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A fast and reliable turbine design method is necessary in aeroengine development practice. As Q3D time-marching method
iteration process can be time consuming and unstable, a novel S2 stream surface approximation approach coupled with flow
tangential condition is proposed to reduce the computation requirement. The surface approximation uses a quadratic function
of axial coordinate x to formulate distribution of circumferential coordinate θ. The flow tangential condition inherently
represents inviscid blade force effect, and the formulation of inviscid blade force is not needed. A corresponding personal Q3D
turbine computer code was developed, which was suitable for both design and analysis applications. The Q3D design method
solves Euler’s equation through third-order Godunov’s scheme with TVD property in finite volume method. Semi-implicit
Crank-Nicolson’s temporal scheme is implemented. Profile, secondary, and tip clearance energy loss models are added to
predict viscous losses. Blade row exit swirl is required as the convergence target for Q3D design. A two-stage turbine and a
single-stage high-pressure turbine were designed and analyzed by the Q3D method. Viscous 3D CFD was utilized to check
design performances. The results showed that the Q3D method could finish a design case within 1min. At design point, Q3D
mass flow rate error was no more than 1.25%, expansion ratio error was no less than -0.022, and isentropic efficiency error
was no more than 0.37 percentage points. The Q3D design method is fast and accurate. The stream surface approximation
approach is suitable for Q3D design and analysis.

1. Introduction

Turbine is one of the key components in gas turbine aero-
engine. In aeroengine development practice, a fast and
reliable turbine aerodynamic design method is necessary.
At present, the turbine aerodynamic design process still
follows the system of one-dimensional (1D), two-
dimensional (2D) or quasi three-dimensional (Q3D), and
fully three-dimensional (3D) computation, of which Q3D
design and analysis work is an important phase. The
Q3D design theory was first proposed by Wu in 1952.
As Wu suggested, flow patterns in turbomachinery could
be divided into two types, of which one was the flow along
S1 stream surface and the other along S2 stream surface
[1]. Wu’s idea inspired many researchers to develop
numerical methods for Q3D or so-called through flow
computation on S2 stream surface. The main purpose of

Q3D design work is to obtain radial distribution of aero-
dynamic parameters, from which blade shape profiling
are supported. The Q3D design method is still the core
technology in turbine design process. Two classical calcu-
lation methods are streamline curvature (SLC) method
proposed by Novak and matrix stream function (MSF)
method developed by Marsh [2, 3]. These two methods,
especially SLC method, were prevalently used and
improved for many years. However, their biggest drawback
is that they are not suitable for transonic and supersonic
flows, and chocking mass flow rate cannot be predicted
[4]. To cope with this problem, the Q3D time-marching
method based on computational fluid dynamics (CFD),
which solved the Euler or Navier–Stokes (N–S) equations,
was established. Through time-marching method, shock
wave and chocked flow can be predicted automatically.
Spurr [5] firstly developed Q3D time-marching method
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by solving the 2D Euler equation in stagnant cylindrical
coordinate, and the result showed the potential of shock
wave prediction. Numbers of researchers were devoted to
the development of Q3D time-marching method [6, 7].
In general, the applications of Q3D time-marching method
consist of two parts. They are design and analysis
applications.

For analysis application, the Q3D time-marching
computation procedure is in accordance with 3D CFD
technique. At first, turbomachinery configuration is
needed, from which computational domain and grid is
generated. In most cases, blade camber surface shapes
and flow path geometry are required [8, 9]. Usually, it
is thought that fluid moving direction is closely tangen-
tial to camber surface. However, because of incidence
and deviation angles at blade leading and trailing edges,
the real S2 stream surface deviates from camber surface
more or less [10, 11]. 2D twisted grid can be con-
structed along stream surface in blade zone, with merid-
ian plane gird in nonblade zone [9, 12]. The derived
flow equation in blade zone is supposed to satisfy the
flow tangential condition on stream surface. Alterna-
tively, from another perspective, the entire grid can be
regarded as a meridian plane one, and the inclination
of fluid direction in blade zone is imposed by an addi-
tional inviscid blade force term f b [13]. In other cases,
both blade suction and pressure side surfaces are
demanded, and a single grid cell is set circumferentially
in the flow path filling the whole flow passage [11,
14]. Generally, the requirement of a single cell in cir-
cumferential direction is related to the corresponding
flow solver, which is modified from a 3D solver.

For design application, since the profiles of blades are
unknown, the formulation of S2 stream surface along with
the corresponding f b becomes the key point. Controllable
velocity distribution is usually used in turbomachinery
design [15, 16]. One way to produce stream surface and f b
is to use distribution of swirl vθr or circumferential velocity
vθ during blade zone [8, 17]. Stream surface geometry
evolves during iteration to meet the desired vθ from some
initial value. For example, Damle et al. [18] specified vθr as
design target, and stream surface were updated through flow
tangential condition formula. Then, source vector about f b
was renewed. Yao and Hirsch [19] implemented the Euler
equation in Cartesian system in his design work, where rel-
ative speed wθ was given. The calculation was conducted
in meridian plane, and the speed component wx or wy was

renewed in each step. After velocity vector w! was regener-
ated, f b was then recalculated. Both Simon [20] and Hirsch
and Sturmayr [21] used target vθ and its computed value
to formulate the partial derivative of f b with respect to a
pseudo time parameter. As iteration convergence prog-
ressed, the difference between computed vθ and the target
became less, and f b became convergent. Taddei and Bertini
and Taddei and Larocca [22, 23] set spanwise distribution
of specific work as the design target, which was proportional
to the difference between rotor inlet and exit vθr. They used
meridian convective equation to replace the original energy
equation in Euler’s system to update f b through vθr. S2 sur-

faces waved around their fastened leading edges until they
reached the steady shape that was consistent with the speci-
fied vθr distribution.

Apart from the above examples, direct calculation is
also used in optimum design. For instance, Ivanov et al.
[24] used an analysis method in turbine optimization pro-
cess with output power as the design target. However,
detailed optimization methodology was not stated in his
paper. Pasquale et al. [25] incorporated axisymmetric
ZFLOW code with metamodel assisted genetic algorithms.
They established a pseudo-objective function that must be
minimized to reduce deviation from target tangential
velocity, mixed-out total enthalpy, and entropy produc-
tion. Blade row exit flow angle was taken as a design
parameter, and inlet flow angle was obtained from
upstream condition. After the best stream surface was
found, geometric surface of blade was then calculated via
incidence and deviation angle model.

Basically, the majority of inverse Q3D time-marching
design methods contain the iteration of vθ and f b through-
out blade zone. However, the iteration procedure can be
time consuming and unstable. As Jin et al. [17] said, the con-
vergence problem often arose when iteratively solving f b.
The contribution of the present work is to develop a fast
and reliable Q3D turbine design method. To achieve this, a
novel S2 stream surface approximation approach is pro-
posed. In this way, no more formulation of f b is needed,
and the iteration of vθ is simplified. The design method
determines the stream surface circumferential coordinate θ
in blade zone first in each iteration step by means of qua-
dratic function of axial coordinate x, and then calculation
is conducted. Radial distribution of blade row exit vθr is
required as convergence target. A two-stage turbine and a
single-stage high-pressure turbine were designed and ana-
lyzed by the Q3D method, and their 3D aerodynamic config-
urations were built. 3D viscous CFD software NUMECA was
used to simulate turbine performances for comparison.
Finally, the accuracy of Q3D design method is found to be
reliable, and the approximation approach of S2 stream sur-
face is proven to be reasonable.

2. Quasi Three-Dimensional Design Method

2.1. Governing Equations. The Euler equations in orthogonal
curvilinear system ðξ, η, ζÞ in the relative frame are used
here, which are derived from cylindrical system ðx, r, θÞ.
The coordinate system is illustrated in Figure 1.

The equations are written in conservative form [12]
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J is the Jacobian determinant, which is in the form of

J =
∂ ξ, η, ζð Þ
∂ x, r, θð Þ : ð3Þ

vx, vr , and wθ are velocity components in relative cylin-
drical coordinates. ω is the angular speed of turbine spool.
Then, the absolute circumferential speed vθ can be expressed
as wθ + ωr. ρ denotes density, p is the pressure, and e is the
total energy. The equation can be simplified under the Q3D
hypothesis. In the axial adjacent blade row gap, i.e., non-
blade zone, the flow is assumed to be axisymmetric, S2
stream surface is meridian plane, and

ζ = θ: ð4Þ

Another three relations are deduced

∂ξ
∂θ

= 0,

∂η
∂θ

= 0,

∂
∂ζ

= 0:

ð5Þ

Consequently, Formula (1) can be simplified as
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While in blade zone, fluid flow direction is tangential to
S2 stream surface, flow surface is twisted, and flow tangential
condition must be satisfied
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Thus, Formula (1) becomes
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Figure 1: Coordinate system.
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−r∂ζ/J∂xð∂p/∂ζÞ, −r∂ζ/J∂rð∂p/∂ζÞ, and −∂ζ/J∂θð∂p/∂ζÞ
can be equivalently seen as components of inviscid blade

force vector f
!

b in the x, r, and θ directions. Formulas (6)
and (7) can be written in a universal form
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To avoid erroneous pressure fluctuations generated by
the conservative wave model [26], Equation (8) is next trans-
formed to nonconservative form [27]
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Since different flow conditions are assumed in blade
and nonblade zones, special flow data transfer is needed
between blade and nonblade zones. Li et al.’s [27] method
is used to conduct the data transfer at blade leading and
trailing edges, which mainly utilizes the conservation of
mass, energy, and entropy, along with momentum equa-
tion. For the conservation of energy, it means the total
enthalpy is invariant.

2.2. Numerical Schemes. Finite volume method is applied to
solve the differential equations. Semi-implicit second order
Crank-Nicolson’s scheme is used in the time orientation in

Equation (12), and the temporal discrete difference equa-
tion is
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Substituting Equation (12) into the above formula, the
result is
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Then, approximate factorization (AF) method is imple-
mented to reduce the computation requirement, and
Equation (15) becomes

I+Δt
∂An

2∂ξ

� �
I + Δt

∂Bn

2∂η

� �
Δ~U

n = −Δt
∂~Fn

∂ξ
+
∂Gn

∂η
− ~H

n

 !
:

ð17Þ

0 1

0

1

HTE turbine rotor
Uncooled turbine stator

HTE turbine stator

Uncooled turbine rotor
E/TU-1
T106

0.75

y
/C

x

0.5

0.25

−0.25

0.2 0.4 0.6 0.8
x/Cx

Figure 2: Turbine blade camber lines.
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Since eigenvalues of Jacobian matrices A and B can
reflect wave propagation direction, A and B can be split
with positive and negative eigenvalues

A = A+ − A−, ð18Þ

B = B+ − B−, ð19Þ
where
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Λξ and Λη are diagonal matrices whose diagonal ele-
ments are the eigenvalues of A and B, while jΛξj and j
Ληj stand for diagonal matrices whose diagonal elements
are the absolute values of those of Λξ and Λη. Here, for-
ward and backward differences are defined as

Δf = f i+1 − f i,

∇f = f i − f i−1:
ð21Þ

Substitute (18) and (19) into Equation (17), and utilize
upwind scheme to discretize A+, A−, B+, and B− with local
matrix freezing treatment at the same time. For the right-
hand side terms, flux difference splitting (FDS) method is
used. Finally, Equation (17) turns to
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Although the approximate local linear treatment of
matrices A+, A−, B+, and B− reduces the time accuracy,
it is not a problem for steady computation in the present

research. ~Fi+1/2, ~Fi−1/2, ~Gi+1/2, and ~Gi−1/2 are calculated by
the primitive parameter fluxes ~Ui+1/2 and ~Ui−1/2. The Rie-
mann exact solution is used to compute ~Ui+1/2 and
~Ui−1/2 at the grid interface. To realize this, the left and
right values of the interface need to be reconstructed.
Here, a piecewise parabolic distribution of arbitrary prim-
itive parameter u is commenced
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1 + φ

4
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4
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1 − φ

4
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4
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ð23Þ

where Δûnj are ∇ûnj restricted increments to meet the
monotonicity condition or total variation diminishing
(TVD) property

Δûnj = Δunj χ
∇unj
Δunj

 !
,

∇ûnj = ∇unj χ
Δunj
∇unj

 !
:

ð24Þ

The limiter χ is written as

χ rð Þ =
0, r ≤ 0,

r, 0 < r < 1,

1, r ≥ 1:

8>><>>: ð25Þ

When ϕ is 1/3, the scheme has third order accuracy in
space orientation which is a higher order Godunov’s
scheme. Finally, since Equation (22) is the 5 × 5 block tri-
diagonal matrix, it can be solved by the chasing method in
ξ and η orientations alternately.

2.3. Aerodynamic Design Method. To carry out Q3D turbine
aerodynamic design, several necessary boundary conditions
and design parameters are needed, including turbine inlet
total pressure p∗in and total temperature T∗

in, outlet static
pressure pe, and spool rotational speed N . Geometry infor-
mation of meridian flow path shape and number of blades
Nb in each row are also needed. In addition, radial distribu-
tion of vθr at blade row exit should be prescribed as well. For
the time-marching method, the numerical procedure of
inverse design is essentially the same as direct calculation,
even though the input conditions are different. Based on
the CFD methodology, the computational domain and grid
are in need at first. Therefore, the formulation of the physi-
cal S2 stream surface in blade zone is a key point in Q3D
time-marching design work. A prevalent design process is
to establish an original stream surface according to some ini-
tial conditions, and then automatically adjust surface shape
during the iteration loop until vθ or vθr goal inside blade
row is fulfilled. At the same time, inviscid blade is also recal-
culated repeatedly in the design loop, which forces flow to
make a turn and influence vθ in return.
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A novel S2 stream surface approximation method is pro-
posed here to decrease the iteration requirement. Since rotor
specific work is only related to the vθr difference between
inlet and exit, the radial distribution of vθr at blade exit is
regarded as the design goal instead of the whole internal
blade zone. The S2 stream surface in blade zone is formu-
lated through distribution of θ, and θ is estimated via func-
tion of x coordinate. Noera and Satta [28] used the
quadratic polynomial function of x to calculate θ of blade
camber line in his SLC analysis work. Deviation angle is pre-
dicted by the Ainley and Mathieson model. Considering that
blade camber line is close to streamline, Noera and Satta’s
research proved the rationality of quadratic distribution of
θ of streamline to some degree. To investigate the geometric
characteristics of turbine blade camber line a step further, a
series of camber lines of reference blades with normalized
coordinates are calculated herein, as shown in Figure 2.
The blade profiles come from NASA uncooled core turbine
mean blade section [29], NASA high temperature engine
turbine mean blade section [30], and E/TU-1 and T106 cas-
cade section [31]. In Figure 2, camber line axial and circum-
ferential coordinates are normalized by axial chord length
Cx. The leading edges of lines are all set at the origin point
in the coordinate system.

As depicted in Figure 2, it can be speculated that the tur-
bine blade camber line might be approximated by the qua-
dratic function of x. Therefore, the distribution function of
θ in blade zone is defined here similar to Noera and Satta’s,
which is in the form of

θ xð Þ = a2x
2 + a1x + a0,

xLE ≤ x ≤ xTE,
ð26Þ

where a0, a1, and a2 are constant coefficients. xLE and xTE
denote the axial coordinates of the blade leading and trailing
edges, respectively. To calculate these three constants, three
additional conditions are added. First, the blade leading
and trailing edge flow angles, βLE and βTE, are given, and
the function should satisfy

dθ xLEð Þ
dx

= 2a2xLE + a1,

dθ xTEð Þ
dx

= 2a2xTE + a1:

ð27Þ

In addition, the x coordinate x0, where θ is 0 is also
given. Then,

θ x0ð Þ = a2x
2
0 + a1x0 + a0 = 0: ð28Þ

a0, a1, and a2 can then be obtained. Another parameter
in need for Q3D design is the blade blockage factor, which
reflects the influence of metal blade blocking on flow. Blade
geometry information is typically used to define blockage
factor, and both circumferential and normal blockage factors
are often used [4, 10, 14]. Here, to accommodate the flow
governing equations in the design method, ð∂ζ/∂θÞ−1 is

taken as blockage [10]. The physical meaning of ð∂ζ/∂θÞ−1
is illustrated as follows. In orthogonal curvilinear system,
the projected area Aηζ of flow unit volume on the ηζ plane
is [12].

Aηζ =
ΔV
Δξj j =

r/Jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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�����
�����ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∂x/∂ξð Þ2 + ∂r/∂ξð Þ2 + r∂θ/∂ξð Þ2
q
266664

377775,
ð29Þ

where ΔV is the unit volume and jΔξj is the edge length
along the ξ axis of unit volume. Aηζ reflects the through flow
area in turbine blade row passage and mass flow capability.
All partial derivatives in the above formula can be calculated
by numerical difference once the computational grid is given
except for ð∂ζ/∂θÞ−1. Therefore ð∂ζ/∂θÞ−1 is regarded as the
blade blockage factor, which needs to be specified manually.
In nonblade zone, ð∂ζ/∂θÞ−1 is always equal to 1. In blade
zone, ð∂ζ/∂θÞ−1 is less than 1. Blockage is distributed
through an arbitrary smooth function in blade zone. Nor-
mally, the minimum blockage is located at the half Cx posi-
tion. For inviscid blade force f b, many other design studies
add a step of formulation and update of f b. For the present
research, since the flow tangential condition is incorporated
into the flow equation within blade zone, Formula (8) inher-
ently contains the effect of f b, which no longer requires an
additional special formulation anymore.

After the flow field is computed, blade geometry param-
eters can be calculated. Incidence angle i is assigned 0, thus
inlet blade angle βk1 equals inlet flow angle β1. Deviation
angle δ is estimated by the empirical model in reference
[32]. This model comes from the generalization of linear tur-
bine cascade experiment results. δ result depends on blade
row exit Mach number Mar2 and flow angle β2. The model
can be expressed in the form of a chart as shown in
Figure 3. The definitions of i and δ are

i = β1 − βk1,

δ = β2 − βk2:
ð30Þ

Other geometrical information of blade leading and
trailing edge radius, stagger angle, thickness distribution,
rotor blade tip clearance, etc., is also needed to complete
blade profiling. The values of these parameters have a
broader tolerance to maintain turbine cascade flow perfor-
mance than βk1 and βk2. The latter two essentially dominate
mass flow rate and expansion level of cascade flow. Conse-
quently, extra geometrical parameters are decided manually
as long as the cascade passage has favorable convergence.

The major Q3D design process is focused on the itera-
tion of blade row exit vθr. When applying the Q3D design
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method, the radial distribution of the target swirl ðvθrÞ∗
should be specified as well as the initial βLE and βTE for each
blade row. The design process is illustrated in Figure 4.
There are mainly two levels of loops. ε1 and ε2 denote con-
vergence tolerance of the two loops in Figure 4. The inner
loop is iteration of βLE, aiming to eliminate incidence at
blade leading edge. In each step, βLE is renewed by β1:

βLE′ = β1, ð31Þ

where βLE′ is the updated blade leading edge flow angle. In
this way, βLE finally converges to β1. The outer loop is the
iteration of blade row exit vθr. βTE reflects the degree of flow
turning in blade row and has direct impact on vθr. The
larger βTE is, the higher vθr is. As a consequent, βTE is cor-
rected proportionally to the difference between ðvθrÞ∗ and
vθr in every step:

βTE′ = βTE + K vθrð Þ∗ − vθr½ �, ð32Þ

where βTE′ is the updated blade trailing edge flow angle, and
K is a constant that is assigned 0.1 °·s/m2. To avoid an end-
less loop, the maximum number of iterations Imax is set.
Since βLE and βTE are related to the stream surface shape,
S2 surface continues to transform until convergence.

Off-design performance prediction is also important in
the turbine design phase. Therefore, the Q3D method is also
applied to off-design analysis with some modifications. The
analysis process based on the geometry information pro-
duced by the design process is shown in Figure 5. In the
analysis process, the outer loop is replaced by an iteration
of βTE. After Q3D design is finished, βk1 and βk2 are
obtained. They are used as the initial βLE and βTE. In
Figure 5, βTE′ stands for updated βTE, which is calculated
by deviation angle model and βk2

βTE′ = βk2 + δ: ð33Þ

In the context of maintaining radial stage work distribu-
tion, the present design process only needs blade row exit
vθr to satisfy the design target, simpler than those demand-
ing the iteration of parameters throughout the whole blade
row passage. Simultaneously, modeling and iteration of f b
is no more needed, which may cause convergence problem
as Jin et al. [17] pointed out. In this way, iteration require-
ment can be much reduced which is beneficial to the compu-
tation efficiency and robustness.

2.4. Loss Models. Viscous dissipative effect is modeled via
empirical loss models when solving the Euler equation
[33]. Generally, shock loss is thought to be accurate in the
time-marching method. Extra losses, including blade profile
loss, secondary flow loss, and blade tip clearance leakage
loss, are supplemented. Energy loss Z models are used here.

First, profile loss Zp is calculated in the following way [32]:

Zp =
0:003

0:09kp/cos β2 + 0:46
À Á

cos β1 − cos β2ð Þ + 0:085
+ 0:017,

ð34Þ

where

kp =
−cos β1 sin β2 − β1ð Þ, β1 − β2 ≥ 90 ° ,

−
cos β1

sin β2 − β1ð Þ , β1 − β2 < 90 ° ,

8><>: ð35Þ

Secondary loss Zs is calculated through [32]

Zs = −0:0474
cos β2
cos β1

tan β1 − tan β2
H/C

� �
ks + 0:0118

ð36Þ

where

ks =
1,

H
C

≥ 2,

1 − 0:25
ffiffiffiffiffiffiffiffiffiffiffiffi
2 −

H
C

r
,
H
C

< 2:

8>><>>: ð37Þ

H stands for blade height, and C is the blade chord
length. Blade tip clearance leakage loss is estimated through
the Balje and Binsley model [34]

Zk = 0:0696 tanh
13dk
C

� �
H
C

cos β∝ tan β2 − tan β1ð Þ,

ð38Þ

where dk is the rotor blade tip clearance, and β∝ is the vector
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Figure 3: Deviation angle model.
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mean flow angle in cascade. Next, the overall loss Zall is

Zall = Zp + Zs + Zk: ð39Þ

Empirical loss model is vital for performance prediction
[35]. For viscous loss prediction in Q3D computation, it is
not enough to just use the aforementioned models because
these models are summarized from linear cascade flow per-
formance. Therefore, loss parameter should be redistributed
radially to reflect 3D effect. Secondary loss is mainly caused
by cross flow and boundary layer separation near flow path
endwall. Therefore, secondary loss at hub and tip should
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be higher. Tip clearance leakage loss is generated from rotor
blade tip clearance leakage flow and vortex, thus loss near tip
must be higher. Sullerey and Kumar [36] proposed that sec-
ondary loss could be redistributed radially in a quadratic

function style. Under this assumption, secondary loss at
midspan was 0, and loss increased from midspan to the end-
wall. Yang et al. [10] and De Jesus et al. [37] also adopted
this synthesis in their Q3D computation. Based on the above
work, the same quadratic distribution of Zs is used here. Fur-
thermore, rotor blade tip clearance loss should also be redis-
tributed. According to reference [38], redistribution of Zk is
adopted from 0.7 to 1.0 span. The cubic function is used to
redistribute Zk. Leakage loss at 0.7 span is 0, and increases
to maximum value at 1.0 span. Finally, the radial distribu-
tion formulae of Zs and Zk are shown as follows:

Zs
�H
À Á

= 12�Zs
�H − 0:5
À Á2, 0 ≤ �H ≤ 1,

Zk
�H
À Á

=
40000�Zk

81
�H − 0:7
À Á3, 0:7 ≤ �H ≤ 1,

ð40Þ

where �Zs and �Zk are the average secondary and tip clearance
leakage losses calculated by the models. �H denotes relative
spanwise location. �Zs and �Zk are separately equal to the
radial definite integral of the corresponding distribution
function:

�Zs =
ð1
0
Zs

�H
À Á

d�H:

�Zk =
ð1
0:7
Zk

�H
À Á

d�H:

ð41Þ

(a)

(b)

Figure 7: Turbine flow path and Q3D grid: (a) two-stage turbine; (b) single-stage turbine.

Table 1: Turbine design parameters.

Parameter Two-stage turbine Single-stage turbine

p∗in/Pa 1:0759 × 105 1:3245 × 106

T∗
in/K 378 1561

pe/Pa 3:5 × 104 3 × 105

N/(r/min) 4407 13284

Table 2: Input blade row parameters of the two-stage turbine.

Blade row vθrð Þ∗/(m2/s) Nb

Stator 1 -73.20 50

Rotor 1 12.45 61

Stator 2 -75.60 39

Rotor 2 9.00 52

Table 3: Input blade row parameters of the single-stage turbine.

Blade row vθrð Þ∗/(m2/s) Nb

Stator -250.30 24

Rotor 89.20 54
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Inside blade row, loss coefficient also needs to be distrib-
uted axially or streamwise. Usually, loss coefficient predicted
by the loss model is converted to an entropy increment, and
then entropy gradient forms the function of viscous blade
force f v [8, 10, 13]. The entropy field in blade zone, however,
needs an assumption. Persico and Rebay [13] suggested that
smooth function distributions could be applicable, including
linear, sinusoidal, and exponential functions. Taddei and
Larocca [39], on the other hand, pointed out that the domi-
nant contribution to entropy production came from total
pressure loss when streamline curvature was neglected, and
he formulated f v as a function of total pressure gradient.
However, the distribution of total pressure in blade zone still
requires assumption. Therefore, it is apparent that some
assumptions are inevitable when modeling viscous loss. A
simpler treatment is used here, which assumes that the loss
coefficient is linearly distributed axially from 0 at blade lead-
ing edge to Zall at trailing edge. Further investigation to sup-
port this method is not available at present. However, loss
result of the computation example could later prove some
rationality. After energy loss Z is distributed at each grid cell,
velocity loss coefficient φ is computed [38]:

ϕ =
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − Z:

p ð42Þ

φ is equal to the real velocity versus isentropic velocity,
and φ is used to correct the velocity field instead of adding
a source term f v in flow equation.

2.5. Performance Validation Method. After fully 3D aerody-
namic configuration of turbine is designed by Q3D method,
its performance is validated through 3D viscous CFD tool.
Here, NUMECA software is used. The 3D computational
grid is constructed by AutoGrid software. The grid is in a
single channel, and its topological structure is O-H type, as
shown in Figure 6. Grid y+ near wall is approximately 1,
the maximum cell aspect ratio is approximately 3000, and
the maximum expansion ratio is around 2.5. Orthogonal
angle of the grid cell is greater than 30 ° . The flow solver is
FINE/Turbo software, which solves N–S equation at steady
condition. The temporal scheme is fourth-order Runge–Kut-
ta’s approach, and turbulence model is the Spalart-Allmaras
model. The flow data transfer at stator/rotor interface is
solved by the mixed-plane approach. The same boundary
condition used in Q3D computation is applied in 3D
simulation.

3. Research Turbines

A two-stage turbine and a single-stage high-pressure turbine
were studied. Both turbine meridian flow paths were already

known, as shown in Figure 7. To apply the Q3D design
method, a personal computer code was developed based on
the above theories. The code was compiled by FORTRAN
language. In Figure 7, Q3D grids are also demonstrated,
and it is clear that the number of grid points is much lower
than 3D grid. This dramatically improved Q3D calculation
efficiency and saved considerable time. A personal computer
equipped with Intel i7-6700 3.4GHz CPU and 32GB RAM
was used to commence both Q3D and 3D calculations in
the research. In each case, Q3D calculation cost less than
1min, but 3D calculation consumed approximately 30min.
Necessary design parameters were prescribed, which are
exhibited in Table 1. In Table 1, the design parameters of
the two-stage turbine come from equivalent cold air condi-
tion, while the single-stage turbine parameters are from nor-
mal hot condition. The turbines were designed by the
proposed Q3D method first. Fully 3D aerodynamic configu-
rations were next constructed according to design results.
Among turbine blades, the first stage stator blade stacking
point was leading edge circle center, while the rest blades
were stacking along the centroids. Final meridian blade pro-
files were a little different from initial input because of axial
transportation of blade sections. 3D steady simulation was
used to check the design performance to verify the effective-
ness of Q3D method. Finally, characteristic curves in design
rotational speed were computed by both Q3D and 3D
methods.

The turbines were both designed in free-vortex style, and
constant radial distribution of vθr was given at each blade
row exit. During actual design procedure, swirl goals ðvθrÞ∗
at only three span locations of hub, midspan, and tip were
given, in order to reduce number of iteration times and avert
unreasonable twisted blade shape. Input ðvθrÞ∗ of each tur-
bine case is shown in Tables 2 and 3.

4. Results and Analysis

4.1. Two-Stage Turbine. The overall performance results of
the two-stage turbine are demonstrated in Table 4 including
both Q3D and 3D results. In the table, performance param-
eters include mass flow rate _m, expansion ratio π, and isen-
tropic efficiency ηi. It can be found that _m of Q3D is
approximately 0.67% lower than 3D result. Q3D π is lower
than 3D result by 0.022, and Q3D ηi has only 0.37 more per-
centage points. Among them, the accuracy of efficiency is
closely related to loss prediction, which will be analyzed in
detail later. Overall, the accuracy of Q3D performance
results is high, and the turbine has considerably high ηi.

Absolute Mach number Ma and relative Mach number
Mar contours in meridian plane are shown in Figures 8
and 9. Total pressure p∗ and total temperature T∗ contours
are shown in Figures 10 and 11. In general, bellowing figures
show that Q3D meridian results are close to 3D results with
favorable expansion and compression wave capturing abil-
ity. Although a difference of shapes between approximate
and real mean S2 stream surfaces does exist, the meridian
contour results could verify that this difference is not that
crucial, and the approximation method of stream surface is
reasonable. Figure 8 shows that the maximum Ma is

Table 4: Overall performance results of the two-stage turbine.

Parameter Q3D 3D

_m/(kg/s) 16.36 16.47

π 2.512 2.534

ηi/% 93.02 92.65
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produced at the second stage stator exit near hub area. Tur-
bine exitMa is approximately 0.5, which is a low speed result
that would be beneficial to downstream component perfor-
mance in aeroengine application practice. In 3D result, a
small low speed zone emerges at the second stage stator tip
due to flow path expansion. However, there is not a notice-
able low speed zone at the same location in Q3D result.
The lack of viscous boundary simulation in Q3D is presum-
ably the main cause of this error. At the same time, a higher
radial Ma gradient can be seen in the second stage stator

leading half zone of 3D result than Q3D result. Meanwhile,
higher Mach at the first stage stator exit of 3D result can
be seen compared to that of Q3D result. In Figure 9, it is
found that Mar of both two stage rotors is generally under
0.8, and minimum Mar is generated at rotor tip leading edge
area. However, the first stage rotorMar of 3D result is higher
than that of Q3D. Therefore, it can be inferred that the first
stage flow expansion ratio of Q3D result is lower than that of
3D result, which mainly causes the lower turbine expansion
ratio of Q3D result. In Figure 10, the major difference

Ma
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Figure 8: Absolute Mach number of the two-stage turbine: (a) Q3D; (b) 3D.
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Figure 9: Relative Mach number of the two-stage turbine: (a) Q3D; (b) 3D.

100000
95000
90000
85000
80000
75000
70000
65000
60000
55000
50000
45000
40000
35000
30000
25000

P⁎/Pa

(a) (b)

Figure 10: Total pressure of the two-stage turbine: (a) Q3D; (b) 3D.
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Figure 11: Total temperature of the two-stage turbine: (a) Q3D; (b) 3D.
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between Q3D and 3D p∗ results is that stronger radial pres-
sure gradient in blade zone is found in Q3D contour, where
p∗ at the mean radius is higher when given the same x coor-
dinate. In Figure 11, the radial distribution of Q3D T∗ result
in blade zone is also fluctuating more than 3D result, espe-
cially near the second stage rotor tip. This kind of error pos-
sibly comes from the stream surface approximation which
may result in some unrealistic surface twist.

The radial distribution of vθr at each blade row exit is
shown in Figure 12. Design target ðvθrÞ∗ is also demon-
strated in Figure 12. Because the plus or minus sign of swirl

just stands for the circumferential direction of flow, the anal-
ysis later only takes into consideration of the absolute value
of swirl. Figure 12(a) shows the first stage stator ðvθrÞ∗ is
basically reached in Q3D result. However, the first stage sta-
tor vθr of 3D result is higher than ðvθrÞ∗ by approximately
4m2/s. However, a constant swirl distribution is still kept.
The second stage stator vθr of Q3D result is higher than
ðvθrÞ∗ below 0.84 span, and the difference is within 2.2m2/
s. Q3D vθr result continually decreases from 0.65 to 1.0
span. The reason lies in the velocity loss correction in the
upstream rotor by tip clearance loss model. The 3D result,

Sp
an

−80 −75 −70 −65
0

0.2

0.4

0.6

0.8

1

Q3D S1
3D S1
Q3D S2

3D S2
Target S1
Target S2

v𝜃r (m2/s)

(a)
Sp

an

0

0.2

0.4

0.6

0.8

1

Q3D R1
3D R1
Q3D R2

3D R2
Target R1
Target R2

5 10 15 20 25 30 35
v𝜃r (m2/s)

(b)

Figure 12: Swirl of the two-stage turbine: (a) stator; (b) rotor.
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on the other hand, is close to the target at midspan area.
However, vθr near tip is higher and vθr near hub is lower.
The reason could lie in the influence of casing endwall
boundary layer and corner vortex near hub. In
Figure 12(b), it can be seen that vθr of both stage rotors in

Q3D result is close to ðvθrÞ∗ from 0 to 0.5 span. However,
there is a relatively large difference from target at approxi-
mately 0.85 span in both rotors, although all of ðvθrÞ∗ targets
are basically achieved at the prescribed span locations, i.e., 0,
0.5, and 1.0 span locations. The maximum difference
between vθr and ðvθrÞ∗ in the first stage rotor is 6.4m2/s,
and that in the second stage rotor is nearly 9m2/s. This
may indicate that more radial locations are needed for itera-
tion of vθr to make sure the required ðvθrÞ∗ distribution can
be completely fulfilled. But as mentioned before, the more
prescribed locations there are, the more twisted blade could
be. Therefore, there should be a compromise in engineering
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Figure 14: Total pressure loss of the two-stage turbine: (a) stator total pressure loss; (b) rotor relative total pressure loss.
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Figure 15: Characteristic curves of the two-stage turbine: (a) mass flow rate; (b) efficiency.

Table 5: Overall performance results of the single-stage turbine.

Parameter Q3D 3D

_m/(kg/s) 38.15 37.68

π 3.657 3.663

ηi/% 90.81 90.78

13International Journal of Aerospace Engineering



1
Ma

(a) (b)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Figure 16: Absolute Mach number of the single-stage turbine: (a) Q3D; (b) 3D.

Mar

(a) (b)

1.1
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

1.2

Figure 17: Relative Mach number of the single-stage turbine: (a) Q3D; (b) 3D.

1.1E+06
1E+06
900000
800000
700000
600000
500000
400000
300000

p⁎/Pa

(a) (b)

1.3E+06
1.2E+06

Figure 18: Total pressure of the single-stage turbine: (a) Q3D; (b) 3D.

1550

1500

1450

1400
1350

1300

1250

1200

T⁎/K

(a) (b)

Figure 19: Total temperature of the single-stage turbine: (a) Q3D; (b) 3D.

14 International Journal of Aerospace Engineering



practice. In 3D result, the first stage rotor vθr is even greater
than Q3D result by approximately 4m2/s from 0.5 to 0.9
span. Nevertheless, its variation trend is basically the same
as Q3D result in the main flow area. The second stage rotor
vθr is unexpectedly close to target from 0.1 to 0.9 span.

Stator exit absolute flow angle α1 and rotor exit relative
flow angle β2 are shown in Figure 13. The analysis of flow
angle also only takes into consideration of the absolute value.
In Figure 13, flow angle of Q3D result is generally very close
to 3D result. In Figure 13(a), the first stage stator α1 of Q3D
result is generally lower than 3D result. The largest error is
approximately -2.5°. The remaining blade rows all reflect
high accuracy of Q3D flow angle prediction results. Consid-

ering the previous Mach number comparison, it can be
deduced that the difference in vθr between Q3D and 3D
results mainly comes from the speed magnitude error,
expect for the first stage stator. Furthermore, it can be con-
cluded that radial variation of blade row exit flow angle does
not necessarily linearly depend on swirl, such as flow angle
distributions in the second stage stator and rotor. Because
axial speed vx influences flow angle simultaneously. There-
fore, even though free vortex design methodology is applied,
the final blade shape can be twisted.

Stator total pressure loss Y and rotor relative total pres-
sure loss Yr are shown in Figure 14. In Figure 14, Q3D blade
row total pressure losses basically also shows good accuracy,
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Figure 20: Swirl of the single-stage turbine: (a) stator; (b) rotor.
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which is important for ηi prediction. In Figure 14(a), the first
stage stator Y of Q3D result is very close to 3D result except
near tip area. 3D Y result near tip shows a trend of reduction
from 0.8 to 0.9 span, which is different from Q3D result. The
reason lies in the radial migration of secondary low energy
flow. In the second stage stator, this loss migration is even
fiercer at tip and hub. As a result, Y of Q3D result is lower
than 3D result from 0.2 to 0.85 span, and the largest error
is approximately -0.06. This error indicates that the present
loss model could be improved with some introduction of
radial loss migration in the future. In Figure 14(b), the error
of Q3D Yr resulting from 3D result mainly exists above 0.5
span. Basically, distribution of Q3D Yr result matches 3D
result from 0.1 to 0.9 span quite well.

_m and ηi characteristic curves at design N are exhibited
in Figure 15. From Figure 15, it can be seen that Q3D perfor-
mance variation with π is basically close to 3D result. Both
Q3D _m and ηi results are lower than 3D results.

4.2. Single-Stage Turbine. The overall performance results of
the single-stage high-pressure turbine are shown in Table 5.
Compared with the two-stage turbine, the single-stage has
much higher stage π and N . As illustrated in Table 5, Q3D
_m result is higher than 3D result by approximately 1.25%.
Q3D π is only 0.006 lower than 3D result, and Q3D ηi has
just 0.03 more percentage points. Among the overall perfor-
mance parameters, Q3D _m result has the highest error. Basi-
cally, Q3D performance results are acceptable.
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Figure 22: Total pressure loss of the single-stage turbine: (a) stator total pressure loss; (b) rotor relative total pressure loss.
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Figure 23: Characteristic curves of the single-stage turbine: (a) mass flow rate; (b) efficiency.
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Meridian Ma and Mar contours are shown in
Figures 16 and 17. Meridian p∗ and T∗ contours are
shown in Figures 18 and 19. In all, Q3D meridian aerody-
namic parameter contours are close to 3D results. In
Figure 16, compared with 3D result, Q3D stator exit Ma
is lower, and lower rotor blade zone Ma radial gradient
can be seen in Q3D contour. Lower stator exit Ma of
Q3D result implies lower degree of flow expansion in sta-
tor, which means smaller throat area in stator. As a conse-
quence, Q3D _m result is higher than 3D. Figure 17 shows
that Q3D Mar near rotor trailing edge is lower than 3D
result, and rotor Mar axial gradient is higher in 3D result.
Figure 18 shows that Q3D p∗ radial gradient in stator is
higher than 3D result. Finally in Figure 19, the major
error of Q3D T∗ lies in rotor tip area where Q3D T∗ is
lower than 3D result.

The radial distribution of vθr at blade row exit is shown
in Figure 20. Figure 20(a) shows that Q3D stator exit vθr fea-
tures a higher value at midspan. The absolute value of differ-
ence between Q3D vθr and ðvθrÞ∗ is within 5m2/s. For 3D
stator result, vθr is close to the target from 0.1 to 0.7 span.
At 0.9 span, difference from ðvθrÞ∗ is nearly 6m2/s. In
Figure 20(b), both Q3D and 3D vθr results are close to the
target value from 0.1 to 0.8 span. However, their vθr values
at rotor tip zone are much lower than ðvθrÞ∗. This may indi-
cate that tip clearance leakage loss makes it impossible to
realize the swirl target at tip.

Stator α1 and rotor β2 are shown in Figure 21. In
Figure 21, both stator α1 and rotor β2 of Q3D results
exhibit high accuracy. From 0.1 to 0.9 span, the absolute
value of Q3D stator α1 error is within 0.3°, and the
absolute value of rotor β2 error is no more than 2°.
Considering the Mach number difference between Q3D
and 3D contours, it can be speculated that the error
of Q3D result is mainly caused by the error of speed
magnitude.

Stator Y and rotor Yr are shown in Figure 22. In
Figure 22(a), 3D stator Y result remains nearly constant
along 0.1 to 0.9 span. However, Q3D stator Y essentially
has a quadric distribution radially. This is caused by the sec-
ondary loss model in Q3D method. For the single-stage tur-
bine, its stator tip endwall has an S shape profile, which is
beneficial for reducing secondary flow strength. Therefore,
radial migration of loss in 3D result is not remarkable. At
the same time, stator hub boundary flow separation loss in
3D result is also depressed with high loss range is restricted
below 0.1 span. In Figure 22(b), radial loss migration can be
seen at rotor hub zone in 3D result, but not very strong. Both
stator and rotor losses of Q3D results are lower than that of
3D results at midspan, but higher around endwalls. In the
future, a more sophisticated loss migration model should
be considered to make loss redistribution more accurate.

_m and ηi characteristic curves at design N are exhibited
in Figure 23. The _m performance of Q3D result is generally
close to 3D. For ηi characteristic curve, the change in Q3D ηi
result is stronger when π is above 3. The cause of this error
should be the overestimated loss by the loss model in the
Q3D method.

5. Conclusions

A quasi 3D axial-flow turbine design method based on
the Euler time-marching approach is introduced here,
and a corresponding person computer code is developed.
The design method mainly features a novel S2 stream
surface approximation method. A two-stage turbine and
a single-stage high-pressure turbine were designed by
the Q3D design method and simulated through 3D
CFD. After comparison, conclusions can be summarized
as follows:

(1) The design method is efficient and can finish a
design case within 1min. Compared with 3D simula-
tion results at design point, mass flow rate error is no
more than 1.25%, expansion ratio error is no less
than -0.022, and isentropic efficiency error is no
more than 0.37 percentage points

(2) The circumferential coordinate θ of S2 stream sur-
face in blade zone can be approximated by quadratic
function of axial coordinate x in both design and
analysis applications. The overall performances and
meridian aerodynamic parameters can basically be
predicted accurately in this way during inverse
design phase

(3) Blade exit flow angle has a direct impact on exit
swirl, and generally a higher flow angle produces a
higher swirl. Radial swirl distribution can be con-
trolled by flow angle on S2 stream surface in Q3D
design work

(4) Overall blade row loss can be calculated accurately
by the energy loss model. Quadratic redistribution
of secondary and cubic redistribution of tip clear-
ance leakage loss above 0.7 span can generally reflect
the loss reduction trend at midspan

(5) Loss prediction near flow path endwalls is more
complex for Q3D design. In the future, radial loss
migration caused by secondary flow and boundary
layer separation should be taken into consideration

Abbreviations

1D, 2D, Q3D, 3D: One-dimensional, two-dimensional,
quasi three-dimensional, three-
dimensional

SLC, MSF: Streamline curvature, matrix stream
function

CFD: Computational fluid dynamics
AF: Approximate factorization
FDS: Flux difference splitting
TVD: Total variation diminishing.

Nomenclatures

v, w: Absolute velocity, relative velocity
x, r, θ: Axial coordinate, radial coordinate,

circumferential coordinate
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ξ, η, ζ: Orthogonal curvilinear coordinates
t: Time
J : Jacobian determinant
I: Times of iteration
K : Constant for βTE correction, 0.1 °·s/

m2

f b, f v : Inviscid blade force, viscous blade
force

ρ, p, T , e: Density, pressure, temperature, total
energy

ω, N : Rotational angular speed, rotational
rounds per minute

i, δ: Incidence angle, deviation angle
α, β: Absolute flow angle, relative flow

angle
βk1, βk2: Inlet blade angle, outlet blade angle
H, C, �H, Cx, Nb: Blade height, blade chord length, rel-

ative spanwise location, axial blade
chord length, number of blades

Z, Zall, Zp, Zs, Zk, �Zs,
�Zk, φ:

Energy loss coefficient, overall energy
loss coefficient, profile energy loss
coefficient, secondary loss energy
coefficient, blade tip clearance leakage
energy loss coefficient, average sec-
ondary energy loss coefficient, aver-
age blade tip clearance leakage energy
loss coefficient, velocity loss
coefficient

_m, π, ηi: Mass flow rate, expansion ratio,
isentropic efficiency

Y : Total pressure loss coefficient
Ma: Mach number.

Subscripts

x, r , θ: Axial direction, radial direction or relative parame-
ter, circumferential direction

in, e: Turbine inlet, turbine exit

LE, TE: Blade leading edge, blade trailing edge

max: Maximum

1, 2: Cascade inlet, cascade outlet; or stator outlet, rotor
outlet.

Superscripts

∗: Total parameter
′: Renewed parameter.
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