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A modified strain-rate dependent (SRD) spring-mass model was first developed to capture the strain rate effect on response
prediction of fiber-reinforced polymer (FRP) laminates subjected to low-velocity impact (LVI). The constitutive relations of
FRP material were modified with the impact-induced strain rate using Yen-Caiazzo’s function in space and time dimensions
simultaneously. The stiffness coefficients of the spring-mass model were updated step-by-step during solving the Bubnov-
Galerkin equation by the variational method, allowing the SRD contact history to be obtained via recursive integration. The
SRD expressions of stiffness coefficients under four typical boundary conditions were presented. Drop-weight tests on FRP
laminates and corresponding VUMAT-based LVI simulation with the finite element method (FEM) were provided to prove
the validity of the proposed SRD model in evaluating the strain rate effect on the LVI response of composites. Further
parameter studies were carried out to investigate the reliability of the proposed SRD model for evaluating the influence of
reinforced fibers with different strain rate dependency on impact response. The proposed lumped parameter model has been
proven to be more efficient than the traditional FEM, which can be combined with some existing damage models to accurately
analyze the delamination evolution process of FRP laminates under LVI in further studies.

1. Introduction

As fiber-reinforced polymer (FRP) laminates are increas-
ingly used in aeronautical engineering, their relatively weak
resistance to impact has attracted substantial attention in
recent years [1–3]. The analysis of impact on FRP laminates
mainly evaluates the contact behavior and the structural
response. The coupling effect between these two aspects
can be described using specific impact models from simpli-
fied analytical approaches to more precise finite element
method (FEM) [4, 5]. However, it has been a challenge to
develop models that provide adequate accuracy with rea-
sonable computation time and a wide selection of abstrac-
tion scales using numerical FEM. As such, the derivation
of the equivalent reduced analytical impact models becomes
more attractive to conveniently design FRP laminate struc-
tures [6].

The study of foreign object impact on FRP laminate
structures mainly involves the prediction of contact behavior
and structural response [7], recognizing the onset and asses-
sing the extent of impact-induced damage [8], and evaluat-
ing the residual properties of the structure [9]. The first
step of impact analysis is the most basic and important
which requires the evaluation of the motion of the impactor,
the response of the structure, and the indentation of the con-
tact area. The development of analytical impact model has
generated a great deal of interest and high level of research
activities as evidenced by the numerous articles [4, 6], espe-
cially on low-velocity impact (LVI) by projectile with rela-
tively “large mass” common in engineering field. The
spring-mass model, first presented by Shivakumar et al.
[10], is a simple and accurate model, which provides the
contact history for most LVI scenarios. The effects of con-
tact, bending shear, and membrane on structural response
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are represented by the corresponding stiffness in this model.
For impacts with negligible indentation but large structural
deflection and significant membrane stiffening, the spring-
mass model can be simplified to a nonlinear single-degree-
of-freedom (SDOF) version [6, 10]. The numerical solution
of the motion equation yields accurate estimations of contact
history and the impact response of the structure.

Many existing researches on the impact behavior of FRP
laminate structures have been conducted under the condi-
tion of quasi-static deformation. However, even at a low ini-
tial velocity, the impact would easily induce a rapid increase
in strain at the surrounding area of the impact point, espe-
cially in the early stage of contact [11]. The matrix-
dominated properties of laminates have been proven to be
strain-rate sensitive due to the viscoplastic characteristic of
the resin [12], but no consistency is observed for fibers
[13]. Glass fiber [14, 15] and Kevlar fiber [16] are found to
be strain-rate dependent (SRD). In contrast, the elastic ten-
sile modulus of polyvinyl-alcohol (PVA) fiber [17] remains
unchanged with the strain rate, but its mechanical strength
properties, such as ultimate stress and failure strain, are
SRD. For carbon fiber, the strain rate exhibits no effect on
both elastic and plastic mechanical properties [18–20].

As the modulus and strength of the unidirectional
lamina increase with the impact-induced strain rate, the
mechanical properties of FRP laminates in dynamic and
static loading conditions differ significantly [21, 22].
Dynamic constitutive relations are crucial for the design of
FRP laminate structures under impact loadings to prevent
the introduction of non-negligible errors in the structural
response prediction [23], which are often overlooked in pre-
vious studies. Therefore, it is essential to consider the strain
rate effect when developing an analytical model for the accu-
rate prediction of impact response and consequent damage
evolution. The constitutive relations between strain rate
and material mechanical properties can be modeled using
SRD functions [24, 25], such as Cowper-Symonds’ power
function [26, 27], Johnson-Cook’s (J-C) logarithmic func-
tion [28, 29], and Yen-Caiazzo’s (Y-C) logarithmic function
[30], which were all experimental data-based empirical
models. These models were all built through multiplying
static properties by a dynamic increase function.

Due to the strain rate effect on material mechanical
properties vary with time and distance from the impact posi-
tion, which cannot be directly represented by the explicit
expressions given by Shivakumar [10]. These expressions
were applied directly by later studies without considering
the variation of elastic modulus caused by the strain rate
effect [6, 31–33]. Most existing studies considering the strain
rate effect on impact response of laminate are FEM-based
[34–37], indicating that there is still a lack of analytical solu-
tions for versatility and efficiency. This study mainly focused
on the influence of strain rate on the LVI response of FRP
laminates. The spring-mass model was modified with the
dynamic stiffness coefficients obtained by considering the
strain rate effect on material mechanical properties. The der-
ivation of the bending and membrane stiffness was retraced,
and the expressions were presented in terms of integrals in
this study. Then the dynamic stiffness can be obtained by

numerical recursive integrations. The strain rate effect on
mechanical properties of the laminate and impact response
of the laminate was evaluated with time and space
simultaneously.

The remainder of this paper is organized as follows: the
basic formulations and implementation flow of the pro-
posed SRD model are presented on a circular orthotropic
FRP laminate subjected to LVI in Section 2. Setup of the
experiment and establishment of the VUMAT-based finite
element model for the comparative validation of the pro-
posed SRD model are introduced in Section 3 and Section
4, respectively. In section 5, convergence analysis of the cir-
cumferential integration step and the time step is per-
formed to determine the appropriate value of these two
uncertain parameters of the proposed SRD model. The pro-
posed model is verified by experiments with three different
impact energies, and the efficiency compared to the FEM is
investigated. Further, parametric studies for strain rate
dependency of the reinforced fiber on LVI response predic-
tion of FRP laminates are performed. The main conclusions
and prospects of future research are summarized in the last
section.

2. Theory

2.1. Strain-Rate Independent (SRI) “Large Mass” Impact
Model. Consider a circular orthotropic thin FRP laminate
of dimensions Rp × hp subjected to vertical impact at the
center by an elastic sphere with an initial velocity V0. For
convenience of expression, the cylindrical coordinate system
orφz was set coincident with the midplane of the laminate,
as shown in Figure 1. It has been experimentally proven that
when the impactor/structure mass ratio is larger than 2, the
contact duration of such “large mass” impacts would be sig-
nificantly longer than the time that the flexural waves take to
reach the structure boundary and reflect. The response of the
laminate is dominated by quasi-static deformation under a
concentrated load [38].

As the load distribution, structural deflection, and bound-
ary conditions are all symmetric about the center of the axi-
symmetric bending problem, the deflection equations of the
circular laminate are independent of the angle φ. In the
absence of material damping and surface friction, the deflec-
tion of the point at a distance r from the center on the mid-
plane of the laminate wðrÞ are given by [39].
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where Fc is the contact force between the impactor and lam-
inate. Ee and μe are averaged homogenized modulus and
Poisson ratio, respectively, which are denoted as [32]

Ee =
1
2π

ð2π
0
E φð Þdφμe =

1
2π

ð2π
0
μ φð Þdφ, ð2Þ

where EðφÞ and μðφÞ are the equivalent elastic modulus and
Poisson ratios of the laminate at angle φ. These material
property coefficients can be obtained by applying the mate-
rial and coordinate transformation matrices to the constitu-
tive relations of the FRP material [40]

�Q φð ÞÂ Ã
k
= CT φð Þ½ � MT θð Þ½ �−1 Q½ �k MT θð Þ½ �−T CT φð Þ½ �T , ð3Þ

where ½�QðφÞ�k is the transformed reduced stiffness matrix of
the kth lamina at angle φ in cylindrical coordinates. ½Q�k is
the reduced stiffness matrix of the kth lamina in material
coordinate system [41]. As shown in Figure 2, ½MTðθÞ� is
the material transformation matrix from lamina to laminate
in Cartesian coordinate system oxyz. θ is the angle from the
x-axis counterclockwise to the fiber direction. ½CTðφÞ� is the
coordinate system transformation matrix from Cartesian
coordinate system to cylindrical coordinate system. φ is
the angle from the x-axis counterclockwise to the r-axis.

The extensional stiffness coefficients of the laminate at
angle φ can be obtained by stacking the transformed reduced
stiffness matrix along the laminate thickness

Aij φð Þ = 〠
N

k=1
�Qk
ij φð Þhk, ð4Þ

where hk is the thickness of the lamina.
The equivalent elastic modulus of the laminate in cylin-

drical coordinates at angle φ can be obtained using

E φð Þ = 1
hpα11 φð Þ , ð5Þ

where ½αðφÞ� = ½AðφÞ�−1.
Based on the deflection equations as shown in Equation

(1a), the Bubnov-Galerkin variational equation derived from
the principle of virtual displacement is formulated to estab-

lish a relationship between the contact force and the central
deflection of the laminate [42]

ðRp
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where Ψ and Φ are the load and stress functions, respec-
tively. ηi represents the radius-related term in the series
expansion of the deflection equation, such as the part in
square brackets of Equation (1a). ∇2 is the rotation-angle
independent Laplacian operator in the cylindrical coordi-
nates, which can be expressed as

∇2 = 1
r
d
dr r

d
dr

� �
: ð7Þ

Take the peripheral edge-moveable clamped (EMC) cir-
cular laminate acted with a concentrated load as an example.
It can be seen from Equation (1a), when r = 0, the maximum
deflection of the laminate (at the loading point) can be rep-
resented by the terms outside the square bracket on the
right-hand side of the equation

wmax =w 0ð Þ = 3FcR
2
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4πEeh
3
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As defined in [42], Ψ, Φ, and ηi can be denoted as
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The derivative of Φ on the right side of Equation (6) can
be obtained by applying the following integral formula to
Equation (9a).

V0 Impactor

FRP laminate

oRp

z
r

h p

φ

Figure 1: Circular FRP laminate impacted by an elastic sphere at
the center.

Figure 2: Transformations between coordinate systems and lamina
fiber direction.
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The result of integration by parts is given as [42]
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Substituting Equations. (1a), (9a), and (11) into Equa-
tion. (6), the Bubnov-Galerkin variation equation is
expressed as a function of the contact force Fc and the lam-
inate deflection at the loading point wð0Þ as
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Without considering the strain-rate effect, the averaged
homogenized properties in Equation (12) remain constant
throughout the entire contact process at all points of the
structure. Equation (12) can be simplified though continu-
ous integration on the coefficients of w3ð0Þ, wð0Þ, and Fc as

191πEehp
648R2

p

w3 0ð Þ + 4πEeh
3
p

3 1 − μ2eð ÞR2
p

w 0ð Þ = Fc: ð13Þ

Equation (13) provides the specific relationship between
Fc and wð0Þ. From this, the spring-mass model was devel-
oped by Shivakumar et al. [10] to predict the contact history
and estimate the structural response of the “large mass”
impact. The schematic representation is shown in Figure 3,
where the superscripts i and p of mass m and displacement
w represent the impactor and FRP laminate, respectively.
The indentation α can be denoted as the difference between
the displacement of the impactor and laminate, where α =
jwi −wpj.

Due to the local indentation is generally negligible (α ≈ 0)
compared to the structural deflection [6] and the total plate
mass is significantly smaller than the impactor mass
(mp ≪mi), the originally developed two-degree-of freedom
(TDOF) impact model (Figure 3(b)) can be reduced to an
SDOF system (Figure 3(c)) to improve efficiency while
ensuring the accuracy. The motion equation of such model
is given as

mi

∂2wp

∂t2
+ kbswp + kmw

2
p = 0, ð14Þ

where kbs is denoted by the combination of bending stiffness
kb and shear stiffness ks as ðkbsÞ−1 = ðkbÞ−1 + ðksÞ−1. km is the
nonlinear membrane stiffness. For a thin plate structure
(large span to thickness ratio), the relatively low shear stiff-
ness ks can be neglected [43] reducing the combination
spring constant kbs to kb.

By comparing the coefficients of terms with the same
power on both sides, the specific expressions of stiffness in
Equation (14) can be obtained from Equation (13) corre-
spondingly. The expressions of these stiffness coefficients
under simply supported boundary are also given by Shivaku-
mar et al. [10] The displacement of the FRP laminate at the
impact point wp corresponds to the maximum deflection of
the laminate wð0Þ. The contact force Fc is denoted by the
product of the impactor mass and its acceleration as:

Fc =mi
∂2wi

∂t2
=mi

∂2wp

∂t2
: ð15Þ

2.2. Strain-Rate Dependent (SRD) “Large Mass” Impact
Model. The expressions of bending and membrane stiffness
for circular composite plates given by Shivakumar et al.
[10] generally remain constant during the entire contact
process, which makes the impact response different from
the realistic situation due to the sensitivity of laminate mate-
rial properties to impact-induced strain rate variations. In
dynamic conditions, the dependence of laminate material
properties on the strain rate is nonnegligible. In addition,
the strain rate varies with the distance from the laminate
center during the impact process. Therefore, the expressions
of the stiffness coefficients in Equation (14) should be mod-
ified with the variation of strain rate in space and time
dimensions simultaneously.

Impactor

FRP laminate

SDOF
TDOF

ks
ks

kb

kb

km

kc

km
mp

mi mi

r

z

V0

Rp

h p

w i w p

Bending

Contact

Membrane

δ

(b)
(c)

(a)

Figure 3: Schematic representation of the spring-mass model: (a)
physical quantities and effects in the impact problem. (b) TDOF
impact model, and (c) SDOF impact model
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The bending strain of the laminate is a function of the
thickness, thus the strain component of the kth lamina at
the nth time step can be expressed as

εk r, tnð Þ = −zk
∂2w rð Þ
∂r2

, ð16Þ

where zk is the coordinate of the middle surface of the kth
lamina.

Due to the nonlinearity of Equation (14), it can only be
solved using step-by-step recursive numerical method. On
the time dimension, the strain rate of the kth lamina _εk
can be obtained by taking the difference between the strain
values at corresponding time step and before

_εk r, tnð Þ = εk r, tnð Þ − εk r, tn−1ð Þ
Δt

, ð17Þ

where Δt is the length of time step.
In this study, without considering the slight effect of

strain hardening and thermal softening, only the strain rate
effects were considered. The Y-C model [30], which is the
simplified version of the general J-C model [28], was
adopted to modify the material properties of the laminate
under the dynamic stress state, which was given as

E∗
kð Þ r, tnð Þ = E me log

_εk r, tnð Þ
_ε0

+ 1
� �

, ð18Þ

where E∗
ðkÞ is the SRD modulus of the kth lamina. E is the

quasi-static modulus obtained from the standard test. me is

the strain rate coefficient obtained from the empirical fitting
of the experimental data. Δε0 is the reference strain rate,
which was set to 10−4 for a quasi-static stress state [23].

Impactor

SDOF

ks

kb km

mi

Babuno-Galerkin
variational method

E⁎ (r , tn) v⁎ (r , tn)
modifed dynamic
material property

E , v
quasi-static

material property

Y-C function

FRP laminate
r

V0

(r , tn)𝜀
.

𝜀 (r , tn-1)

𝜀 (r , tn)

Impactor and laminate at n th time step
Impactor and laminate at n–1 th time step

Figure 4: Flow chart of the developed SRD “large mass” impact model.

Table 2: Lamina properties of the laminate specimen.

E11 E22 = E33 G12 =G13 V12 =V13 V23 ρ h me

120GPa 7.8 GPa 5.4GPa 0.28 0.45 1530 kg/m3 0.2mm 0.052

Steel
fxture

Laminate
specimen

Toggle
clamp

(a)

(b)

(c)

Figure 5: Drop weight impact testing machine and customized
steel fixture (a) The INSTRON CEAST 9350, (b) experimental
state of the specimen during the test, (c) steel fixture with a
coaxial circular hole.
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After updating the material properties in time dimen-
sion, the derivation of the stiffness coefficients in Equation
(14) should be rededuced through integration along the
entire radius due to the variation in strain rate on the spatial
scale. In the numerical integration simplification of Equation
(12) to Equation (13), Ee and μe are no longer the constant.
The averaged SRD modulus E∗

e can be obtained by substitut-
ing Equation (18) into Equations (2)-(5). Because no explicit
expressions of these averaged effective properties can be
obtained, the bending and membrane stiffness can only be
expressed in terms of integrals and calculated numerically as

kb r, tnð Þ =
Ð Rp
0 8Ee r, tnð Þh3p/3R4

p 1 − μ2e
À Á� �

Vb

� �
drÐ Rp

0 2/πR2
p

� �
VF

� �
dr

, ð19aÞ

km r, tnð Þ =
Ð Rp
0 16Ee r, tnð Þhp/R5

p

� �
Vm

h i
drÐ Rp

0 2/πR2
p

� �
VF

� �
dr

, ð19bÞ

where Vb, Vm, and VF are the radius correlation coefficients
which depend on the boundary conditions of the laminate.
The expressions of these coefficients are presented in
Table 1 along with the other three typical boundary condi-
tions, namely edge-immoveable clamped (EIC), edge-
moveable simple-supported (EMSS), and edge-immoveable
simple-supported (EISS).

For rectangular laminate of dimensions Lx × Ly, equiva-
lent radius R∗

p in Equations (19a) and (19b) can be deter-
mined from the circular plate with equal effective area:
R∗
p =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LxLy/π

p
[44].

By substituting Equation (19) into Equation (14), the
modified SDOF impact model is established, which can be
solved using the Runge-Kutta method. The contact history

and structural response at the impact point can be obtained
using point-by-point numerical integration with step-by-
step recursive integration. The one-cycle flow chart of the
developed SRD “large mass” impact model is shown in
Figure 4.

3. Experiment

The proposed SRD model described above was validated in
this section by comparing the contact history predicted with
the results from drop-weight impact tests and corresponding
VUMAT-based LVI FEM simulation. As the object of this
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Figure 6: DTL identification from contact force histories curve.

Table 3: Impact energy and corresponding initial velocity of LVI
tests.

Impact energy 2.14 J 3.14 J 4.24 J

Initial velocity 1.37m/s 1.66m/s 1.93m/s

Rigid impactor

FRP laminate plate

Figure 7: Finite element model of impact on laminate plate.
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study is to evaluate the strain rate effect on LVI response of
composite independently and the modified SRD spring-
mass model was built regardless of impact damage, the con-
tact force during the drop-weight impact tests was controlled
not to exceed the delamination threshold load (DTL) of the
laminate.

3.1. Specimen. The square FRP laminate specimen with
125mm on each side employed in the following experiments
and simulations was fabricated by Guangwei Composites
Material Co., Ltd. using the unidirectional carbon fiber pre-
preg USN20000 with a thickness of 0.2mm. The ply config-
uration of the laminate was [(0/90)4]s. Table 2 gives the
mechanical properties of the lamina. me was obtained by fit-
ting test data with different impact velocities following the
Y-C logarithmic function in Equation (18).

3.2. Experimental Setup. The LVI experiments were carried
out on the INSTRON CEAST 9350 drop weight impact test-
ing machine, as shown in Figure 5(a). A square steel fixture
with a circular hole of radius 50mm was customized, as
shown in Figure 5(c). The laminate specimen was fixed on
the steel fixture by toggle clamps pressing the corner, as
shown in Figure 5(b). It has been proven through natural

frequency analysis that the boundary condition approximate
is simply supported. In order to get a relatively high initial
impact velocity with lower impact energy, the lightweight
tip holder matching the testing machine was chosen. The
total mass of the drop weight, including the hemispherical
tip with a diameter of 16mm, is 2.277 kg.

To ensure that no delamination was occurring during
the validation tests, the DTL of the laminate was first mea-
sured according to the ASTM D7136/D7136M-12 [45].
The LVI test was conducted with energy of 10 J. The contact
force history curve of the test is shown in Figure 6, where the
DTL of 3226N was identified at the point where the sudden
drop first occurred. The LVI tests with three different levels
of energy were conducted, and the corresponding initial
impact velocities are listed in Table 3. When the impact
energy was increased to about 5 J, it could be seen from the
C-scan images that delamination occurred.

4. Finite Element Model

To further verify the effectiveness of the proposed SRD
model, a VUMAT-based FEM simulation was also con-
ducted using the commercial software ABAQUS/Explicit as
a comparative assessment [46, 47]. The finite element model

Start

Begin to contact
with initial velocity

Old stress components
“stress Old”

Old strain components
“state Old”

New stress components
“stress New”

New strain components
“state New”

End of conctact

Dynamic constitutive relations
“props” Time step

iteration
“step Time”

Strain rate
“strainInc ”

Yes

End

No

Figure 8: Flowchart of the VUMAT-based FEM simulations.
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of the circular laminate impacted by a hemispherical rigid
impactor at the center was developed under the boundary
condition of EMSS, as shown in Figure 7. The lamina was
modeled using C3D8R elements, which means 8-node cubic
elements with reduced integration. To save computing time,
various mesh sizes in different regions of the laminate were
introduced in the finite element model. The mesh grid
became sparser as the distance from the laminate center
increased, from 0.2mm of the central contact area to 1mm

of the boundary area. The general contact algorithm with a
penalty enforcement formulation of friction was applied to
the tangential interaction between the impactor and the
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Table 4: Time consumption of different Δt.

Δt (s) 5e−7 1e−6 5e−6 1e−5

Time consumption (s) 6881.47 3021.03 633.38 303.46
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Figure 9: Averaged homogenized modulus with different Δφ.
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laminate plate. The friction coefficient was set to 0.3 based
on several experimental summaries [48].

The SRD updating of mechanical properties was imple-
mented through the secondary development of the user
material subroutine VUMAT. The flowchart of this second-
ary development subroutine of FEM is shown in Figure 8.
The strain rate at each grid point of the laminate was calcu-
lated using the invoked strain increment (“strainInc”) at
every time step (“stepTime”). Then, the material properties
(“props”) matrix was modified and reassigned correspond-
ingly for the next time step. The strain components for the
next time step (“stateNew”) were updated by adding the
strain increment to the previous old strain components
(“stateOld”). The same update operation was applied to the
stress components (“stressNew”) by accumulating the prod-
uct of the modified stiffness matrix and new strain compo-
nents to the previous old stress components (“stressOld”).
The updated components of this time step were taken as
the old for the next time step. The entire contact history of
stress and strain distribution was obtained by repeating these
operations of the cycle step-by-step.

5. Results and Discussion

5.1. Convergence Analysis. There are two integral increments
in the proposed SRD model: the circumferential step Δφ in
Equation (2) and the time step Δt in Equation (17). For
the balance of prediction accuracy and time efficiency, the
convergence analysis was conducted to determine the appro-
priate value of these two uncertain parameters.

First, the averaged homogenized modulus of the speci-
men above was obtained with different values of Δφ accord-
ing to Equation (2). The results are shown in Figure 9. It can
be seen that the value of Ee converges with Δφ decreases.
When Δφ is less than 15°, the difference between Ee and its
convergence value is negligible. Hence, Δφ = 10 ° was
adopted in the subsequent numerical examples.

The same procedure was taken for the time step Δt. The
model for the circular FRP laminate with a diameter of
100mm impacted by a hemispherical rigid impactor at the
center was developed, as shown in Figure 1. The impactor
had a diameter of 16mm and a mass of 3 kg. The contact
force history at V0 = 1m/s with various Δt was obtained by
recursive integration of Equation (14). The results under
EIC boundary are shown in Figure 10, and the corresponding
time consumption on Intel® Core™ i7-9750H, with 12M
cache and frequency up to 4.5GHz, is listed in Table 4. It
can be found that variation of the time step Δt has no effect
on the SRI contact force history results. As Δt decreases,
the impact period becomes shorter and the extreme value
of contact force increases. Figure 10 and Table 4 show that
decrease of Δt from 1e−6 s to 5e−7 s only has a slight effect
on the SRD history but cause a dramatic increase of time
consumption. Hence, after deliberation, Δt=1e−6 s was
selected for model calculation in the following section.

5.2. Model Validation. Figures 11–13 give the comparison of
contact force history curves obtained by the SRD/SRI model
with the experiment and FEM simulation under three differ-
ent levels of impact energy. The FEM curves are obtained by
filtering the original data. Since the elastic modulus of
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carbon fiber has been proven to be insensitive to the strain
rate, fiber-dominated mechanical properties (E11) of the
lamina do not vary with the strain rate during the model cal-
culation and FEM.

It can be found that the contact force histories from the
spring-mass model agree well with the FEM results in both
SRD and SRI cases. But there are some discrepancies in the
impact period and the extreme value of contact force
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Figure 13: Comparison of contact force history from model calculation with FEM simulation and experimental results (4.24 J).
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between the SRI model and experimental results. These dis-
crepancies have been decrease greatly by considering the
strain rate effect through the proposed SRD model. The con-
tact force history curves from the SRD spring-mass model
are consistent with the experimental results well. The SRD
FEM results also coincides with that from the experiment.
It shows that the strain rate effect on “large mass” impact
response has been accurately evaluated and the validity of
the proposed SRD model has been verified, also with the
VUMAT-based FEM. The time consumption of the pro-
posed SRD model was only about one hour, showing a high
efficiency compared with the FEM which takes more than
ten hours.

It is also worth noting in Figure 13 that when the impact
energy is 4.24 J, the experimental contact force is slightly
lower than the SRD model results near the peak of the his-
tory curve, due to that the extreme value of the impact force
is approaching to DTL of the specimen with the increase of
the impact energy. Under this impact energy, even if delam-
ination damage does not occur, local crushing of the resin
matrix in the contact area would result in a slight decrease
of contact force extreme value.

5.3. Parametric Analysis. The experimental verification
described in the previous section was conducted on the lam-
inates reinforced by carbon fiber, which has previously been
reported to be SRI. The performance of the laminate which
is dominated by the carbon fiber is virtually unaffected by
the strain rate variation. However, for laminates whose rein-
forcing fiber is strain-rate sensitive material, the fiber-
dominated properties of the lamina vary with the strain rate
during the contact process, which affects the impact
response of the laminate to a greater extent compared with
the laminates with strain-rate insensitive fibers.

To further investigate the reliability and practicability of
the proposed SRD model, parametric analysis was per-

formed to test its capacities for accurately evaluating the
strain rate effect on the LVI response of laminates reinforced
by fiber with different strain rate dependency. The contact
histories calculated from the proposed SRD model were
compared with the results from the VUMAT-based FEM
simulation in three different cases: SRI and SRD exclude
E11 and SRD include E11.

Parameters of the model calculation and FEM simula-
tion were the same as in the above experiments except for
the strain rate dependency of fiber-dominated mechanical
properties (E11) of the lamina. The history curves of contact
force, impactor displacement, and velocity with impact
energy of 2.12 J and 3.14 J are shown in Figures 14 and 15.
The SRI curves were presented as the basis for comparison.
The latter two cases involved modifying the constitutive
relations of the lamina with and without the tensile modulus
E11, corresponding to the laminate composed of strain-rate-
sensitive (such as glass and Kevlar) and strain-rate-
insensitive (such as PVA and carbon) fibers, respectively.

Comparing the curves of two SRD cases with the SDI
results, the strain rate effect on impact response is more pro-
nounced for the laminate with strain-rate-sensitive fibers,
which is attributed to the dominant role of the fiber on the
macroscopic mechanical properties of the laminate. For the
laminate with strain-rate-insensitive fibers, the strain rate
effect on the impact response, which was mainly controlled
by the viscoplasticity of the matrix, was less noticeable than
in the case of strain-rate sensitive fibers.

Good consistency between the proposed SRD model and
FEM results was observed in the variation of period and
amplitude of the curves. The varying trends in SRI an SRD
curves proved the validity and reliability of the modified
SRD spring-mass model in predicting the “large mass”
impact response of the laminate. This conclusion was also
supported by the displacement and velocity curves of the
impactor in Figures 14(b) and 14(c) and Figures 15(b) and
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15(c) where the model calculation curves showed similar
trends to the FEM curves in each case. The applicability of
the proposed model to the simulation of key impact quanti-
ties shows its relatively higher value.

6. Conclusions

This study presented a modified SRD spring-mass model to
more accurately predict the contact history of an orthotropic
FRP laminate subjected to out-of-plane LVI. Impact
response prediction of FRP laminates considering the strain
rate effect was theoretically established for the first time,
although it has been previously realized by numerical FEM
simulations. The constitutive relation of the laminate needs
to be constantly updated with the strain rate variation in
space and time dimensions simultaneously. The contact his-
tory and structural response of the FRP laminate can be
obtained by solving the modified SDOF spring-mass model
using a step-by-step recursive integration. The drop-weight
tests and VUMAT-based FEM simulations were conducted
to validate the model. The results show that the strain rate
effect reflected in the contact force during “large mass”
impact can be accurately predicted. Also, the proposed
SRD model was proven to be more efficient than FEM sim-
ulations, as better results were achieved with less time con-
sumption. Further, parametric analysis of strain rate effect
evaluation on the LVI response of laminates reinforced by
fiber with different strain rate dependency was performed.
The good consistency between the analytical solution and
FEM results before and after containing different strain rate
dependencies showed the reliability and practicability of the
proposed SRD model in evaluating various degrees of the
strain rate effect on the LVI response. For future studies,
some developed damage models can be combined with this
modified SRD spring-mass model to further analyze the

delamination evolution processes of FRP laminates under
LVI more accurately.
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