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This paper deals with the experimental testing of effective probe compensated near-field-far-field (NF-FF) transformations with
spherical scanning requiring a minimum number of NF data. They rely on nonredundant sampling representations of the voltage
measured by the probe, based on very flexible source modellings suitable for nonvolumetric antennas characterized by two
dimensions very different from the other one. In particular, a cylinder ended in two half-spheres is adopted for modelling
long antennas, whereas the quasi-planar ones are considered as enclosed in a rotational surface formed by two circular “bowls”
having the same aperture diameter, but eventually different bending radii. The NF data needed to perform the classical spherical
NF-FF transformation are then accurately and efficiently retrieved from the acquired nonredundant ones via optimal sampling
interpolation formulas. A remarkable reduction of the number of the required NF data and, as a consequence, a significant
measurement time saving can be so obtained. The experimental tests have been carried out at Antenna Characterization Lab of
the University of Salerno and both the NF and FF reconstructions are resulted to be very good, thus confirming the accuracy and
reliability of these NF-FF transformations from the experimental viewpoint too.

1. Introduction
As is well known, most of the characteristic parameters of
an antenna, as for example the radiation pattern, are defined
in its far-field (FF) region. On the other hand, an accurate
measurement of the electromagnetic (EM) field radiated by
an antenna can be carried out only in an anechoic chamber,
wherein the reflections from the walls become negligible,
thus emulating the free-space propagation. However, for
antennas having large or even medium electrical sizes, the
FF requirements cannot be practically satisfied in an anechoic chamber, wherein only near-field (NF) measurements
can be performed. Accordingly, the NF-FF transformation
techniques, which allow an accurate reconstruction of the
antenna far-field from measurements in the NF region, have
been widely investigated and employed in the last four
decades [1–9]. Among them, that employing the spherical

scanning allows the complete reconstruction of the far-field
without requiring the repositioning of the antenna under
test (AUT). As a consequence, it has attracted a considerable
attention over the years [10–22].
The classical spherical NF-FF transformation technique
[16] has been modified in [17] by rigorously determining the
order of the highest spherical wave to be considered and the
NF data spacings on the scanning sphere taking into account
the spatial band-limitation properties of radiated EM fields
[23], instead of merely adopting the rule-of-thumb related to
the smallest sphere able to contain the AUT. In particular, the
number of data to be collected on each parallel has resulted to
be decreasing when moving towards the poles. Moreover, the
application of the nonredundant sampling representations of
the EM fields [24, 25] has allowed a remarkable reduction of
the number of needed NF data (and, as a consequence, of the
measurement time) in the case of nonvolumetric antennas
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characterized by one or two predominant dimensions, which
have been assumed as enclosed in a prolate and oblate
ellipsoid, respectively [17]. In fact, the NF data needed by
the aforementioned NF-FF transformation are efficiently
retrieved from the acquired nonredundant ones by means
of an optimal sampling interpolation (OSI) expansion. The
so-obtained measurement time saving is a very important
result for the antenna measurement people because such a
time is very much greater than that required for the NF-FF
transformation. The hypothesis of measurements performed
by an ideal probe has been removed in [18] by developing
probe compensated spherical NF-FF transformations for
nonvolumetric antennas. Recently, fast and accurate NFFF transformations with spherical scanning tailored for
nonspherical antennas and based on very flexible AUT modellings have been developed in [20]. In particular, a cylinder
ended in two half-spheres (rounded cylinder modelling) has
been employed to shape an electrically long antenna, whereas
a quasi-planar one has been assumed as enclosed in a surface
formed by two circular bowls (two-bowl modelling) with the
same aperture diameter but with bending radii of the upper
and lower arcs which can be different for fitting the actual
AUT geometry better. Both the NF-FF transformations based
on the ellipsoidal modellings and those using the flexible ones
have resulted to be accurate and reliable as proved by the
numerical simulations. Accordingly, the choice of that to be
used among them depends only on the modelling which fits
the shape of the considered AUT better.
At last, NF-FF transformation techniques with spherical
spiral scanning, maintaining the aforementioned feature of
the spherical one and exploiting continuous and synchronized movements of the positioning systems of the probe and
AUT [26], have been recently proposed [27–33] to further
reduce the measurement time. They rely on the nonredundant sampling representations of EM fields and employ OSI
formulas to efficiently reconstruct the NF data required by the
spherical NF-FF transformation from the acquired ones. In
particular, the nonredundant sampling representation on the
sphere from samples collected along the spiral and the related
OSI expansion have been obtained in [27–29] by assuming
the AUT as enclosed in the smallest sphere containing it
and determining a nonredundant representation along the
spiral, whose step is equal to the sample spacing needed
for the interpolation along a meridian. Then, by properly
applying the unified theory of spiral scans for nonspherical
antennas [30], NF-FF transformations with spherical spiral
scanning for electrically long or quasi-planar antennas have
been developed in [31–33].
The goal of this paper is to provide the experimental
validation of the nonredundant NF-FF transformations with
spherical scanning for quasi-planar and electrically long
antennas [20], based on the two-bowl (Figure 1) and the
rounded cylinder (Figure 2) modellings, respectively. The
experimental testing has been carried out in the anechoic
chamber of the Antenna Characterization Lab of the University of Salerno, wherein a roll-over-azimuth spherical
NF facility system is available. A very good agreement has
been found both in the NF and in the FF reconstructions, thus confirming also from the experimental viewpoint
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Figure 1: Spherical scanning for a quasi-planar antenna.
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Figure 2: Spherical scanning for an elongated antenna.

the effectiveness of these nonredundant spherical NF-FF
transformation techniques.

2. Nonredundant Sampling
Representation on a Sphere
In this section, a nonredundant and effective sampling
representation [20] of the voltages 𝑉1 and 𝑉2 , measured by
the probe and rotated probe characterized by a first-order
azimuthal dependence pattern on a spherical surface centered
on the antenna and in its NF region, is presented. Such
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a representation allows reconstructing the NF data required
to perform the classical spherical NF-FF transformation, in
its original version [16] or as modified in [18, 20], from the
knowledge of a minimum number of samples.
Let us consider an AUT located at the origin of a spherical
coordinate system (𝑟, 𝜗, 𝜑) and a nondirective probe which
scans the spherical surface of radius 𝑑 (Figures 1 and 2). It
has been shown [34] that the voltage 𝑉 measured by such
a kind of probe has the same effective spatial bandwidth of
the AUT field and, accordingly, the nonredundant sampling
representations of EM fields [24] can be applied to it. To this
end, let us consider the AUT as enclosed in a convex domain
bounded by a rotational surface Σ and introduce the “reduced
voltage”
̃ (𝜉) = 𝑉 (𝜉) 𝑒𝑗𝛾(𝜉) ,
𝑉

𝛽ℓ
,
2𝜋

𝛽
[𝑅 + 𝑅2 + 𝑠1 − 𝑠2 ] ,
2 1
𝜋
𝜉 =  [𝑅1 − 𝑅2 + 𝑠1 + 𝑠2 ] ,
ℓ

(2)

𝛾=

where 𝛽 is the wavenumber, ℓ is the length of the curve 𝐶
obtained as intersection between the meridian plane through
the observation point 𝑃 and Σ, 𝑅1,2 are the distances from 𝑃

are their curvilinear
to the tangency points 𝑃1,2 on 𝐶 , and 𝑠1,2
abscissae.
When considering a parallel, the phase function 𝛾 is
constant and therefore it can be chosen coincident with the
value relevant to the meridian through 𝑃. Moreover, it is convenient to use the angle 𝜑 as parameter. The corresponding
bandwidth is given [20, 24] by
𝑊𝜑 =
=

𝛽
max (𝑅+ − 𝑅− )
2 𝑧

area of Σ
,
(𝜆/2)2

(4)

with 𝜆 being the wavelength.
In light of the above considerations, when dealing with
an antenna having a quasi-planar geometry, an effective and
convenient modelling is obtained by choosing Σ coincident
with the smallest surface formed by two circular bowls (twobowl modelling) with the same aperture diameter but with
bending radii of the upper and lower arcs eventually different
to fit the actual AUT geometry better (see Figures 1 and 3).
Such a modelling is very flexible. In fact, it allows a good
fitting of many real antennas by properly choosing the values
of the aperture diameter 2𝑎 and of the radii 𝑐 and 𝑐 of the
upper and lower arcs. For instance, the surface Σ coincides
with a sphere if 𝑐 = 𝑐 = 𝑎, it becomes a half-sphere if 𝑐 = 0
and 𝑐 = 𝑎, and it reduces to a circular dish for 𝑐 = 𝑐 = 0.
On the other hand, an effective and convenient modelling
for an electrically long antenna is the rounded cylinder
modelling, obtained by considering the AUT as enclosed in
a cylinder of height ℎ ended in two half-spheres of radius 𝑎
(Figures 2 and 4).
The explicit expressions of the parameters involved in
the nonredundant sampling representation using the twobowl and the rounded cylinder modellings are reported in
Appendices A and B, respectively.
In the following a two-dimensional OSI expansion, which
allows the fast and accurate reconstruction of the probe
voltage at any point on the scanning sphere from a minimum
number of samples, is presented. Such an expansion is formally the same for both the considered AUT modellings, but
the values of the parameters determining the nonredundant
representation and the sampling arrangement are obviously
different.
As shown in [20], the voltage at 𝑃(𝜗, 𝜑) on the meridian
fixed by 𝜑 can be evaluated via the OSI expansion:
̃ (𝜉, 𝜑)
𝑉 (𝜉 (𝜗) , 𝜑) = 𝑒−𝑗𝛾(𝜉) 𝑉
= 𝑒−𝑗𝛾(𝜉)

𝛽
2
2
max (√(𝑧 − 𝑧 ) + (𝜌 + 𝜌 (𝑧 ))
2 𝑧
−√(𝑧 −

𝑁Σ =

(1)

where 𝑉(𝜉) is the voltage 𝑉1 or 𝑉2 , 𝛾(𝜉) is a proper phase
function to be determined, and 𝜉 is an optimal parameter
used to describe each of the curves 𝐶 (meridians and
parallels) representing the sphere. According to [24], the
reduced voltage can be closely approximated by a bandlimited function. The related band-limitation error exhibits
a step-like behaviour and becomes negligible as the spatial
bandwidth exceeds a critical value 𝑊𝜉 [24]. Therefore, it can
be effectively controlled [20] by choosing the bandwidth of
the approximating function equal to 𝜒 𝑊𝜉 , where 𝜒 is an
enlargement bandwidth factor, which is slightly greater than
unity for electrically large antennas.
The bandwidth 𝑊𝜉 , the parameterization 𝜉 relevant to a
meridian, and the corresponding phase function 𝛾 are [20, 24]
𝑊𝜉 =

In this relation, 𝜌 = 𝑑 sin 𝜗, 𝜌 (𝑧 ) is the equation of Σ
in cylindrical coordinates, and the maximum is attained [24]
on that zone of Σ lying on the same side of the observation
parallel with respect to its maximum transverse circle.
It must be stressed that, according to [24], the source
modelling must fit very well the shape of the AUT in order
to minimize the overall number of needed samples. As a
matter of fact, the minimum number of samples at Nyquist
rate required to represent the radiated EM field, and as
consequence the voltage measured by a nondirective probe,
on a closed observation surface enclosing the antenna is given
by

2
𝑧 )

(3)

×

𝑚0 +𝑞

∑

𝑚=𝑚0 −𝑞+1
2

+ (𝜌 − 𝜌 (𝑧 )) ) .

̃ (𝜉𝑚 , 𝜑)
𝑉

× 𝐺 (𝜉, 𝜉𝑚 , 𝜉, 𝑀, 𝑀 ) ,

(5)

4

International Journal of Antennas and Propagation
with 𝜒 being an oversampling factor required to control the
truncation error [35] and Int(𝑥) denoting the integer part of
𝑥. Moreover,

z
P

R−

A

+

R

R1

d

𝜗

s

P1

𝐷𝑀 (𝜉) =

𝜂
P2

c

b

x

O
C

a

Figure 3: Relevant to the two-bowl modelling.

(2𝑀 + 1) sin (𝜉/2)

𝜉
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(8)
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(9)
̃ 𝑚 , 𝜑𝑛,𝑚 ) are the reduced samples on the parallel
where 𝑉(𝜉
fixed by 𝜉𝑚 , 2𝑝 is the retained samples number along 𝜑, 𝑛0 =
Int(𝜑/Δ𝜑𝑚 ),
𝜋𝑛
𝜑𝑛,𝑚 = 𝑛Δ𝜑𝑚 = 2 
,
2𝑁𝑚 + 1

R2

a

,

𝑉 (𝜉 (𝜗) , 𝜑)

z

a

Ω𝑀 (𝜉) =

sin [(2𝑀 + 1) 𝜉/2]

are the Dirichlet and Tschebyscheff sampling functions,
respectively, with 𝑇𝑀(⋅) being the Tschebyscheff polynomial
of degree 𝑀 = 𝑀 − 𝑀 and 𝜉 = 𝑞Δ𝜉.
The intermediate samples can be obtained by interpolating the samples on the parallels by means of a similar
OSI expansion along 𝜑. The two-dimensional expansion for
reconstructing the data at any point 𝑃 on the sphere can
be then determined [20] by properly matching the onedimensional ones, thus obtaining

D

O

(7)

where
B

b
c

𝐺 (𝜉, 𝜉𝑚 , 𝜉, 𝑀, 𝑀 ) = Ω𝑀 (𝜉 − 𝜉𝑚 , 𝜉) 𝐷𝑀 (𝜉 − 𝜉𝑚 ) ,

R2

s2

P2

𝑁𝑚 = Int (𝜒𝑁𝑚 ) + 1,
𝑁𝑚 = Int [𝜒∗ 𝑊𝜑 (𝜉𝑚 )] + 1,

Figure 4: Relevant to the rounded cylinder modelling.

𝑁𝑚 =
̃ 𝑚 , 𝜑) are the intermediate samples, namely, the
where 𝑉(𝜉
reduced voltage values at the intersection points between
the considered meridian and the sampling parallels, 𝑚0 =
Int[𝜉/Δ𝜉] is the index of intermediate sample nearest (on the
left) to 𝑃, 2𝑞 is the retained samples number, and
𝜉𝑚 = 𝑚Δ𝜉 =

2𝜋𝑚
,
(2𝑀 + 1)

𝑀 = Int (𝜒𝑀 ) + 1,
𝑀 = Int (𝜒 𝑊𝜉 ) + 1,

(6)

𝑁𝑚

−

(10)

𝑁𝑚 ,

𝜒∗ = 1 + (𝜒 − 1) [sin 𝜗 (𝜉𝑚 )]

−2/3

,

𝜑 = 𝑝Δ𝜑𝑚
and the other symbols have the same meanings as in (5). Note
that the variation of 𝜒∗ with 𝜉 is required to assure a bandlimitation error constant with respect to 𝜉.
By applying the two-dimensional OSI formula (9), it is
possible to accurately recover the probe and rotated probe
voltages at the points required by the classical spherical NFFF transformation in its original version [16] or as modified
in [18, 20].
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measured. Crosses: recovered from nonredundant NF data.
180

The described nonredundant NF-FF transformations with
spherical scanning for nonvolumetric antennas have been
experimentally assessed in the anechoic chamber of the
Antenna Characterization Lab of the University of Salerno,
where a roll (𝜑 axis) over azimuth (𝜗 axis) spherical NF facility
system is available (Figure 5). The chamber is 8 m × 5 m ×
4 m sized and is covered with pyramidal absorbers ensuring
a background noise lower than −40 dB. It is equipped with
a vertical scanner and several rotating tables supplied by MI
Technologies, which can be properly arranged to perform
NF measurements with plane-polar, planar spiral, cylindrical,
and helicoidal scannings, besides those with spherical and
spherical spiral scannings. The positioning system of the AUT
is mounted on two slides in order to properly set the distance
from the probe to the AUT. Moreover, a further rotating table,
located on the opposite side of the chamber with respect
to the vertical scanner and covered by the absorbers when
performing the NF measurements to avoid the decay of the
anechoic chamber characteristics, allows the direct far-field
measurement of small antennas as well as the radar cross
section (RCS) measurements of small targets. The amplitude
and phase measurements are accomplished by means of a
vector network analyzer Anritsu 37247C, able to work in the
frequency range from 40 MHz to 20 GHz. Both the rotating
tables employed in the roll-over-azimuth spherical NF facility
ensure an angular precision of ±0.05∘ . An open-ended WR90
rectangular waveguide scanning a sphere of radius 𝑑 =
45.2 cm is employed as probe.
The former set of figures (from Figure 5 to Figure 11)
refers to the case of a quasi-planar AUT, whereas the latter
(from Figure 12 to Figure 19) is relevant to an elongated
antenna.
The former antenna is an X-band flat plate slot array of
Rantec Microwave Systems Inc., having a diameter of about
46 cm and operating at 9.4 GHz (see Figure 5). It is located on
the plane 𝑧 = 0 of the adopted reference system (Figure 1) and
has been fitted by a two-bowl modelling with 𝑎 = 23.46 cm,
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Figure 11: H-plane pattern. Solid line: reference. Crosses: reconstructed from nonredundant NF data.
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Figure 17: H-plane pattern. Solid line: reference. Crosses: reconstructed from nonredundant NF data. Dashed line: reconstruction
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Figure 19: Reconstruction error over the full far-field sphere.

𝑐 = 6.38 cm, and 𝑐 = 4.79 cm. The reconstructions of
the amplitude and phase of the voltage 𝑉1 on the meridian
at 𝜑 = 0∘ are shown in Figures 6 and 7, respectively, whereas
those relevant to the voltage 𝑉2 on the meridian at 𝜑 = 90∘
are reported in Figures 8 and 9. As can be seen, there is an
excellent agreement between the recovered voltages and those
directly measured, thus assessing the effectiveness of the twodimensional OSI formula (9). As regards the values of the
OSI algorithm parameters, 𝜒 has been chosen equal to 1.20
in order to make negligible the aliasing error with respect to
the measurement one [36], whereas 𝜒 = 1.20 and 𝑝 = 𝑞 = 7
have been employed for neglecting the truncation error [20].
The FF patterns in the principal planes E and H reconstructed
from the nonredundant spherical measurements are compared in Figures 10 and 11 with those (references) obtained
from the NF data directly measured on the classical spherical
grid. In both of the cases, the software package MI-3000,
implementing the classical spherical NF-FF transformation
[16], has been employed to get the FF reconstructions. As can
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be seen, also the far-field reconstructions are very accurate,
thus experimentally validating the described nonredundant
spherical NF-FF transformation for quasi-planar antennas.
Note that reported results have been obtained by employing
(3945) NF data, significantly lower than those (7320) required
by the classical NF-FF transformation [16].
The latter antenna is an X-band resonant slotted waveguide array of PROCOM, located on the plane 𝑦 = 0 of the
adopted reference system (Figure 2), working at 10.4 GHz. It
has been obtained from a WR90 rectangular waveguide, by
cutting 12 round-ended slots on both its broad walls, and has
two cylinders soldered on its narrow walls (see Figure 12).
According to the sampling representation for an elongated
antenna, it has been considered as enclosed in a rounded
cylinder with ℎ = 28.27 cm and 𝑎 = 2.83 cm. Figures 13
and 14 show the reconstruction of the amplitude of the
probe voltages 𝑉1 and 𝑉2 on the meridians at 𝜑 = 0∘ and
𝜑 = 90∘ . Moreover, the reconstruction of the phase of 𝑉1
on the meridian at 𝜑 = 0∘ is reported in Figure 15. Note
that, since such an AUT is characterized by a very small
transverse dimension, 𝜒 has been now chosen equal to 1.30,
which ensures an aliasing error of about −40 dB, generally
considered acceptable for practical purposes. As can be seen,
there is a good agreement between the reconstructed voltage
and that directly measured, save for the zones characterized
by a very low level, wherein the error is caused by the noise
and the residual reflections from the anechoic chamber walls.
Obviously, better results can be achieved when increasing
𝜒 . The overall effectiveness of the nonredundant spherical
NF-FF transformation for elongated antennas is assessed by
comparing in Figures 16 and 17 the reconstructed FF patterns
in the principal planes with those (references) obtained from
the NF data directly acquired on the classical spherical grid.
Moreover, the reconstruction of the FF pattern in the cut
plane at 𝜑 = 90∘ is shown in Figure 18. In this last figure, as
well as in Figure 17, the reconstruction error is plotted also
in order to better appreciate its levels. As can be seen, all
reconstructions are very accurate. At last, the reconstruction
error over the full far-field sphere is shown in Figure 19. It
must be stressed that the employed samples are 836, whereas
those needed by the MI software package, implementing
the classical spherical NF-FF transformation [16], are 5100.
Surely, better results can be achieved when increasing 𝜒 , but
a greater number of NF data would be collected. In any case,
the paper aim is to stress the NF data reduction achievable
when the AUT has one or two predominant dimensions.
Note that the same percentage of NF data reduction would
be obtained with a significantly greater accuracy (also in
the reconstruction of the cross-polarized component), if an
electrically larger elongated antenna with the same ratio
between the longitudinal and transverse dimensions had
been considered.

4. Conclusions
An experimental validation of the nonredundant NF-FF
transformations with spherical scanning for quasi-planar and
elongated antennas, based on the two-bowl and rounded
cylinder modellings, respectively, has been provided. The
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very good agreements found both in the near-field and in the
far-field reconstructions confirm also from the experimental
point of view the effectiveness and reliability of these transformation techniques, which allow a drastic measurement time
saving retaining the accuracy of the classical spherical NF-FF
transformation.

Appendices
A. Relevant to the Two-Bowl Modelling
The explicit expressions of the parameters involved in the
nonredundant sampling representation using the two-bowl
modelling (see Figure 3) are reported in the following.
It can be easily verified that, for such a modelling, ℓ =
2[𝑏 + 𝑏 + (𝑐 + 𝑐 )𝜋/2], wherein 𝑏 = 𝑎 − 𝑐 and 𝑏 = 𝑎 − 𝑐 . The

expressions of the distances 𝑅1,2 and curvilinear abscissae 𝑠1,2
change depending on the position of the tangency points 𝑃1,2 .
In particular, five cases have to be considered when the angle
𝜗 covers the range [0, 𝜋] (Figure 3).
For 0 ≤ 𝜗 ≤ 𝜗𝐴 = sin−1 (𝑎/𝑑), it results in
𝑅1 = √𝑑2 + 𝑏2 + 2𝑏𝑑 sin 𝜗 − 𝑐2 ,
𝑠1 = − (𝑏 + 𝑐𝛼1 ) ,
𝛼1 = tan−1 (

𝑅1
(𝑏 + 𝑑 sin 𝜗)
) − tan−1 [
],
𝑐
𝑑 cos 𝜗

𝑅2 = √𝑑2 + 𝑏2 − 2𝑏𝑑 sin 𝜗 − 𝑐2 ,
𝑠2 = 𝑏 + 𝑐𝛼2 ,
𝛼2 = tan−1 (

𝑅2
(𝑏 − 𝑑 sin 𝜗)
) − tan−1 [
].
𝑐
𝑑 cos 𝜗

(A.1)

(A.2)

(A.3)

(A.4)

For 𝜗𝐴 < 𝜗 ≤ 𝜗𝐵 = cos−1 (𝑐/𝑑), 𝑅1 , 𝑠1 , and 𝛼1 are again
given by (A.1) and (A.2), whereas it results in
𝑅2 = √𝑑2 + 𝑏 − 2𝑏 𝑑 sin 𝜗 − 𝑐 ,
2

2

𝜋
𝑠2 = 𝑏 + 𝑐 ( ) + 𝑐 𝛼2 ,
2
𝛼2 = tan−1 (

(A.5)

𝑅2
) − tan−1 [𝑑 cos 𝜗/ (𝑑 sin 𝜗 − 𝑏 )] .
𝑐

For 𝜗𝐵 < 𝜗 ≤ 𝜗𝑐 = 𝜋 − cos−1 (𝑐 /𝑑), 𝑅2 , 𝑠2 , and 𝛼2 are again
given by (A.5), whereas it results in
𝑅1 = √𝑑2 + 𝑏2 − 2𝑏𝑑 sin 𝜗 − 𝑐2 ,
𝑠1 = 𝑏 + 𝑐 (𝛼1 +
𝛼1 = −tan−1 (

𝜋
),
2

𝑅1
) − tan−1 [𝑑 cos 𝜗/ (𝑑 sin 𝜗 − 𝑏)] .
𝑐

(A.6)
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For 𝜗𝐶 < 𝜗 ≤ 𝜗𝐷 = 𝜋 − sin−1 (𝑎/𝑑), 𝑅1 , 𝑠1 , and 𝛼1 are again
given by (A.6), whereas it results in

For sin−1 (𝑎 /𝑑) < 𝜗 ≤ 𝜋 − sin−1 (𝑎 /𝑑), 𝑅1 and 𝑠1 are again
given by (B.1), whereas it results:

𝑅2 = √𝑑2 + 𝑏 + 2𝑏 𝑑 sin 𝜗 − 𝑐 ,
2

2

𝑅2 = √ (𝑑 sin 𝜗)2 + (𝑑 cos 𝜗 +

𝜋
𝑠2 = 𝑏 + 2𝑏 + (𝑐 + 𝑐 ) ( ) + 𝑐 𝛼2 ,
2

(A.7)

(𝑑 sin 𝜗 + 𝑏 )
𝑅2
−1
𝛼2 = tan (  ) − tan [
].
𝑐
|𝑑 cos 𝜗|
−1

For 𝜗𝐷 < 𝜗 ≤ 𝜋, 𝑅2 , 𝑠2 , and 𝛼2 are again given by (A.7),
whereas

𝑠2

(A.8)

(𝑏 − 𝑑 sin 𝜗)
𝑅1
−1
)
−
tan
[
].
𝑐
|𝑑 cos 𝜗|

B. Relevant to the Rounded
Cylinder Modelling

𝑅1 = √ (𝑑 sin 𝜗)2 + (𝑑 cos 𝜗 −

2

ℎ
2
) − 𝑎 ,
2

(B.1)



𝑎 𝑑 sin 𝜗 + 𝑅1 (ℎ /2 − 𝑑 cos 𝜗)
𝑅12 + 𝑎

2

),

𝑅2 = 𝑅1 ,
𝑠2



−1

= 𝑎 sin (

𝑎 𝑑 sin 𝜗 − 𝑅2 (ℎ /2 − 𝑑 cos 𝜗)
𝑅22 + 𝑎

𝑎 𝑑 sin 𝜗 + 𝑅2 (ℎ /2 + 𝑑 cos 𝜗)
𝑅22 + 𝑎

2

)] .

(B.3)

2

ℎ
2
) − 𝑎 ,
2

𝑠1
𝑅1 𝑑 sin 𝜗 + 𝑎 (ℎ /2 + 𝑑 cos 𝜗)
𝜋
)] .
− sin−1 (
2
2
𝑅12 + 𝑎
(B.4)

For what concerns the azimuthal bandwidth 𝑊𝜑 , it can be
shown that the maximum in (3) is reached at
{
𝑧
{
{
{
{
2
{ 
{
(|𝑧| − ℎ /2) 𝑎
{ ℎ

]
[
𝑧 ={
+
{
2 (𝑑 sin 𝜗)2 + (|𝑧| − ℎ /2)2
{
{
]
{[
{
{
{
× sgn (𝑧)
{

|𝑧| ≤

ℎ
,
2
(B.5)

|𝑧| >

ℎ
,
2

with sgn(⋅) being the sign function.

In this appendix, the explicit expressions of the parameters relevant to the nonredundant sampling representation
based on the rounded cylinder modelling (see Figure 4) are
reported.
In such a case, it results in ℓ = 2(ℎ +𝜋𝑎 ). The expressions

change
of the distances 𝑅1,2 and arclength coordinates 𝑠1,2
depending on the position of the observation point 𝑃. As
shown in [20], three cases must be considered for 𝜗 ranging
in [0, 𝜋] (see Figure 4).
For 0 ≤ 𝜗 ≤ sin−1 (𝑎 /𝑑), it is obtained that

𝑠1 = 𝑎 sin−1 (

= ℎ + 𝑎 [𝜋 − sin (

= ℎ + 𝑎 [

As regards the determination of the maximum in (3),
which allows the evaluation of the azimuthal bandwidth 𝑊𝜑 ,
it is convenient, for 𝜗 ranging in [0, 𝜋/2], to introduce the
angular coordinate 𝜂 (see Figure 3) such that 𝑧 = 𝑐 cos 𝜂 and
𝜌 = 𝑏 + 𝑐 sin 𝜂. It can be easily shown by means of simple
geometrical considerations or analytical manipulations that
this maximum is obtained in correspondence of the 𝜂 value
such that the derivative of 𝑅+ − 𝑅− with respect to 𝜂 is equal
to zero. A similar result is obtained when 𝜋/2 < 𝜗 ≤ 𝜋.



−1

𝑅1 = √ (𝑑 sin 𝜗)2 + (𝑑 cos 𝜗 +

2

𝜋
𝜋
𝑠1 = 𝑏 + 𝑐 ( ) + 𝑐 ( − 𝛼1 ) ,
2
2
𝛼1 = tan−1 (



At last for 𝜋 − sin−1 (𝑎 /𝑑) < 𝜗 ≤ 𝜋, 𝑅2 and 𝑠2 are again
given by (B.3), whereas:

𝑅1 = √𝑑2 + 𝑏 − 2𝑏 𝑑 sin 𝜗 − 𝑐 ,
2



2

ℎ
2
) − 𝑎 ,
2

2

).

(B.2)
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