕ

� �T
e31B0 − Ba

ϕ

� �T
e31zB1 − Ba

ϕ

� �T
e31z

3B3

� �
dSψe − ϕTes

1
2

ð
Se

� − Bs
ϕ

� �T
e31B0 − Bs

ϕ

� �T
e31zB1 − Bs

ϕ

� �T
e31z

3B3

� �
dSψe −

1
2 ϕ

T
ea

ð
Se

Ba
ϕp33BϕdSϕea

−
1
2 ϕ

T
es

ð
Se

Bs
ϕp33B

s
ϕdSϕes + ψT

e b
ð
L
HT

wPLdx:

ð20Þ

When one rewrites equation (20) in the matrix form, the
following equation is obtained:

UE
e =

1
2ψ

T
e Kψ

e ψe +
1
2ψ

T
e Kψϕa

e ϕea +
1
2ψ

T
e Kψϕs

e ϕes

+ 1
2 ϕ

T
eaKϕaψ

e ψe +
1
2 ϕ

T
esKϕsψ

e ψe +
1
2 ϕ

T
eaKϕaϕa

e ϕea

+ 1
2 ϕ

T
esKϕsϕs

e ϕes + ψT
e Fe:

ð21Þ

The energy contained in the centrifugal inertia force is
expressed as follows:

UR
e =

1
2ψe

ð
L
Fη xð ÞHT

w1xHw1x
� 	

dx
� �

ψe =
1
2ψ

T
e KR

e ψe: ð22Þ

The piezoelectric FGM beam element’s kinetic energy is
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calculated as follows:

Ke =
1
2

ð
S
〠
i

ðhi+1
hi

_uT ρ zð Þ + ρp

� �
_u

� �
dzdS

= 1
2
_ψT
e

ð
S
〠
i

ðhi+1
hi

ρ zð Þ + ρp

� �
Hψ

THψ

� 	
dzdS

 !
_ψe

= 1
2
_ψT
e Me _ψe,

ð23Þ

where the element mass matrix is calculated as follows:

Me =
ð
S
〠
i

ðhi+1
hi

ρ zð Þ + ρp

� �
Hψ

THψ

� 	
dzdS: ð24Þ

Substituting equations (21)–(23) into (13), one obtains
the formula for obtaining the natural frequencies of the
structure as well as the vibration mode as follows:

Me 0 0
0 0 0
0 0 0

2
664

3
775

€ψe

€ϕea
€ϕes

8>><
>>:

9>>=
>>; +

Kψ
e +KR

e Kψϕa
e Kψϕs

e

Kϕaψ
e Kϕaϕa

e 0
Kϕsψ
e 0 Kϕsϕs

e

2
664

3
775

ψe

ϕea

ϕes

8>><
>>:

9>>=
>>; =

Fe
0
0

8>><
>>:

9>>=
>>;:

ð25Þ

In the case the external forces are ignored, equation (25)
becomes
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Then, the reduced equation for the degree of displace-
ment freedom of the beam has the following form:

Me€ψe + Kψ
e +KR

e +Kψϕa
e Kϕaϕa

e

� 	−1Kϕaψ
e +Kψϕs

e Kϕsϕs
e

� 	−1Kϕsψ
e

� �
ψe = 0:

ð27Þ

Finally, the equation for determining the natural fre-
quencies and the vibrational shapes of the structure is
expressed as

〠
e

Kψ
e +KR

e +Kψϕa
e Kϕaϕa

e

� 	−1Kϕaψ
e

+Kψϕs
e Kϕsϕs

e

� 	−1Kϕsψ
e

0
@

1
A − ω2〠

e

Me

8<
:

9=
;〠

e

ψ0
e = 0:

ð28Þ

Thus, by using the TSDT, the element stiffness matrix is
calculated without the requirement for a shear correction
coefficient, precisely simulating the mechanical response of
this beam. Additionally, in the above equation, the compo-
nent of element stiffness is proportional to the rotational
speed of the structure, which affects the beam’s mechanical
reaction differently than it would be without rotation.

The following are the boundary conditions that are
described in this work:

(i) Simply supported (denoted by S):

u0 = 0,w0 = 0: ð29Þ

(ii) Clamped (denoted by C):

u0 = 0,w0 = 0, ψx = 0, ∂w0
∂x

= 0: ð30Þ

In this work, the S-S and C-C boundaries are utilized in
this paper.

3. Investigation of Verification

In order to substantiate the hypothesis advanced above, this
part presents three instances in which the findings of this
study are compared to those of previously published data.

Example 1. At first, this problem compares the data of nat-
ural frequencies of the S-S piezoelectric FG (Al/Al2O3)
beam. The length of the beam L = 1m, thickness h = L/10,
and two piezoelectric components have the same depth ha
= hs = h/5. Material properties of the FGM core layer: Em
= 70GPa, ρm = 2700 kg/m3, Ec = 380GPa, and ρc = 3800 kg
/m3. Piezoelectric layers are made from PZT-5H: Ep =
127:2GPa, Gp = 23GPa, e31 = −6:6C/m2, p33 = 15:1 nF/m,
and ρa = 7500 kg/m3. In Table 1, the first two fundamental
frequencies of the piezoelectric FG beam calculated using
the first-order shear deformation beam theory (FBT), classi-
cal beam theory (CBT), sinusoidal shear deformation beam
theory (SBT), parabolic shear deformation beam theory
(PBT), and exponential shear deformation beam theory
(EBT) are presented, in which several various mesh sizes
ranging from four to twelve elements are calculated in this
study. As the number of pieces in this work rises, it becomes
clear that the outcomes of this study are becoming more
similar to the published findings. This work makes use of a
computer with the following characteristics: a core i5 proces-
sor with a processing speed of 1.7GHz and a RAM speed of
2.7GHz; the calculation time for each mesh is also provided
in Table 1. It has been discovered that as the number of
components rises, the time required for computing increases
as well.

Example 2. Following that, this example compares the fun-
damental frequency data of a fully supported Al/Al2O3 beam
resting on a two-parameter elastic medium. Geometric and
material characteristics are length L, depth h, L/h = 100,
breadth b, Em = 70GPa, ρm = 2702 kg/m3, Ec = 380GPa,
and ρc = 3960 kg/m3. The medium’s two nondimensional
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frequencies are computed as follows:

K̂w = kwL
4

EmI
,

K̂s =
ksL

2

EmIπ2 ,

8>>><
>>>:

ð31Þ

where

I = bh3

12 : ð32Þ

The following formula is used to get the beam’s nondi-
mensional natural frequency:

ƛ = ω
L2

h

ffiffiffiffiffiffi
ρm
Em

r
: ð33Þ

The results in Table 2 are derived from the analytical
technique [60] and current work, in which the grid sizes
for various unique mesh sizes are estimated. As seen in
Examples 1 and 2, accuracy converges at the 10-element
mesh size. Because of this, this one will be utilized for all fur-
ther research.

Table 1: The first two natural frequencies (Hz) of the piezoelectric FGM, S-S (L = 1m, L/h = 10).

Source Number of elements Computational time (s)
Mode 1 Mode 2

n = 0 n = 1 n = 10 n = 0 n = 1 n = 10
CBT-Exact [12] — — 435.309 374.916 349.683 1691.218 1453.180 1353.334

FBT-Exact [12] — — 428.399 368.360 339.793 1600.435 1368.370 1230.287

PBT-Exact [12] — — 427.996 368.151 337.747 1594.783 1365.460 1207.247

SBT-Exact [12] — — 427.979 368.172 337.624 1594.517 1365.688 1205.928

EBT-Exact [12] — — 427.974 368.205 337.529 1594.398 1366.072 1204.915

This work

4 0.869 424.300 368.400 345.600 1683.70 1458.00 1264.400

6 0.874 423.100 367.400 344.700 1656.10 1434.20 1263.200

8 0.884 422.600 367.200 344.600 1648.700 1427.500 1262.800

10 0.941 422.500 367.000 344.300 1645.900 1425.400 1262.600

12 0.995 422.500 366.900 343.500 1644.200 1423.800 1262.400

Table 2: The nondimensional frequencies (ƛ) of the SS FG beam placed on the two-parameter elastic medium (K̂w = 10, K̂s = 1, and L/h
= 100).

n Mode Exact solution [60]
Present work

4 elements 6 elements 8 elements 10 elements 12 elements

�Kw = 0
�Ks = 0

0

1 5.483 5.505 5.491 5.484 5.482 5.480

2 21.933 22.504 22.124 22.020 21.977 21.958

3 49.350 53.548 50.621 49.919 49.669 49.533

1

1 4.221 4.242 4.230 4.229 4.220 4.220

2 16.884 17.335 17.044 16.966 16.931 16.919

3 37.989 41.275 39.034 38.429 38.260 38.211

2

1 3.852 3.874 3.860 3.860 3.852 3.854

2 15.407 15.827 15.560 15.487 15.458 15.442

3 34.666 37.665 35.637 35.105 34.924 34.867

�Kw = 10
�Ks = 1

0

1 6.015 6.038 6.021 6.014 6.008 6.007

2 22.445 23.024 22.637 22.533 22.491 22.471

3 49.858 54.077 51.158 50.441 50.164 50.056

1

1 5.008 5.030 5.014 5.015 5.001 5.000

2 17.666 18.128 17.827 17.748 17.708 17.697

3 38.77 42.043 39.791 39.247 39.037 38.930

2

1 4.752 4.773 4.759 4.756 4.741 4.740

2 16.316 16.748 16.472 16.395 16.360 16.353

3 35.577 38.588 36.533 36.006 35.843 35.733
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Example 3. Finally, the rotating beam’s nondimensional
fundamental frequencies as a function of speed are exam-
ined. In this computation, a cantilever structure with length
L, depth h = b = L/100, r = 0,mass density = 2700 kg/m3, and
E = 70GPa is used. The frequency is normalized as follows:

℘i = ωiL
2
ffiffiffiffiffiffiffiffi
12ρ
Eh2

r
: ð34Þ

The first four nondimensional fundamental frequencies
of the structure with several speeds are listed in Table 3.
They were found using the exact solution [61], the novel

dynamic modeling method (DMM) [62], and the isogeo-
metric analysis [22].

4. Numerical Studies and Comments about the
Rotating Piezoelectric FG Beam

The numerical investigations on natural vibration behaviors
of rotating piezoelectric FG beams resting on Pasternak’s
elastic medium are carried out. Let us consider a beam struc-
ture with length L, depth h, and the same material character-
istics for the FG core layer and the piezoelectric components
as in Example 1.

Table 3: The first four nondimensional fundamental frequencies (℘) of the C-F rotating beam.

Vibration mode Source
Speed ϑ

ℵ = 0 ℵ = 3 ℵ = 6 ℵ = 12

~ω1

Present work 3.4787 4.7538 7.3104 13.1661

Exact [61] 3.5160 4.7973 7.3604 13.1702

DMM [62] 3.5160 4.7973 7.3604 —

Isogeometric [22] 3.5118 4.7733 7.3276 —

~ω2

Present work 22.1083 23.3811 26.8126 37.5336

Exact [61] 22.0345 23.3203 26.8091 37.6031

DMM [62] — — — —

Isogeometric [22] — — — —

~ω3

Present work 62.2026 63.4748 67.1399 79.9519

Exact [61] 61.6972 62.9850 66.6840 79.6145

DMM [62] — — — —

Isogeometric [22] — — — —

~ω4

Present work 123.037 124.361 128.234 142.523

Exact [61] 120.902 122.236 126.140 140.534

DMM [62] — — — —

Isogeometric [22] — — — —
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Figure 2: The subordination of the first nondimensional fundamental frequencies of piezoelectric FG beam on the rotational speed and
volume fraction index n, K∗

w = 10, and K∗
s = 2.
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The nondimensional natural frequency of the structure
is normalized as follows:

Γ = ωL2
ffiffiffiffiffiffiffiffiffi
12ρ0
E0h

2

s
, ð35Þ

in which, two Pasternak’s elastic medium parameters K∗
w

and K∗
s and the nondimensional rotational speed θ have

the following expressions:

K∗
w = kwL

4

D0
; K∗

s =
ksL

2

π2D0
; θ = L2η

ffiffiffiffiffiffiffiffiffi
12ρ0
E0h

2

s
;D0 =

Emh
3

12 :

ð36Þ

4.1. Influence of Rotational Speed. To determine the impact
of rotational speed on the natural vibration behavior of a

rotating piezoelectric FG beam, vary the speed θ between 0
and 15, while maintaining the following parameters: L/h =
10, hp/ha = 10, K∗

w = 10, K∗
s = 2, and distance ratio r/L = 0.

Figure 2 illustrates the first nondimensional fundamental
frequency as a consequence of the volume fraction index n
and the rotation speed. This finding demonstrates that the
nondimensional natural frequency rises as the rotational
speed increases. It is stated that when rotational speed rises,
the structure’s rigidity increases proportionately to centrifu-
gal force. When the volume fraction index n is increased, the
percentage of metal in the structure rises. As the ratio of
metal in the structure increases, both the stiffness and mass
of the structure drop, with the mass decreasing more than
the stiffness. Thus, the natural frequency of the structure
drops, but the reduction is not progressive; the greatest fall
in the natural frequency of the beam occurs when n is chan-
ged from 0 to 2. Additionally, this reduction is very depen-
dent on the boundary conditions; the C-C boundary

0 0.2 0.4 0.6 0.8 1
x/L

S-S, n = 10, r = 0, 𝜃 = 0

(a) θ = 0

0 0.2 0.4 0.6 0.8 1
x/L

S-S, n = 10, r = 0, 𝜃 = 15

Mode 1
Mode 2

Mode 3
Mode 4

(b) θ = 15

Figure 4: The first four vibrational mode shapes of the rotating piezoelectric FG beam (n = 10, r = 0).
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Figure 3: The subordination of the first five nondimensional frequencies of piezoelectric FG beam on the rotational speed, n = 0:5, K∗
w = 10,

and K∗
s = 2.
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exhibits a more pronounced drop than the S-S boundary,
and when n is larger than 2, both the C-C and S-S instances
exhibit a small fall in natural frequency.

The influence of the piezoelectric beam’s first five funda-
mental natural frequencies on the speed is shown in Figure 3
for the volume exponent n = 0:5. As the rotational speed
increases, the degree of expression of the rise in various free
vibrations does not remain constant, with the third natural
frequency slightly raised and the third natural frequency’s
dependent line nearly horizontal.

Figure 4 presents the first four vibrational mode shapes
of the piezoelectric FG structure with speeds of 0 and 15; it
can be observed easily that the rotational speed has a signif-
icant influence on the vibration shapes of the structure. As

the speed of rotation is 0, the first natural vibration of the
beam is symmetrical through the midposition of the beam
(x = L/2); however, for the case of speed θ = 15, the vibra-
tional mode shapes of the structure are all deflected to the
right side of the beam, that is, away from the axis of rota-
tion. This may be explained by the fact that as the beam
rotates at the rotational speed θ, the geometry of the
vibration mode is not any clearly symmetric all along the
x = L/2 axis and tends to move right of the beam’s center.
It is noteworthy that the structure does not exist without
axial rotation.

4.2. Effect of the r/L Ratio. This section evaluates the effect of
the distance r between the beam’s endpoint and the fixed
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Figure 6: The subordination of the first fundamental frequency of the piezoelectric FG beam on the ratio r/L and n (θ = 10).
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Figure 5: The subordination of the first fundamental frequency of the piezoelectric FG beam on the ratio r/L and on the rotating speed
(n = 0:5).
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axis; this distance value is given incrementally from 0 to 4L;
Figure 5 illustrates the subordination of the first four funda-
mental frequencies on the r/L ratio at various rotational
speeds, Figure 6 illustrates the subordination of the first four
fundamental frequencies on the r/L ratio and the volume
fraction proportion, and Figure 7 illustrates the first four
vibrational modes. The numerical findings indicate the
following:

(i) As the distance r rises, the centrifugal force associ-
ated with the distance r increases as well, increasing
the stiffness of the piezoelectric FG structure and,
thus, increasing the frequency of the beam

(ii) For the small values of the rotational speed θ (θ < 5),
when the distance r increases, the fundamental
frequency of the structure increases slightly.

Nevertheless, for higher values of the rotational
speed θ (θ > 5), this distance r greatly affects the
natural frequency of this beam

(iii) Figure 6 shows that for all the values of the volume
fraction proportion n, the subordination of the first
fundamental frequency on n with four values of the
distance r is nearly identical and parallel to each other.
This implies that when r rises, the fundamental fre-
quency of the structure increases proportionately and
is independent of the material composition propor-
tions. As for structure subjected to the C-C boundary,
this only happens when the volume exponent n > 2

(iv) As shown in Figure 7, when r rises, the first vibra-
tional mode of the structure’s vibration changes
and tends to move to the right. This demonstrates
that r influences not only the magnitude of the
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Figure 7: The first four vibrational shapes of the rotating piezoelectric FG beam (n = 10, r = 0).
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Figure 8: The subordination of the first frequencies of the piezoelectric FG structure on the ratio ha/h and n, r/L = 1, and θ = 10.
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natural frequency but also the form of the piezoelec-
tric FG beam’s vibration mode

4.3. Influence of the Thickness of the Piezoelectric Layer ha.
Next, this section examines the effect of the thickness of
the piezoelectric layer on the vibration behavior of the
structure. A piezoelectric FG structure with the ratio L/h
= 10 is unchanged (i.e., the thickness of the FG core layer
does not change), ha is changed so that h/ha gets the
values from 8 to 200, K∗

w = 10, and K∗
s = 2. The subordina-

tion of the first natural frequency on the h/ha ratio and
the volume fraction index is presented in Figure 8;

Figure 9 presents the subordination of the first fundamen-
tal frequency on the h/ha ratio and the rotating speed.
One can see the following:

(i) For the S-S boundary, when the depth of the pie-
zoelectric layer ha is decreased, the fundamental
frequency of the piezoelectric FG structure
increases

(ii) For the C-C boundary, when the volume fraction index
n increases gradually from 0 to around 1.2-1.4, the
decrease in the thickness ha enhances the fundamental
frequency of the structure. When n > 1:4, the decrease
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in the thickness ha reduces the fundamental frequency
of the structure. This indicates that there is a suitable
value for the volume exponent n and that the funda-
mental frequency of the piezoelectric FG structure
varies very minimally as a function of the depth of
the piezoelectric component; i.e., the natural fre-
quency of this beam depends less on the value of
the thickness of the piezoelectric layer. This also
proves that the boundary constraints and the thick-
ness of the piezoelectricity component both affect
the vibration response of this beam

4.4. Influence of Elastic Foundation. Finally, the impact of
the elastic medium on the vibrational behavior of the piezo-
electric FG structure is explored in this study. Let us con-
sider a beam with the L/h ratio of 10, h/ha ratio of 10, r/L
ratio of 1, and rotating speed θ of 10. Two elastic foundation
parameters are modified to progressively rise from 0 to 20,
and K∗

s gets the values in a range of 0 to 10. The dependence
of the beam’s first natural frequency is seen in Figure 10. As
can be seen, raising the values of two elastic medium param-
eters raises the piezoelectric FG beam’s inherent frequency.
As the elastic medium parameters increase, the energy of
the structure increases accordingly and the overall stiffness
of the piezoelectric FG structure increases, but the mass of
the structure remains unchanged; the frequency of the struc-
ture increases.

5. Conclusions

This work combines the finite element method and the
third-order shear deformation theory of Reddy to simulate
the free vibration responses of the rotating piezoelectric FG
structure resting on the two-parameter elastic medium.
The numerical investigations show numerous novel phe-
nomena, and some remarkable points can be pointed out
as follows:

(i) As the rotational speed increases, the centrifugal
force becomes greater and the fundamental fre-
quency of the piezoelectric FG beam rises. Besides,
the vibrational mode shapes of the structure change
impressively as the speed rises; they tend to deviate
significantly to the right side of the L/2 position

(ii) As the distance from the endpoint of the beam to
the rotation axis of the beam r is increased, the
fundamental frequency of the beam increases
due to the increase in the whole stiffness of the
beam

(iii) When the depth of the piezoelectric component is
reduced, the boundary conditions significantly
affect the fundamental frequency response of the
piezoelectric FG beam. For the S-S case, the funda-
mental frequency increases as the thickness of the
piezoelectric layer decreases. However, under the
C-C case, there will exist a value of volume expo-
nent n whose natural frequency is almost constant

with different values of the depth of the piezoelectric
layer

(iv) As the values of the elastic foundation become
greater, the natural frequency of the beams
increases

The above computed results show that the vibration
response of the piezoelectric beam rotating around one fixed
axis is different from that of the beam without rotation phe-
nomenon because of the centrifugal inertia force generated
by the rotational motion. This is a scientific basis for the
design and use of beams with rotational motion in practice,
taking into account the sensitivity of the speed parameter to
the behavior of the rotating beam.

Appendix

The element stiffness matrix and element mass matrix as
shown in equation (25) are written specifically as follows:
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Se

〠
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BT
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The following is the element stiffness matrix produced
by rotation:

KR
e =
ð
L
Qϕ xð ÞHT

w1xHw1x
� 	

dx: ð38Þ

The following is the element stiffness matrix:

Me =
ð
S
〠
i

ðhi+1
hi

ρ zð Þ + ρp

� �
Hψ

THψ

� 	
dzdS, ð39Þ

where dS = dxdy; the calculation of these matrices uses the
Gaussian integration as in the document [63], and the
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coordinates of any point with the coordinate ðx, yÞ in the
element being calculated in the Cartesian coordinate system
ðx, yÞ need to be converted to the natural coordinate system
as follows ðξ, ςÞ:

x = 〠
2

i=1
Nixi,

y = 〠
2

i=1
Niyi,

8>>>><
>>>>:

ð40Þ

where Ni are shape functions calculated in terms of the nat-
ural coordinates system ðξ, ςÞ and −1 ≤ ξ, ς ≤ 1:.

The Jacobian matrix from the coordinate system trans-
formation [59] is

J =

∂x
∂ξ

∂y
∂ξ

∂x
∂ς

∂y
∂ς

2
6664

3
7775: ð41Þ

At this time, the element stiffness and the element mass
matrices are calculated as follows:

Kψ
e =
ð1
−1

ð1
−1

〠
i

ðhi+1
hi

BT
0 E zð ÞB0 + BT

0 E zð ÞzB1 + BT
0 E zð Þz3B3

+BT
1 E zð ÞzB0 + BT

1 E zð Þz2B1 + BT
1 E zð Þz4B3

+BT
3 E zð Þz3B0 + BT

3 E zð Þz4B1 + BT
3 E zð Þz6B3

+BT
0γ

E zð Þ
2 1 + ν zð Þð Þ
� �

B0γ + BT
0γ

E zð Þz2
2 1 + ν zð Þð Þ
� �

B2γ

+BT
2γ

E zð Þz2
2 1 + ν zð Þð Þ
� �

B0γ + BT
2γ

E zð Þz4
2 1 + ν zð Þð Þ
� �

B2γ

+kwHT
wHw + ks Hw1x

THw1x
� 	

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

dz

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

Jdξdς

+
ð1
−1

ð1
−1

〠
i

ðhi+1
hi

BT
0 EpB0 + BT

0 EpzB1 + BT
0 Epz

3B3 + BT
1 EpzB0 + BT

1 Epz
2B1

+BT
1 Epz

4B3 + BT
3 Epz

3B0 + BT
3 Epz

4B1 + BT
3 Epz

6B3

0
@

1
Adz

8<
:

9=
;Jdξdς

+
ð1
−1

ð1
−1

〠
i

ðhi+1
hi

BT
0γ Gp

� 	
B0γ + BT

0γ Gpz
2� 	
B2γ

+BT
2γ Gpz

2� 	
B0γ + BT

2γ Gpz
4� 	
B2γ

0
@

1
Adz

8<
:

9=
;Jdξdς,

Kψϕa
e = −

ð1
−1

ð1
−1

−BT
0 e31B

a
ϕ − BT

1 ze31B
a
ϕ − BT

3 z
3e31B

a
ϕ

� �
Jdξdς,

Kψϕs
e = −

ð1
−1

ð1
−1

−BT
0 e31B

s
ϕ − BT

1 ze31B
s
ϕ − BT

3 z
3e31B

s
ϕ

� �
Jdξdς,

Kϕaψ
e = −

ð1
−1

ð1
−1

− Ba
ϕ

� �T
e31B0 − Ba

ϕ

� �T
e31zB1 − Ba

ϕ

� �T
e31z

3B3

� �
Jdξdς,

Kϕsψ
e = −

ð1
−1

ð1
−1

− Bs
ϕ

� �T
e31B0 − Bs

ϕ

� �T
e31zB1 − Bs

ϕ

� �T
e31z

3B3

� �
Jdξdς,

Kϕaϕa
e = −

ð1
−1

ð1
−1
Ba
ϕp33Bϕ Jdξdς ;Kϕsϕs

e =
ð1
−1

ð1
−1
Bs
ϕp33B

s
ϕ Jdξdς,

KR
e =
ð1
−1

Fη ςð ÞHT
w1xHw1x

� 	
Jdξ,

Me =
ð1
−1

ð1
−1
〠
i

ðhi+1
hi

ρ zð Þ + ρp

� �
Hψ

THψ

� 	
dzJdξdς,

ð42Þ

with J = det ðJÞ.
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