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In recent years, the quantity of visible satellites has increased significantly due to multiple satellite systems that leaped forward.
The BeiDou Navigation Satellite System (BDS) and Galileo satellite navigation system (Galileo) broadcast triple-frequency
signals and above to users, thus enhancing the reliability, continuity, and availability of the single-epoch real-time kinematic
(RTK) positioning. In this study, an improved single-epoch multifrequency multisystem RTK method is successfully developed
for the medium-long baseline. First, the Galileo and BDS extra-wide-lane (EWL) ambiguities are fixed at a high success rate,
and the Galileo and BDS wide-lane (WL) ambiguity is achieved via the transformation process. Second, the fixed WL
ambiguities of Galileo and BDS are exploited to elevate the fixed rate of GPS WL ambiguity. Third, the parametric strategies
for ionospheric delay are carried out to upregulate the narrow-lane (NL) ambiguity-fixed rate of GPS. Further, the real-time
data are adopted for verifying the feasibility of the method developed in this study. The experimental results demonstrate the
optimal carrier-to-noise density ratio (C/N0) of full operational capability (FOC) E5a/E5b at all frequencies, followed by IIR-M
L1, and IIR-A/B L2 exhibits the worst performance. Generally, the multipath combination (MPC) of Galileo signals shows root
mean square (RMS) values within 0.4m, ordered as follows: E1 > E5b > E5a. For the BDS-2, the B3 signal exhibits optimal
performance, while the B1 signal is the worst. The RMS of MPC errors of L1 signals is smaller than the L2 signals for the GPS.
Furthermore, under the 50 km baseline, the GPS NL ambiguity-fixed rate using the ionosphere-free (IF) combination reaches
only 47.74% at the ratio threshold of 2. Finally, compared to the ionosphere-free combination method, the GPS NL ambiguity-
fixed rate is increased by 45.52% with the presented method. The proposed approach broadens the future application of
deformation monitoring in medium-long baseline scenarios.

1. Introduction

The Global Navigation Satellite System (GNSS) has been
developed from the original Global Positioning System
(GPS) into four primary systems, containing GPS, GLO-
NASS, BDS, and Galileo systems. The GPS uses 31 satellites
operating on Block IIR-A/B, IIR-M, IIF, and IIIF orbital
planes. Apart from the L1 and L2 signals (1,575.420 and
1,227.600MHz, respectively), the modernized GPS trans-

mits the L5 signal (1,176.450MHz) [1]. The GLONASS
includes 23 satellites operating in orbit [2]. Currently, the
total number of BDS operating constellations in orbit is
45, including 15 satellites in the BDS-2 and 30 satellites in
the BDS-3 [3, 4]. Constellations are classified into three cat-
egories: geostationary orbit (GEO), inclined geosynchro-
nous orbit (IGSO), as well as medium earth orbit (MEO)
satellites. The BDS-2 transmits signals at B1, B2, and B3
frequencies (1,561.098, 1,207.140, and 1,268.520MHz,
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respectively). Aside from the B1 and B3 signals, the BDS-3
also broadcasts B1C, B2a, and B2b signals (1,575.42,
1,176.45, and 1,207.140MHz, respectively). Currently, 23
Galileo satellites can be observed, in which 20 satellites
are full operational capability (FOC) ones and 3 are in-
orbit validation (IOV) ones. The Galileo broadcasts E1,
E5, E5a, E5b, and E6 signals (1,575.420, 1,191.795,
1,176.450, 1,207.140, and 1,278.750MHz, respectively) [5].
Due to its high accuracy, reliability, and availability, GNSS
applications have been widely applied in fields such as land,
ocean, aviation, and spatial [6–8].

To determine the optimal carrier linear combinations for
multifrequency GNSS, scholars also put forward some algo-
rithms, including the clustering analysis method [9, 10], ana-
lytical method [11], etc. The frequency division multiple
access (FDMA) technique is used in GLONASS, whereas
the code division multiple access (CDMA) technique is
employed in GPS, BDS, and Galileo. For this reason, the cur-
rent research considers only CDMA satellite systems to
achieve single-epoch real-time kinematic (RTK) with multi-
ple frequencies and systems. Figures 1 and 2 present the
quantity of the satellites and the position dilution of preci-
sion (PDOP) of GPS and combined Galileo/BDS-2/GPS,
respectively. These values range from 140 to 146 days in
2019 with the cutoff elevation set to 10°. As shown in
Figures 1 and 2, in the combined Galileo/BDS-2/GPS system,
the number of available satellites is three times that of the GPS,

with an average value of 25. The combined Galileo/BDS-2/
GPS system has smaller PDOP values than the GPS. Accord-
ingly, the increase in visible satellites can significantly enhance
the geometry strength of the RTK-positioning model, which is
conducive to the RTK resolution.

To achieve multi-frequency combined GNSS position-
ing, the least-squares ambiguity decorrelation adjustment
(Lambda), cascading integer resolution (CIR), as well as
triple-frequency carrier ambiguity resolution (TCAR)
methods have been put forward successively [12–14]. Teu-
nissen et al. [15] performed a systematic comparison of the
fixed triple-frequency ambiguity for TCAR, CIR, and
Lambda methods. The results indicated more superior per-
formance of the Lambda approach than that of the CIR
and TCAR models. The fixed rate of the narrow-lane (NL)
ambiguity can be susceptible to atmospheric errors in the
medium-long baseline. Feng [16] proposed the geometry-
based (GB) TCAR method and achieved an optimal state
and gave the optimal combined observations of GPS, Gali-
leo, and BDS. Wang and Rothacher [17] introduced the
pseudorange observations to construct a geometry-free and
ionosphere-free (GIF) combination based on minimal noise
and analyzed the applicability of the model for GPS, Galileo,
and GLONASS. Nevertheless, the results indicated that this
model had large noise when solving the NL ambiguity. Li
et al. and Wu et al. [18, 19] exploited two fixed extra-wide-
lane (EWL) ambiguities to calculate the ionospheric delay
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Figure 1: The quantity of satellite and PDOP for GPS at cutoff elevation of 10°.
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Figure 2: The quantity of satellite and PDOP for the combined Galileo/BDS-2/GPS at 10° cutoff elevation.
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to ameliorate the NL ambiguity-fixed rate. Under the condi-
tion of significant noise, the model should be smoothed for
nearly 2min to enhance the accuracy of ionospheric delay.

In the above results, the triple-frequency ambiguity reso-
lution (AR) methods were theoretically analyzed, and the
experiments were performed based on the simulated data.
Triple-frequency data could be collected during the opera-
tion of the BDS-2 system. Tang et al. [20] compared the per-
formances of the CIR and Lambda methods with the BDS-2
measured data and proposed a single-epoch solution model.
To enhance the NL ambiguity-fixed rate for long distance, Li
et al. [21] put forward the GIF model and found that the NL
ambiguities were fixed over several minutes. After the ambi-
guity of WL and EWL was fixed, the ambiguity of NL could
also be fixed rapidly using a partial ambiguity resolution
(PAR) algorithm. Further, Zhang and He [22] tested the
TCAR model, the Lambda method, and the GIF model using
the triple-frequency data of BDS-2 and showed that the
Lambda method with noncombined observations exhibited
the best performance among all compared methods. In addi-
tion, it was verified that the GIF model could be easily
affected by the multipath. Zhao et al. [23] developed an opti-
mized TCAR model where the accuracy of the GIF combina-
tion was optimized by using fixed EWL and WL ambiguity,
but the AR of NL was time-consuming. During the opera-

tion of BDS-3, the fixed ambiguity has been investigated
for the new signal of BDS-3. Li et al. [24] introduced a linear
combination of the BDS-3 B1C/B1I/B2a carrier phase obser-
vations. The numerical results obtained on real data show
that the ionospheric-reduced combination (2, 2, -3) can
reach 88.4% AR rate at a long baseline up to 1,600 km.

In terms of multi-GNSS combined positioning, before
the development of the BDS system, the focus of multi-
GNSS combinations primarily was placed on GLONASS
and GPS systems. Al-Shaery et al. and Duan and Shen [25,
26] explored single GLONASS and combined GPS/GLO-
NASS positioning, and the experimental data revealed
higher RTK-positioning accuracy of the combined system
compared to the corresponding value of a single system.
With the official operation of the BDS system, combining
the BDS with other existing satellite systems has become a
research hotspot [27, 28]. The single-epoch GPS/BDS RTK
was also investigated with respect to its positioning perfor-
mance for a short baseline [29, 30], and the result illustrated
that the GPS/BDS integrated system exhibited a remarkably
higher success rate of the fixed ambiguity than the single
GPS or BDS system. Teunissen et al. [31] reported that com-
pared to a single system, the integrated GPS/BDS system
could enhance the positioning accuracy and ambiguity reso-
lution at the cutoff elevation of 40°. In addition, the
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Figure 3: The visible satellite numbers and PDOP values of Galileo, BDS-2, GPS, and combined Galileo/BDS-2/GPS systems for the cutoff
elevation of 10° and 35° at the FXTH station on August 21, 2018; labels “E,” “C,” “G,” and “E + C + G” denote the Galileo, BDS-2, GPS, and
combined Galileo/BDS-2/GPS systems, respectively.

Table 1: Specific information of the test data.

Dataset Baseline Baseline length (km) Data Sampling interval (s) Receiver antenna type Location

A CUT0-PERT 22.41 DOY 10-16, 2019 30
TRIMBLE NETR9
TRM59800.00

Curtin University,
Perth, Australia

B CMDN-PDJP 30.20 DOY 142-148, 2019 10
CHC N71

HXCGG486A
Nanjing, China

C FXTH-JPST 50.61 DOY 233-239, 2018 30
CHC N71

HXCGG486A
Shanghai, China
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positioning performance of single-frequency GPS/BDS/Gali-
leo/QZSS RTK was evaluated by Odolinski et al. [32], and
experiment data showed that the integer AR fixed rate of
the integrated system was upregulated compared to the sin-
gle, double, and triple systems. The related research has
shown that a multisystem GNSS can enhance the strength
of a parameter solution model and positioning availability,
but combining systems could introduce certain problems
(e.g., the introduction of low cutoff elevation angle satellites),
which makes it more difficult to solve the ambiguity of all
satellites simultaneously. On the basis of the cutoff elevation
angle and ambiguity variance, Gao et al. and Wang and Feng
[33, 34] formulated a strategy for the PAR, which enhanced
the fixed rate of NL ambiguities significantly.

Generally, the EWL and WL integer ambiguity can be
easier to fix by introducing multifrequency signals. However,
under a medium-long baseline, the NL ambiguity is still dif-
ficult to fix correctly in a single epoch. Therefore, the ambi-
guity of NL observations requires further in-depth research.
Given that, this study proposes an improved single-epoch
multifrequency multisystem RTK method for the medium-
long baseline. First, the Galileo and BDS EWL ambiguities
are fixed at a high success rate, and the Galileo and BDS
WL ambiguity is solved by the transformation process. Sec-
ond, the ambiguity-fixed WL is adopted to upregulate the

WL ambiguity-fixed rate for the GPS combination observa-
tions, and a parameterizing strategy of the ionospheric delay
is employed to enhance the fixed rate of GPS NL ambiguity.
In addition, the availability of the proposed method is eval-
uated through real-time data.

The contents of the present work are summarized into
the following sections: Section 2 shows the data collection
process and signal quality analysis. In Section 3, a single-
epoch RTK method of multifrequency positioning is pre-
sented, and the feasibility of the presented approach is eval-
uated experimentally. Finally, the main conclusions are
drawn in Section 4.

2. Data Collection and Signal Quality Analysis

Observation data from two types of receivers (TRIMBLE
NETR9 and CHC N71) were collected from three baselines.
The CUT0-PERT baseline was located in the campus of Cur-
tin University of Australia, and the data were acquired on Jan-
uary 10–16, 2019 (DOY 10-16, 2019). The CMDN-PDJP
baseline was located in Nanjing, China, and data were har-
vested on May 22–28, 2019 (DOY 142-148, 2019). The
FXTH-JPST baseline was located in Shanghai, China, and data
were collected on August 21–27, 2018 (DOY 233-239, 2018).
Three baseline lengths were 22.41km, 30.20 km, and
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50.61km, individually. The observations were harvested at a
30 s or 10 s sampling interval, and the cutoff elevation of 10°

was applied. Table 1 provides more details on the baselines.
Figure 3 illustrates the time series of visible satellite

number and PDOP for Galileo, BDS-2, GPS, and Galileo +
BDS-2 + GPS combination with a 10° and 35° cutoff eleva-
tion angle at the FXTH station (August 21, 2018). As pre-
sented in Figure 3, in multiple epochs of the single Galileo
system, there were fewer than 4 satellites at a cutoff elevation
of 10°, which could not provide real-time positioning ser-
vices. Also, the number of BDS-2 visible satellites was
approximately 10 at the cutoff elevation of 10°, which was
equal to the GPS satellite quantity. However, the BDS-2 sys-
tem showed a higher PDOP value than the GPS, which was

mainly because the BDS-2 at this stage consists of GEO and
IGSO (these GEO and IGSO covered the Asia-Pacific
region). In addition, at a 10° cutoff elevation, the overall sat-
ellite quantity for the combined Galileo/BDS-2/GPS system
was nearly 20, and the PDOP value was the lowest among
all the systems, having a value of approximately 1.5. Accord-
ingly, abundant satellites could enhance the satellite geome-
try strength, thus facilitating the RTK solution. Further, the
number of single GPS at the 35° cutoff elevation was less
than 4, while that of the combined Galileo/BDS-2/GPS sys-
tem reached nearly 15, with the PDOP value of nearly 2.
Thus, the significance of using the combined Galileo/BDS-
2/GPS system could be mostly noticed in harsh environ-
ments (e.g., urban canyons).
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Signal quality assessments were performed regarding the
carrier-to-noise density ratio (C/N0) and the multipath combi-
nation (MPC) for the different signals. The observation results
collected during seven days, on January 10–16, 2019, at CUT0
station, were used in the analysis. The higher C/N0 values cor-
respond to better signal quality and higher observation accu-
racy. In the present study, the C/N0 data of the satellite
signals were averaged based on 2° elevation intervals. Figure 4
shows the C/N0 data of Galileo signals concerning the elevation.
It could be observed that a higher cutoff elevation resulted in
larger C/N0 values. The C/N0 values of E5a and E5b signals
were almost equal but better than those of the E1 signal for
the identical type of satellite. At the identical cutoff elevation,
the C/N0 values of FOC satellites were 2-3dB-Hz larger than
those of IOV satellites. The results of the three different signals
in the BDS-2 systemwere presented in Figure 5. Since the eleva-
tion of GEO satellites varied slightly, the C/N0 value and cutoff
elevation angle were not noticeably related, so their relation will
not be presented in this paper. Figure 5 shows that C/N0 of B1,
B2, and B3 signals for the IGSO satellites were basically the
same. The C/N0 data of MEO satellite B2 and B3 signals were
almost identical, 1-2dB-Hz larger than that of the B1 signal at
the identical cutoff elevation. Furthermore, the C/N0 values

for MEO satellites were 2-3dB-Hz larger than those of IGSO
satellites at the identical cutoff elevation. Therefore, it would
be reasonable to consider that the elevation of the MEO satel-
lites was remarkably lower compared to the corresponding
value of IGSO satellites. Figure 6 gives the C/N0 values against
the satellite elevation for GPS L1/L2. The C/N0 value of the L2
signal varied from 17dB-Hz to 45dB-Hz, and those of the L1
signal were from 35dB-Hz to 52dB-Hz. Thus, at the identical
cutoff elevation, the C/N0 of the L1 signal for three types of sat-
ellites is noticeably higher than that of L2. According to the data
of all the signals in Figure 7, the Galileo-FOC E5a/E5b exhibited
the optimal performance at all frequencies, and it was followed
by the IIR-M L1; the IIR-A/B L2 exhibited the worst perfor-
mance. The Galileo-FOC satellite outperformed the other two
systems mainly because of the application of advanced modula-
tion schemes.

The MPC is commonly employed to assess pseudorange
on a single-frequency observation. The MPC value can be
obtained by
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where Ps
r∗,j represents the pseudorange, Φs

r∗,j indicates the
carrier observations, r represents the receiver, s represents
the satellite, f represents the carrier frequency, i and j repre-
sent the carrier frequency subscripts, ∗ represents different
systems, and Bi,j stands for the integer-valued ambiguity.

IOV-E12, FOC-E04, GEO-C01, IGSO-C08, MEO-C11,
IIR-A/B-G23 IIR-M-G12, and IIF-G06 satellites of the
MPC values are given in Figure 8. As shown in Figure 8,
the fluctuating range of the MPC values for different satel-
lites was between -2m and 2m. Different from the GPS
and Galileo systems, code biases existed in the BDS-2 sys-

tem. The GEO satellites were affected by the code bias, but
for the small elevation interval, there was a slight correlation
between the code bias and the cutoff elevation.

Figure 9 displays the RMS data of the MPC for each sat-
ellite type, in which the values of Galileo signals were mainly
within 0.4m, and the order was as follows: E1 > E5b > E5a.
For BDS-2, the B3 signal exhibited the optimal performance,
whereas the B1 signal performed the worst. For the GPS, the
RMS values of the MPC for the L2 signal were smaller than
those for the L1 signal.

3. Multifrequency Multisystem
Ambiguity Resolution

Following the triple-frequency combination observation the-
ory, the pseudorange combination coefficients are denoted
as a, b, and c, while the carrier combination coefficients are
represented by d, e, and f , and the observations of the
double-difference combination could be indicated by the fol-
lowing equations:

ΔPa,b,c =
a ⋅ f1 ⋅ ΔP1 + b ⋅ f2 ⋅ ΔP2 + c ⋅ f3 ⋅ ΔP3

a ⋅ f1 + b ⋅ f2 + c ⋅ f3
,

Δφd,e,f =
d ⋅ f1 ⋅ Δφ1 + e ⋅ f2 ⋅ Δφ2 + f ⋅ f3 ⋅ Δφ3

d ⋅ f1 + e ⋅ f2 + f ⋅ f3
,

2

where Δ denotes the double-difference factor; φ1, φ2, and φ3
refer to the carrier phase observations; P1, P2, and P3 refer to
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Table 2: EWL/WL combination characteristics for the triple-
frequency BDS and Galileo systems.

(d, e, f ) λd,e,f (m) βd,e,f ud,e,f
σφd,e, f

(cycle)

σφ = 0 5 cm σφ = 1 cm
BDS (B1, B2, B3)

(0, -1, 1) 4.884 -1.592 28.529 0.029 0.058

(1, 4, -5) 6.371 0.652 172.614 0.136 0.271

(1, -1, 0) 0.847 -1.293 5.575 0.033 0.066

(1, 0, -1) 1.025 -1.231 6.875 0.034 0.067

Galileo (E1, E5a, E5b)

(0, -1, 1) 9.768 -1.748 54.923 0.028 0.056

(1, 5, -6) 1.396 -0.989 44.047 0.158 0.316

(1, -1, 0) 0.751 -1.339 4.928 0.033 0.066

(1, 0, -1) 0.814 -1.305 5.389 0.033 0.066
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the pseudorange observations; and f1, f2, and f3 represent
the carrier phase observation frequencies.

The coefficient scale of first-order ionospheric delay
βd,e,f and the noise coefficient scale μd,e,f of the combination
observation are represented as

βd,e,f =
f 21 d/f1 + e/f2 + f /f3
d ⋅ f1 + e ⋅ f2 + f ⋅ f3

,

μd,e,f =
d ⋅ f1

2 + e ⋅ f2
2 + f ⋅ f3

2

d ⋅ f1 + e ⋅ f2 + f ⋅ f3

3

Over the past few years, optimal linear combinations
with ionospheric-reduced delay, long wavelength, as well as
low noise have been achieved for GNSS triple-frequency
observations [35–37]. Table 2 lists the optimal combination
characteristics of the triple-frequency observations for the
BDS and Galileo systems.

3.1. EWL/WL Ambiguity Resolution. A medium-long base-
line exhibits a large double-difference ionospheric delay, so
the WL integer ambiguity-fixed rate is low. In our research,
two sets of fixed EWL ambiguities were used for the determi-
nation of WL ambiguities through the linear transformation
process. According to the characteristics of triple-frequency

combination observation for the BDS and Galileo systems,
the BDS system used (0, -1, 1) and (1, 4, -5), and the Galileo
system used (0, -1, 1) and (1, 5, -6). The two sets of the EWL
combination data were denoted by EWL1 and EWL2. Since
the EWL1 had a longer wavelength, it was easy to fix. The
observation equation derived using the EWL1 carrier obser-
vation and three pseudorange observations P1, P2, and P3
are as follows:

vSEWL1
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vSP3

=
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Figure 10: The AR performance of WL on datasets A, B, and C.

Table 3: The WL ambiguity-fixed results for different scenarios.

Dataset
The integer ambiguity-fixed rate (%)
Ratio > 2 Ratio > 5

Scenario 1 Scenario 2 Scenario 1 Scenario 2

A 48.44 97.64 18.68 91.67

B 46.33 96.14 17.42 88.16

C 45.74 95.26 17.46 81.37
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where a superscript S represents the BDS andGalileo; the coef-
ficient matrix B corresponds to the positional vector parame-
ters; v denotes the residual vector; X and N represent the
baseline vector parameters and the ambiguity vector of carrier
phase, respectively; and λ, I, and l are the wavelength of the
EWL1 observation, identity matrix, and observed minus com-
puted (OMC) vector of relevant observations, respectively.

The least-squares method was employed to obtain a
floating solution of the ambiguity parameter, which was then
fixed using the Lambda method. The EWL1 carrier observa-
tion and fixed EWL1 ambiguity could be considered a high-
precision pseudorange observation. The EWL2 carrier
observation can be expressed together with the EWL1 obser-
vation as follows:

vSEWL2

vSEWL1

=
BS λSEWL2I
BS 0

X
NS

EWL2

−
lSEWL2

lSEWL1

5

The EWL2 ambiguities were ascertained by the Lambda
method. For the WL observations, both the BDS and Galileo

systems adopted the (1, -1, 0) and (1, 0, -1) combination
observations, which were recorded as WL12 and WL13,
respectively. However, the GPS employed the (1, -1, 0) com-
bination observations.

When the EWL ambiguity was fixed, the WL ambiguity
of the BDS and Galileo can be determined by

NC
WL12 = 5N0,−1,1 −N1,4,−5,

NC
WL13 = 4N0,−1,1 −N1,4,−5,

NE
WL12 = 6N0,−1,1 −N1,5,−6,

NE
WL12 = 5N0,−1,1 −N1,5,−6,

6

–0.150 –0.075 0.000 0.075 0.150
–0.08

–0.04

0.00

0.04

0.08

00:00 04:00 08:00 12:00 16:00 20:00 24:00
–0.50

–0.25

0.00

0.25

0.50

E 
(m

)

N (m)

U
 (m

)

Time (hh:mm) 

(a)

–0.2 –0.1 0.0 0.1 0.2
–0.2

–0.1

0.0

0.1

0.2

00:00 04:00 08:00 12:00 16:00 20:00 24:00
–0.50

–0.25

0.00

0.25

0.50

E 
(m

)

N (m)

U
 (m

)

Time (hh:mm) 

(b)

–0.2 –0.1 0.0 0.1 0.2
–0.2

–0.1

0.0

0.1

0.2

00:00 04:00 08:00 12:00 16:00 20:00 24:00
–0.50

–0.25

0.00

0.25

0.50

U
 (m

)

E 
(m

)

N (m) Time (hh:mm) 

(c)

Figure 11: Time series of positioning errors for WL combination observations on datasets A, B, and C.

Table 4: Statistical data of positioning errors forWL observations (m).

Dataset Direction N Direction E Direction U

A 0.021 0.015 0.048

B 0.039 0.037 0.088

C 0.041 0.039 0.106
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where C and E denote the BDS and Galileo systems,
respectively.

The GPS exhibited a low WL ambiguity success rate
under the medium-long baseline. In this study, the WL
carrier observations with the fixed WL ambiguity of the
BDS and Galileo systems were considered pseudorange
observations. The GPS WL carrier observation can be
described as follows:

vGWL12

vGP1

vGP2

vCWL12

vCWL13

vEWL12

vEWL13

=

BG λGWL12I
BG 0

BG 0

BC 0

BC 0

BE 0

BE 0

X
NG

WL12

−

lGWL12

lGP1
lGP2

lCWL12

lCWL13

lEWL12

lEWL13

, 7

where a superscript G represents the GPS system and the
rest of the labels have the same meaning as in Equation
(4). After obtaining the floating solution of the WL ambi-

guity and its corresponding vc-matrix, the lambda method
was adopted for fixing the ambiguity.

Two test scenarios were conceived to appraise the posi-
tioning performance of the single-epoch GNSS. In Scenario
1, the characteristic of the single GPS WL AR was evaluated,
while in Scenario 2, the fixed rate of the GPS WL AR found
on BDS/Galileo WL observations was analyzed. In the two
scenarios, the Ratio threshold and the RMS value of the posi-
tioning errors were used to verify the ambiguity fixing reli-
ability and positioning performance. The solution mode
adopted the AR of the single epoch. In practical applications,
single-epoch RTK-positioning solutions have rarely been
used, and using the single-epoch analysis mode is more con-
ducive to assessing the accuracy and feasibility of RTK. The
Ratio was calculated by

Ratio =
N̂ −N2 QN̂

N̂ −N1 QN̂

≥ c, 8

where N̂ denotes the float ambiguity resolution; N1 and N2
represent the minimum and second minimum of quadratic
forms for ambiguity candidates, respectively; ⋅ QN̂

= ⋅ T
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Figure 12: The multisystem multifrequency GNSS single-epoch RTK-positioning processing flow.
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Q−1
N̂ ⋅ , where c is the threshold, which was set to 2 or 5. The

Ratio values of scenarios 1 and 2 for the three baselines
are presented in Figure 10. As observed from the figure,
the Ratio values of Scenario 2 are noticeably higher com-
pared to the relevant values of Scenario 1, demonstrating
that Scenario 2 exhibited more excellent WL AR perfor-
mance than Scenario 1. Table 3 lists the performance
results of the two scenarios with respect to the single-
epoch WL AR. At a Ratio value of 2, the maximal fixed
rate of AR for Scenario 1 was only 48.44%, while the max-
imal fixed rate of AR for Scenario 2 was higher, having a
value of 97.64%. Even at the 50km baseline, at the Ratio value
of 2, the fixed rate of the GPS WL AR for BDS/Galileo could
reach a value over 95%. The Galileo/BDS WL carrier observa-
tions, together with the fixed WL ambiguity of the BDS and
Galileo systems, could enhance the constraint strength of the
model, which could help to upregulate the rate of GPS WL
ambiguity fixing.

In addition to the single-epoch AR performance, the
accuracy of RTK was also evaluated. The position errors of
the single-epoch in the east (E), north (N), as well as up
(U) directions for these 3 baselines are illustrated in
Figure 11. As revealed from these figures, the GPS single-
epoch WL observations showed positioning errors below
0.2m in the E and N directions and below 0.5m in the U
direction. The positioning accuracies of the GPS WL obser-

vations are listed in Table 4. The positioning accuracies of
the horizontal and vertical directions are 0.03 and 0.05m
for dataset B, respectively. For the 50 km baseline, the RMS
was approximately 0.04m horizontally and 0.1m vertically.
Briefly, the WL observations could ensure subdecimeter
positioning accuracy.

3.2. NL Ambiguity Resolution. For medium-long baselines,
the fixed NL ambiguity is subject to the ionospheric delay.
Although first-order ionospheric delay can be excluded
through an ionosphere-free (IF) combination, its noise is
amplified. In this study, the ionospheric delay error, ambigu-
ity, and position are considered as unknown parameters.
The Galileo/BDS/GPS WL ambiguities, together with the
original carrier observations, can be used to derive the
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Figure 13: The AR performance of NL on datasets A, B, and C.

Table 5: The NL ambiguity-fixed results for different scenarios.

Dataset
The integer ambiguity-fixed rate (%)
Ratio > 2 Ratio > 5

Scenario 1 Scenario 2 Scenario 1 Scenario 2

A 70.22 96.32 32.64 48.67

B 58.73 94.50 25.42 38.16

C 47.74 93.26 10.16 29.37
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observation equations as follows:

vG1

vGWL12

vCWL12
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vEWL12

vEWL13

=

BG −I λG1 I

BG f G1
f G2
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BE 0 0

BE 0 0

X
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NG

‐

lG1
lGWL12

lCWL12

lCWL13

lEWL12

lEWL13

,

9

where IonG denotes the ionosphere delay vector of the GPS
NL observation.

Equation (9) can be simplified to

v =AY − l, 10

where v denotes the observation residual matrix, A is the
coefficient matrix of Y, and l represents the OMC matrix.
Set the weight matrix of the ionosphere parameters by
PG = ΣG

−1 and the corresponding vc-matrix by ΣG.
Afterwards, the least-squares solution is expressed as follows:

Ŷ = APA + Pc
‐1APL 11

The matrix PG refers to the diagonal matrix with elements
equal to 1/σ2

G, and σ2
G denotes the prior variance for iono-

sphere parameters.
If the WL ambiguity cannot be fixed, a higher-

precision observation cannot be achieved. In this regard,
the equivalent observations adopting triple-frequency
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Figure 14: The positioning error series for the NL combination observations on datasets A, B, and C.
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EWL observations of BDS and Galileo and NL carrier
observations of GPS were jointly developed in this study
as follows:

vCEWL1

vCEWL2

vEEWL1

vEEWL2

vG1

=

BC βC
0,−1,1 I 0

BC βC
1,4−5 I 0

BE βE
0,−1,1 I 0

BE βE
1,5,‐6 I 0

BG I λG1 I

X
Ion
NG

−

lCEWL1

lCEWL2

lEEWL1

lEEWL2

lG1
12

Figure 12 illustrates the multifrequency multisystem
GNSS single-epoch RTK-positioning process. With the
ambiguity fixed progressively, the accuracy of the RTK is
also enhanced gradually. At the same time, the proposed
method could ensure high positioning accuracy when the
ARs of WL and NL failed.

As mentioned above, using the real data with different
baseline lengths ranging from 22.41m to 50.61 km to con-
firm the feasibility of the proposed approach and assess the
NL AR fixed rate, two scenarios were designed as follows:

(1) Scenario 1: the first step was the GPS WL AR calcu-
lation using a GB model. In the second step, the NL
ambiguities were fixed using the IF combination

(2) Scenario 2: the first step was the WL AR calculation
for GPS, Galileo, and BDS systems using the GB
model. Second, the ambiguity-fixed WL observations
of Galileo, BDS, and GPS act as constraints, and the
ionospheric delay is parameterized

Figure 13 illustrates the Ratio values for scenarios 1 and
2 across the three baselines. The fixed rates of the single-
epoch NL ambiguities are listed in Table 5. As shown in
Figure 13, the Ratio values for Scenario 2 are significantly
larger compared to the values for Scenario 1, indicating a
better-fixed rate of NL ambiguity for Scenario 2. In addition,
as presented in Table 5, for Baseline A, at the Ratio threshold
of 2, the fixed rate of the NL ambiguity for Scenario 2 was
96.32%, which was 26.1% higher than that for Scenario 1.
For the 50 km baseline, the NL ambiguity-fixed rate for Sce-
nario 1 was only 47.74% at the Ratio threshold of 2, which
could not ensure the feasibility of single-epoch RTK posi-
tioning. When the proposed method was used, the fixed rate
of NL ambiguity was still 93.26%, which could effectively
ensure single-epoch RTK positioning.

To confirm the feasibility of the proposed approach, the
positioning errors of the three baselines were calculated, as
shown in Figure 14; the RMS values in the three directions
are listed in Table 6. As shown in Figure 14, the three base-
line errors were all below 0.08m in horizontal directions and
lower than 0.1m in vertical directions. The RMS values in
the 3 directions increased with the length of the baseline,
and the maximal value was achieved in the vertical direction.
For the 50 km baseline, the RMS values were better than
2 cm in the horizontal directions and approximately 2.9 cm
in the vertical directions. As the critical factor affecting the
fixed rate of NL ambiguity for medium-long baselines,
double-difference ionospheric delay should be parameter-
ized. Moreover, in this study, the ambiguity-fixed WL obser-
vations of the Galileo, BDS, and GPS observations were
considered high-precision observations, which effectively
elevated the NL ambiguity-fixed rate.

4. Conclusion

The narrow-lane (NL) observations of the GPS are subjected
to the double-difference ionospheric delay for a medium-
long baseline, which affects the fixed rate of ambiguity. To
address this problem, this study proposes a single-epoch
multifrequency multisystem real-time kinematic (RTK)
modified method. First, the Galileo and BDS extra-wide-
lane (EWL) ambiguities are fixed at a high success rate,
and the Galileo and BDS WL ambiguity is solved by the
transformation process. Second, the ambiguity-fixed WL is
employed to upregulate the GPS WL ambiguity-fixed rate,
and the parameterizing strategy of the ionospheric delay is
adopted to enhance the rate of GPS NL ambiguity fixing.
The feasibility of the proposed approach is verified by mea-
sured data. The conclusions of this study are listed below:

(1) The full operational capability (FOC) E5a/E5b can
achieve an optimal performance at all frequencies;
it is followed by the IIR-M L1, while the IIR-A/B
L2 performs the worst. The FOC satellite is superior
to the other two systems, which is mainly because of
the application of advanced modulation schemes.
The MPC of Galileo signals shows root mean square
(RMS) data below 0.4m with the following order: E
1 > E5b > E5a. In the BDS-2 system, the B3 signal
exhibits an optimal performance, while the B1 signal
performs the worst among all signals. For the GPS,
RMS values of the MPC for the L2 signals are lower
than those of the L1 signal

(2) At the Ratio value of 2, the fixed rate of the GPS WL
ambiguity resolution assisted by the BDS/Galileo can
reach a value over 95% for a medium-long baseline.
The Galileo/BDS WL carrier observations, together
with the fixed WL ambiguity of the BDS and Galileo
systems, can enhance the constraints on position
coordinates, which is conducive to elevating the fixed
rate of the GPS WL AR

(3) In terms of the 50 km baseline, the NL integer
ambiguity-fixed rate of the GPS using the

Table 6: Statistical results of single-epoch RTK-positioning error
for NL observations (m).

Dataset N E U

A 1.63 1.55 2.32

B 1.72 1.67 2.68

C 1.84 1.75 2.85
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ionosphere-free (IF) combination is only 47.74% at
the Ratio threshold of 2, which cannot ensure the
feasibility of single-epoch RTK positioning. How-
ever, using the proposed method, the fixed rate of
GPS NL ambiguity can reach 93.26%, which can fur-
ther optimize both the positioning accuracy and the
AR for a medium-long distance. Therefore, the pro-
posed approaches broaden the future application of
deformation monitoring in medium-long baseline
scenarios
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