
Review Article
Near-Field to Far-Field Transformation Techniques with Spiral
Scannings: A Comprehensive Review

Renato Cicchetti,1 Francesco D’Agostino,2 Flaminio Ferrara,2

Claudio Gennarelli,2 Rocco Guerriero,2 and Massimo Migliozzi2

1 Dipartimento di Ingegneria dell’Informazione, Elettronica e Telecomunicazioni, Università di Roma “La Sapienza”,
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An overview of the near-field-far-field (NF-FF) transformation techniques with innovative spiral scannings, useful to derive the
radiation patterns of the antennas commonly employed in the modern wireless communication systems, is provided in this paper.
The theoretical background and the development of a unified theory of the spiral scannings for quasi-spherical and nonspherical
antennas are described, and an optimal sampling interpolation expansion to evaluate the probe response on a quite arbitrary
rotational surface from a nonredundant number of its samples, collected along a proper spiral wrapping it, is presented.This unified
theory can be applied to spirals wrapping the conventional scanning surfaces and makes it possible to accurately reconstruct the
NF data required by the NF-FF transformation employing the corresponding classical scanning. A remarkable reduction of the
measurement time is so achieved, due to the use of continuous and synchronized movements of the positioning systems and to the
reduced number of needed NF measurements. Some numerical and experimental results relevant to the spherical spiral scanning
case when dealing with quasi-planar and electrically long antennas are shown.

1. Introduction

The design of the modern antenna systems, integrated on
portable devices or employed in radio base stations, requires
the experimental verification of the antenna performances in
terms of frequency bands and radiation diagrams. Different
types of antennas are employed in the abovementioned
applications. In particular, printed or conformal antennas
are generally used in portable devices (such as cellular
phones, mobile pc, printers, scanners, DVD players, and
digital projectors) [1–6], collinear or dielectric resonator
antennas are adopted to realize broadcast and cellular base
stations [7–14], while reflector or horn antennas are usually
adopted for radio links [15–17]. Consequently, different types
of measurement techniques are required to measure the
corresponding antenna radiation patterns.

As well known, the accurate measurement of the elec-
tromagnetic (EM) field radiated by an antenna can be

performed only in an anechoic chamber, wherein the free-
space propagation conditions are emulated by suppressing a
large amount of the reflections from the lateral walls, ceiling,
and floor. However, the far-field (FF) distance requirements
cannot be practically satisfied in an anechoic chamber when
dealing with antennas having large or evenmedium electrical
dimensions, so that only near-field (NF) measurements can
be carried out. This occurs specifically when characterizing
antenna systems and arrays for space as well as radar
applications [18, 19]. Therefore, the NF-FF transformation
techniques, which allow an accurate reconstruction of the
antenna far-field pattern from measurements in the NF
region, have been widely investigated [20–28] and employed
in the last forty years as a viable andmore accurate alternative
to the direct FF measurements performed on a conventional
FF range. In addition, NF scanning techniques represent the
better choice when complete pattern and polarization mea-
surements are required.Moreover, they provide the necessary
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information for determining the field at the surface of the
antenna and such information can be properly employed
for the diagnostics of surface errors in a reflector antenna
or of faulty elements in an array (microwave holographic
diagnostics [29]).

Usually, the acquired NF data are transformed into FF
patterns by using a suitable expansion of the field of the
antenna under test (AUT) in terms of modes, that is, a
complete set of solutions of the vector wave equation in the
region outside the antenna. To this end, plane, cylindrical, or
spherical waves are generally employed [20–27]. The modal
expansion adopted to represent the spatial field distribution
determines the type of the NF scanning surface, which
accordingly will be a plane, a cylinder, or a sphere. The
orthogonality properties of the modes on these surfaces are
then properly exploited to determine the modal expansion
coefficients, whose knowledge allows the reconstruction of
the AUT far field. The development and the spreading of
NF-FF transformation techniques with planar, cylindrical,
or spherical scanning are justified from the fact that each
technique has its own particular advantages and limitations.

In this framework, the application of the spatial ban-
dlimitation properties of radiated EM fields [30] and of
their nonredundant sampling representations [31, 32] to the
voltage measured by the scanning probe has allowed the
development of effective nonredundant probe-compensated
NF-FF transformation techniques. The interested reader
can refer to [32, 33] for an extensive bibliography. These
techniques require typically a number of NF data remarkably
smaller than that needed when employing the corresponding
classical ones. As a matter of fact, the NF data needed
by these last ones are accurately reconstructed from the
acquired nonredundant data by means of optimal sampling
interpolation (OSI) expansions. It is so possible to obtain
a remarkable measurement time saving and this is a very
important result, since nowadays such a time is very much
greater than the computational one required to carry out the
NF-FF transformation.

The time needed for the acquisition of the NF data can
be drastically reduced by using the modulated scattering
technique, wherein arrays of scattering probes, which allow
a very fast electronic scanning, are employed [34]. How-
ever, apart from measurement precision issues, antenna NF
measurement systems adopting such a technique are not
very flexible. In any case, the number of needed probes
could be significantly reduced by properly exploiting the
nonredundant sampling representations.

A more convenient way for reducing the measurement
time is, as suggested in [35], the employment of spiral
scanning techniques, which can be accomplished bymeans of
continuous and synchronized movements of the positioning
systems of the AUT and probe. Accurate, stable, and effective,
nonredundant NF-FF transformations with helicoidal scan-
ning [33, 36–42], planar [37, 42–44], and spherical [37, 42,
45–52] spiral scannings (Figures 1, 2, and 3) have been devel-
oped in the last years. They are based on the nonredundant
sampling representations and recover the NF data needed
by the standard NF-FF transformation, which employs the

corresponding classical scanning (cylindrical [53], plane-
rectangular [54], and spherical [55]), by interpolating, via
proper OSI expansions, the nonredundant samples acquired
on the spiral. The nonredundant representations and the
related OSI expansions have been obtained in [36–38, 43,
45, 46] by assuming the AUT as enclosed in the smallest
sphere containing it, whereasmore effectiveAUTmodellings,
allowing a further reduction of needed NF samples when
considering nonspherical antennas (i.e., antennas with one
or two predominant dimensions), have been used in [39–
42, 44, 47–52]. In all the cases, they have been determined:

(1) by choosing the spiral in such a way that its step,
specified by two consecutive intersections with the
considered meridian curve (generatrix, radial line,
andmeridian), be equal to the sample spacing needed
for the interpolation along this curve;

(2) by developing the nonredundant sampling represen-
tation along the spiral.

It must be stressed that the use of effective AUT mode-
llings when dealing with elongated or quasi-planar antennas
offers, besides the reduction of the number of required
NF data, another great advantage in the helicoidal and
planar spiral scanning case, respectively. Specifically, it makes
possible the consideration ofmeasurement cylinders (planes)
with a radius (distance) smaller than one-half of the antenna
maximum size, thus reducing the error related to the trunca-
tion of the scanning surface.

A unified theory of the spiral scannings for spherical and
nonspherical antennas has been also developed in [37] and
[33, 42], respectively.

Moreover, direct NF-FF transformations with helicoidal
scanning, which allow the evaluation of the antenna far field
in any cut plane directly from a minimum set of NF data
without interpolating them, have been recently proposed in
[56–58].

Other NF-FF transformation techniques with spiral scan-
nings have been also proposed [35, 59, 60]. However, since
they do not take advantage of the nonredundant sampling
representations of EM fields, they require a useless large
amount of NFmeasurements and, as a consequence, a greater
acquisition time.

The aim of this paper is just to provide an overview of
the NF-FF transformation techniques with spiral scannings,
useful to characterize the antennas commonly used in the
modern wireless communication systems. The necessary
theoretical background on the nonredundant sampling rep-
resentations of EM fields is summarized in Section 2. In
Section 3, the development of a unified theory of the NF-
FF transformations with spiral scannings for spherical or
nonspherical antennas is described, and a two-dimensional
OSI expansion, which allows reconstructing the probe volt-
age on a quite arbitrary rotational surface from its nonre-
dundant samples collected along a proper spiral wrapping
it, is presented, while some representative numerical and
experimental results relevant to the spherical spiral scanning
case when dealing with quasi-planar and electrically long
antennas, respectively, are reported in Section 4. Finally, the
conclusions are drawn in Section 5.
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Figure 1: Helicoidal scanning.

x

z

y

d

Figure 2: Planar spiral scanning.

2. Theoretical Background

Let us consider an antenna enclosed in a convex domainD of
finite size, bounded by a surface Σ with rotational symmetry
and a nondirective probe scanning an arbitrary surface M,
external toD and having the same rotational symmetry. Since
the voltage𝑉measured by such a probe has the same effective
spatial bandwidth of the field radiated by the AUT [61], the
nonredundant sampling representations of EM fields [31] can
be applied to it. Accordingly, it is convenient to introduce the
“reduced voltage”:

�̃� (𝜉) = 𝑉 (𝜉) 𝑒
𝑗𝛾(𝜉)

, (1)

where 𝑉(𝜉) is the voltage measured by the probe, 𝛾(𝜉) is a
proper phase function, and 𝑟 = 𝑟(𝜉) is the optimal param-
eterization adopted to describe the observation curve 𝐶 on
the surface M. The bandlimitation error, occurring when
�̃�(𝜉) is approximated by a bandlimited function, exhibits a
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Figure 3: Spherical spiral scanning.

step-like behaviour and becomes negligible [31] as the spatial
bandwidth exceeds the critical value:

𝑊𝜉 = max
𝜉

[𝑤 (𝜉)] = max
𝜉

[max
𝑟



d𝛾 (𝜉)
d𝜉

− 𝛽

𝜕𝑅 (𝜉, 𝑟

)

𝜕𝜉



] ,

(2)

where 𝛽 is the free-space wavenumber, 𝑟 denotes the source
point, and 𝑅 = |𝑟(𝜉) − 𝑟


|. Accordingly, such an error

can be effectively controlled by choosing the bandwidth of
the approximating function equal to 𝜒


𝑊𝜉, where 𝜒

 is an
enlargement bandwidth factor (slightly greater than unity for
electrically large antennas).

To obtain a nonredundant representation, that is, a
representation requiring aminimumnumber of samples, first
of all, we must minimize the “local” bandwidth𝑤(𝜉) for each
𝜉. This is obtained by choosing 𝛾 such that its derivative is
the average between the maximum and minimum value of
𝛽𝜕𝑅/𝜕𝜉, when 𝑟

 varies inD; that is,

d𝛾
d𝜉

=
𝛽

2
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,

(3)

where 𝑠 is the curvilinear abscissa along𝐶, �̂� is the unit vector
pointing from the source point to the observation point 𝑃,
and �̂� is the unit vector tangent to 𝐶 at 𝑃. Accordingly, the
optimal phase factor to be used is given by

𝛾 (𝜉) =
𝛽

2
∫

𝑠(𝜉)

0
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(4)
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It can be easily recognized that, by choosing d𝛾/d𝜉
according to (3), the following is obtained:

𝑤 (𝜉) =
𝛽

2
[max
𝑟

𝜕𝑅

𝜕𝑠
−min
𝑟

𝜕𝑅

𝜕𝑠
]
d𝑠
d𝜉

=
𝛽

2
[max
𝑟

�̂� ⋅ �̂� −min
𝑟
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d𝑠
d𝜉

.

(5)

As regards the parameter 𝜉, in order to avoid redundancy,
it must be determined by requiring that the local bandwidth
is constant. In fact, if 𝑤(𝜉) is variable with 𝜉, the sample
spacing, which is fixed by the bandwidth 𝑊𝜉, becomes
unnecessarily small in the zones wherein𝑤(𝜉) is smaller than
its maximum value, thus giving rise to redundancy in the
sampling representation. Accordingly, by imposing that 𝑤(𝜉)
is constant and equal to𝑊𝜉, we obtain

𝜉 =
𝛽

2𝑊𝜉

∫

𝑠

0
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𝜕𝑅
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(6)

It can be easily verified that when 𝐶 is a meridian curve
(i.e., a curve lying on a plane at 𝜑 = const, 𝜑 being the usual
azimuthal angle of the spherical coordinate system (𝑟, 𝜗, 𝜑))
and �̂� is external to the cone of vertex 𝑃, tangent to Σ, the
extreme values of the inner product �̂�⋅�̂� occur (Figure 4) at the
two tangency points 𝑃1,2 on 𝐶

 (intersection curve between
themeridian plane andΣ). By taking into account that in such
a case [31]

𝜕𝑅

𝜕𝑠

𝑠
1,2

=
d𝑅1,2
d𝑠

±
d𝑠1,2
d𝑠

, (7)

where 𝑠1,2 are the arclength coordinates of 𝑃1,2 and 𝑅1,2 the
distances from 𝑃 to 𝑃1,2 (Figure 4), and choosing 𝑊𝜉 =

𝛽ℓ

/2𝜋 (ℓ being the length of 𝐶), the following is obtained:

𝛾 =
𝛽

2
[𝑅1 + 𝑅2 + 𝑠


1 − 𝑠

2] ,

𝜉 =
𝜋

ℓ
[𝑅1 − 𝑅2 + 𝑠


1 + 𝑠

2] .

(8)

Note that the angular-like parameter 𝜉 covers a 2𝜋 range,
when 𝑃 encircles the antenna once, and the number of
samples atNyquist spacing (Δ𝜉 = 𝜋/𝑊𝜉) on a closedmeridian
curve 𝐶 (also unbounded) is always finite and equal to𝑁𝜉 =
2𝜋/Δ𝜉 = 2ℓ


/𝜆, 𝜆 being the free-space wavelength.

It can be shown [31] that, in any meridian plane, the
curves 𝛾 = const and 𝜉 = const are orthogonal.

When Σ is chosen coincident with a sphere of radius 𝑎,
we have

𝑅1 = 𝑅2 =
√𝑟2 − 𝑎2,

𝑠

1 = (𝜃 − 𝛼) 𝑎; 𝑠


2 = (𝜃 + 𝛼) 𝑎; 𝛼 = cos−1 (𝑎

𝑟
) .

(9)
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Figure 4: Relevant to a meridian observation curve.

Accordingly, since ℓ = 2𝜋𝑎, it results𝑊𝜉 = 𝛽𝑎 and

𝛾 = 𝛽√𝑟2 − 𝑎2 − 𝛽𝑎cos−1 (𝑎
𝑟
) ; 𝜉 = 𝜃, (10)

wherein the parameter 𝜃 coincides in the range [0, 𝜋] with the
zenithal angle 𝜗.

It must be stressed that, according to [31], the surface Σ
modelling the AUT must fit very well its shape in order to
minimize the overall number of needed samples. As a matter
of fact, the number of samples at Nyquist spacing on any
closed observation surface (also unbounded) surrounding
the antenna is

𝑁 ≅
area of Σ
(𝜆/2)
2

. (11)

As a consequence, an effective source modelling when
dealing with an electrically long antenna is got, f.i., by
choosing Σ coincident with a prolate ellipsoid with major
and minor semiaxes equal to 𝑎 and 𝑏 (Figure 5), whereas
a quasi-planar antenna can be conveniently modelled by an
oblate ellipsoid. In both cases, it can be shown [31] that, in any
meridian plane, the curves 𝛾 = const and 𝜉 = const are ellipses
and hyperbolas confocal to 𝐶

 (see Figure 5). Accordingly, 𝜉
and 𝛾 are functions of the elliptic coordinates 𝑢 = (𝑟1−𝑟2)/2𝑓

and V = (𝑟1 + 𝑟2)/2𝑎, respectively, where 𝑟1,2 are the distances
from the observation point 𝑃 to the foci of 𝐶 and 2𝑓 is the
focal distance. By taking into account that the length of the
ellipse 𝐶 is ℓ = 4𝑎E(𝜋/2 | 𝜀2), the bandwidth𝑊𝜉 becomes

𝑊𝜉 = (
4𝑎

𝜆
)E(𝜋

2
| 𝜀
2
) , (12)

wherein E(⋅ | ⋅) denotes the elliptic integral of second kind
and 𝜀 = 𝑓/𝑎 is the eccentricity of 𝐶. By straightforward
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Figure 5: Ellipsoidal source modelling: prolate case.

but lengthy computations, from (8), the following is obtained
[31]:

𝛾 = 𝛽𝑎[

[

V√
V2 − 1

V2 − 𝜀2
− E(cos−1√ 1 − 𝜀

2

V2 − 𝜀2
| 𝜀
2
)]

]

, (13)

𝜉 =
𝜋

2

{{{{{

{{{{{

{

E (sin−1𝑢 | 𝜀
2
)

E (𝜋/2 | 𝜀2)
+ 1 prolate ellipsoid

E (sin−1𝑢 | 𝜀
2
)

E (𝜋/2 | 𝜀2)
oblate ellipsoid.

(14)

Relation (14) is valid when the angle 𝜗 corresponding to
𝑃 belongs to the range [0, 𝜋/2]. The case in which 𝜗 belongs
to [𝜋/2, 𝜋] can be easily handled by determining the value 𝜉
corresponding to the point specified by𝜋−𝜗 and then putting
𝜉 = 𝜋 − 𝜉

.
It can be easily shown [31] that the spherical modelling

can be obtained from the prolate or oblate ellipsoidal one by
considering an ellipsoid with eccentricity 𝜀 = 0. It is worth
noting that in such a case the curves 𝛾 = const and 𝜉 = const
become circumferences and radial lines, respectively.

3. Nonredundant Spiral Scanning Techniques

Let us now consider a nondirective probe scanning a proper
spiral wrapping an arbitrary rotational surface M obtained
by rotating a meridian curve always external to the cone
having the vertex at 𝑃 and tangent to the rotational surface Σ
enclosing the AUT.The parametric equations of such a spiral
are

𝑥 = 𝑟 (𝜃) sin 𝜃 cos𝜙,

𝑦 = 𝑟 (𝜃) sin 𝜃 sin𝜙,

𝑧 = 𝑟 (𝜃) cos 𝜃,

(15)

wherein 𝜙 is the angular parameter describing the spiral, 𝑟(𝜃)
is specified by the meridian curve generating the surfaceM,
and the angle 𝜃 is a monotonic increasing function of 𝜙. It
can be easily recognized that 𝑟(𝜃) = 𝑑/ cos 𝜃 in the case of a
planar spiral lying on a plane at distance 𝑑 and 𝑟(𝜃) = 𝑑/ sin 𝜃
for a helix wrapping a cylinder of radius 𝑑, whereas 𝑟(𝜃) = 𝑑

when a spherical spiral is considered. It must be stressed that
the spiral angle 𝜃, unlike the zenithal one 𝜗, can take negative
values. In fact, when the spiral describes a complete round
on the surface M, moving from the south pole to the north
pole and then returning to the south one, 𝜃 varies in the
range [−𝜋, 𝜋]. Moreover, the angular parameter 𝜙 is always
continuous, whereas, according to (15), the azimuthal angle
𝜑 exhibits a discontinuity jump of 𝜋 when the spiral crosses
the poles.

In order to obtain a nonredundant sampling representa-
tion of the probe voltage on the surface M from its samples
acquired on the spiral, it is necessary [42]

(1) to choose the spiral in such a way that its pitch, speci-
fied by two consecutive intersections with a meridian
curve, be equal to the sample spacing needed for the
interpolation along this curve,

(2) to develop a nonredundant sampling representation
along the spiral.

According to condition (1), the optimal parameter 𝜉

relevant to the meridian curve and the angular one 𝜙

describing the spiral are related by

𝜉 = 𝑘𝜙, (16)

where 𝑘must be such that the intervalΔ𝜉 = 2𝜋𝑘, correspond-
ing to the spiral pitch, is equal to the required [31] sample
spacing 2𝜋/(2𝑁


+ 1), with 𝑁


= Int(𝜒𝑁) + 1 and 𝑁


=

Int(𝜒𝑊𝜉) + 1, Int(𝑥) denoting the integer part of 𝑥 and 𝜒 > 1

being an oversampling factor. Accordingly, 𝑘 = 1/(2𝑁

+ 1).

The development of a nonredundant sampling represen-
tation of the voltage along the spiral is a more difficult task,
which has been heuristically tackled in [42] by paralleling the
rigorous procedure [37] valid when adopting a spherical AUT
modelling.

Accordingly, the main results of the unified theory of
spiral scannings for antennas enclosed in a spherical surface
[37] are recalled in the following. In such a case, the optimal
parameter for describing ameridian curve is 𝜃 and the related
bandwidth is 𝛽𝑎. Moreover, the optimal phase factor 𝜓 and
parameter 𝜂 to get a nonredundant representation along the
spiral can be obtained from (4) and (6) by taking into account
that the extreme values of �̂� ⋅ �̂� occur [37] at the two tangency
points 𝑃1,2 (Figure 6) between the sphere modelling the AUT
and the straight lines passing through the point 𝑄 on the
spiral and belonging to the plane specified by the unit vectors
�̂� (tangent to the spiral at𝑄) and 𝑟 (pointing from the origin
to the point𝑄). Denoting by �̂�1,2 the related unit vectors and
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by 𝛿 the angle between 𝑟 and �̂� (Figure 6), it can be easily
verified that [37]

(�̂�1 + �̂�2)

2
= 𝑟 sin𝛼 = 𝑟√1 −

𝑎
2

𝑟2
, (17)

(�̂�1 − �̂�2)

2
= 𝑛 cos𝛼, (18)

where 𝑛 is a unit vector orthogonal to 𝑟. Therefore

(�̂�1 − �̂�2) ⋅ �̂�

2
= (𝑛 ⋅ �̂�) (

𝑎

𝑟
) = (

𝑎

𝑟
) sin 𝛿. (19)

By substituting (17) in (4) and taking into account that
d𝑟 = 𝑟 ⋅ �̂�d𝑠, the following is obtained:

𝜓 = 𝛽∫

𝑟

0

√1 −
𝑎
2

𝑟2
d𝑟 = 𝛽√𝑟2 − 𝑎2 − 𝛽𝑎 cos−1 (𝑎

𝑟
) (20)

that is, when adopting a spherical modelling, the phase
function 𝜓 relevant to the sampling representation along the
spiral coincides with that 𝛾 relevant to the representation on
a meridian curve.

On the other hand [37],

d𝑠 = √𝑟2sin2𝜃 + 𝑘2𝑟2 + 𝑘2 ̇𝑟2 d𝜙, (21)

wherein ̇𝑟 = d𝑟/d𝜃. Moreover,

𝑟 ⋅ �̂� =
d𝑟
d𝑠

=
d𝑟
d𝜙

d𝜙
d𝑠

= [
d𝑟
d𝜃

d𝜃
d𝜙

]
d𝜙
d𝑠

= 𝑘 ̇𝑟
d𝜙
d𝑠

=
𝑘 ̇𝑟

√𝑟2sin2𝜃 + 𝑘2𝑟2 + 𝑘2 ̇𝑟2

(22)

and, therefore,

sin 𝛿 = √1 − (𝑟 ⋅ �̂�)
2
= √

𝑟
2sin2𝜃 + 𝑘

2
𝑟
2

𝑟2sin2𝜃 + 𝑘2𝑟2 + 𝑘2 ̇𝑟2
. (23)

By taking into account such a relation and substituting
(19) and (21) in (6), we get

𝜂 =
𝛽𝑎

𝑊𝜂

∫

𝜙

0

√𝑘2 + sin2𝑘𝜙 d𝜙. (24)

According to such a relation, when adopting a spherical
modelling, the optimal parameter 𝜂 for describing the spiral
is 𝛽/𝑊𝜂 times the arclength of the projecting point that lies
on the spiral wrapping the sphere Σ.

It is worth noting that the scanning spiral can be viewed
as obtained by radially projecting the corresponding one
wrapping, with the same pitch, the modelling sphere. Since
such a spiral is a closed curve, it is convenient to choose the
bandwidth𝑊𝜂 in such a way that the angular-like parameter
𝜂 covers a 2𝜋 range when the whole projecting curve is
described. Accordingly,

𝑊𝜂 =
𝛽𝑎

𝜋
∫

(2𝑁+1)𝜋

0

√𝑘2 + sin2𝑘𝜙d𝜙; (25)

t̂
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Figure 6: Geometry of the problem in the plane �̂�, 𝑟.

that is, the bandwidth𝑊𝜂 is 𝛽/𝜋 times the length of the spiral
which wraps from pole to pole the modelling sphere.

Let us now turn to the more general case wherein the
AUT is no longer modelled as enclosed in a sphere. The
parameterization 𝜂 to describe the scanning spiral, the related
phase factor 𝜓, and bandwidth 𝑊𝜂 can be heuristically
determined [42] by generalizing the corresponding relations
for the case of the spherical modelling (see (24), (20), and
(25)). In particular, 𝜂 is 𝛽/𝑊𝜂 times the arclength of the
projecting point that lies on the spiral wrapping the surface
Σ (the projection is obtained by the curves at 𝜉 = const that,
in such a case, take the role of the radial lines of the spherical
modelling), 𝜓 coincides with the phase function 𝛾 relevant
to a meridian curve, and the bandwidth𝑊𝜂 is 𝛽/𝜋 times the
length of the spiral wrapping Σ from pole to pole. In other
words, the spiral, 𝜓, and 𝜂 are such that they coincide with
those relevant to the spherical modelling when the surface Σ
approaches a sphere.

According to these results, the reduced voltage at any
point 𝑄 of the spiral can be reconstructed by the following
OSI expansion [37, 42]:

�̃� (𝜂) =

𝑚
0
+𝑝

∑

𝑚=𝑚
0
−𝑝+1

�̃� (𝜂𝑚)Ω𝑀 (𝜂 − 𝜂𝑚)𝐷𝑀 (𝜂 − 𝜂𝑚) , (26)

where 2𝑝 is the number of retained samples �̃�(𝜂𝑚), 𝑚0 =

Int(𝜂/Δ𝜂) is the index of the sample nearest (on the left) to
the point 𝑄, and

𝜂𝑚 = 𝑚Δ𝜂 =
2𝜋𝑚

(2𝑀 + 1)
(27)

with𝑀 = Int(𝜒𝑀) + 1 and𝑀 = Int(𝜒𝑊𝜂) + 1. Moreover,

𝐷𝑀 (𝜂) =

sin ((2𝑀 + 1) 𝜂/2)

(2𝑀 + 1) sin (𝜂/2)
,

Ω𝑀 (𝜂) =

𝑇𝑀 [−1 + 2(cos(𝜂/2)/ cos(𝜂/2))2]
𝑇𝑀 [−1 + 2/cos2 (𝜂/2)]

(28)
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are the Dirichlet and Tschebyscheff sampling functions [62],
wherein 𝑇𝑀(𝜂) is the Tschebyscheff polynomial of degree
𝑀 = 𝑀


−𝑀
 and 𝜂 = 𝑝Δ𝜂.

It is worth noting that small variations of 𝜂 correspond
to very large changes of 𝜙 in the neighbourhood of the poles
(𝜗 = 0 and 𝜗 = 𝜋), so that, when interpolating the voltage
in these zones, the enlargement bandwidth factor 𝜒 must be
properly increased in order to avoid a significant growth of
the bandlimitation error.

TheOSI expansion (26) can be employed to determine the
“intermediate samples,” that is, the reduced voltage values at
the intersection points between the spiral and the meridian
curve passing through the observation point 𝑃. Once these
samples have been evaluated, the voltage at the point 𝑃 can
be reconstructed by means of the following OSI expansion:

𝑉 (𝜉 (𝜗) , 𝜑)

= 𝑒
−𝑗𝛾(𝜉)

𝑛
0
+𝑞

∑

𝑛=𝑛
0
−𝑞+1

�̃� (𝜉𝑛)Ω𝑁 (𝜉 − 𝜉𝑛)𝐷𝑁 (𝜉 − 𝜉𝑛) ,

(29)

where 2𝑞 is the number of retained intermediate samples
�̃�(𝜉𝑛), 𝑛0 = Int[(𝜉−𝜉0)/Δ𝜉] is the index of the sample nearest
(on the left) to the point 𝑃,𝑁 = 𝑁


− 𝑁
,

𝜉𝑛 = 𝜉𝑛 (𝜑) = 𝑘𝜑 + 𝑛Δ𝜉 = 𝜉0 + 𝑛Δ𝜉, (30)

and the other symbols have the same or analogous meanings
as in (26).

The effectiveness of the OSI algorithms depends on the
choice of 𝜒, 𝜒, and 𝑝, 𝑞. Values of 𝜒 slightly greater than
unity are enough to ensure small aliasing errors in the case
of electrically large antennas [30]. A rigorous procedure to
properly select it is described in [62]. As regards the choice
of the parameters controlling the truncation error, that is, the
oversampling factor 𝜒 and the numbers 𝑝, 𝑞 of the retained
samples, it can be numerically made as in [31]. Note that
such an error can be decreased on increasing the parameters
𝑝, 𝑞 and/or 𝜒. An increase of 𝑝, 𝑞 implies a growth of the
interpolation time, whereas an increase of 𝜒 reflects in a
growth of neededNF data and the relatedmeasurement time.
In practice, the choice of these parameters is done in such
a way that the error due to the interpolation (aliasing plus
truncation) must be smaller than the measurement one.

4. Numerical and Experimental Results

Some representative numerical and experimental results rel-
evant to the spherical spiral scanning case when considering
quasi-planar and electrically long antennas, respectively, are
reported in the following for reader’s convenience. The
interested reader can find other numerical and experimental
results relevant to the spherical spiral scanning case as well
as to the helicoidal and the planar spiral one in the quoted
references. The reason for the choice of spherical spiral
scanning case, notwithstanding its less effectiveness from
the data reduction and measurement time saving viewpoints
with respect to the helicoidal and planar spiral scan, is
due to the fact that such a scanning, as the spherical one,
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Figure 7: Spherical spiral scanning for a quasi-planar antenna.

allows the reconstruction of thewholeAUT radiation pattern.
Moreover, since it allows the characterization of planar,
quasi-planar and elongated antennas, commonly adopted
in modern wireless communication systems, the flexible
AUT modellings adopted in the following examples have
been employed also in the planar spiral scanning and in
the helicoidal one, respectively. On the other hand, these
two AUT modellings together with the already described
ellipsoidal ones provide a whole survey on how to effectively
model nonspherical antennas.

The following numerical simulations are relevant to the
spherical spiral scanning and to a quasi-planar antenna
modelled as enclosed in a double bowl, that is, a surface Σ
formed by two circular “bowls” [48] with the same aperture
diameter 2𝑎, but with bending radii 𝑐 and 𝑐 of the upper and
lower arcs eventually different to fit better the actual AUT
geometry (see Figure 7). It can be easily recognized that the
surface Σ coincides with a sphere if 𝑐 = 𝑐


= 𝑎, it becomes a

half-sphere if 𝑐 = 0 and 𝑐

= 𝑎, and it reduces to a circular

dish for 𝑐 = 𝑐

= 0. The expressions of the bandwidth 𝑊𝜉 =

𝛽ℓ

/2𝜋 and of the parameterization 𝜉 relevant to a meridian

and the related phase function 𝛾 (see (8)) can be obtained
by properly taking into account the geometry of Σ. It can
be easily verified that the expressions of 𝑅1,2 and 𝑠


1,2 change

depending on the location of the tangent points 𝑃1,2 and that
five cases must be considered for 𝜗 ranging in [0, 𝜋]. Their
explicit expressions can be found in [48]. The reported tests
refer to a spiral lying on sphere of radius 𝑑 = 30𝜆 and to three
uniform planar circular arrays placed at 𝑧 = −5𝜆, 0𝜆, 5𝜆,
having radius equal to 15𝜆, 20𝜆, and 15𝜆, respectively. Their
elements are elementary Huygens sources linearly polarized
along 𝑦 and are radially and azimuthally spaced by 0.5𝜆. Such
an antenna has been fitted by a double bowlwith 𝑐 = 𝑐


= 5.3𝜆

and 𝑎 = 20𝜆, and an open-ended circular waveguide, having
radius 𝜌 = 0.338𝜆, has been considered as probe.

The reconstructions of the amplitude and phase of the
probe voltage 𝑉 on the meridian at 𝜑 = 0

∘ are reported
in Figures 8 and 9, respectively. In both cases, a very good
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Figure 8: Amplitude of the probe voltage 𝑉 on the meridian at 𝜑 =
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Solid line: exact. Crosses: interpolated.

agreement between the exact and the reconstructed plot
results. Note that an enlargement bandwidth factor such that
the sample spacing is reduced by a factor 11 has been adopted
in the zones of the spiral determined by the 46 samples
around the poles. The accuracy in the NF interpolation is
also confirmed by the values of the maximum and mean-
square errors (normalized to the voltage maximum value on
the sphere) relevant to the probe voltage 𝑉 shown in Figures
10 and 11 for 𝑝 = 𝑞 ranging from 2 to 10, 𝜒 = 1.20

(save for the polar zones), and 𝜒 = 1.10, 1.15, 1.20, 1.25. As
expected, they decrease to very low values on increasing the
oversampling factor and/or the number of retained samples.
Note that, according to these plots, the maximum and mean-
square reconstruction errors corresponding to the chosen
values of the OSI parameters are about −45 dB and −60 dB,
respectively. At last, the developed interpolation algorithm
has been applied to retrieve the NF data needed to carry
out the spherical NF-FF transformation [55], as modified
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in [63, 64]. The reconstructed FF pattern in the H-plane is
shown in Figure 12. As can be seen, the reconstruction is
very accurate, thus assessing the overall effectiveness of the
technique.

It is worthy to note that the number of samples on the
spiral is 28483, significantly less than the one (43664) needed
by the approach in [37]. In particular, the number of “regular
samples” at spacing Δ𝜂 is 27563, whereas the number of
“extra samples” at reduced spacing is 920. Moreover, the
number of samples collected along the spiral is much less
than that (130562) required by the NF-FF transformation
with spherical scanning [55].

For reader’s convenience, we report in the following
some experimental results already published in [51] and



International Journal of Antennas and Propagation 9

0 30 60 90 120 150 180

𝜒 = 1.20

p = q = 6

0

−10

−20

−30

−40

−50

−60

−70

−80

−90

−100

Re
lat

iv
e fi

el
d 

am
pl

itu
de

 (d
B)

𝜒= 1.20

𝜗  (deg)

Figure 12: H-plane pattern. Solid line: exact. Crosses: reconstructed
from NF measurements.

relevant to the spherical spiral scanningwhen dealingwith an
electrically long antenna modelled as enclosed in a rounded
cylinder, namely, a cylinder of height ℎ ended in two half-
spheres of radius 𝑎 (see Figure 13). Also such a modelling is
quite general, containing the spherical one as particular case
(ℎ = 0), and allows fitting very well many real antennas
[1–19] by properly choosing the values of the parameters ℎ
and 𝑎

. The expressions of the bandwidth 𝑊𝜉 = 𝛽ℓ

/2𝜋 and

of 𝜉 and 𝛾 (see (8)) can be again easily obtained by taking
into account the geometry of Σ. As before, the expressions
of 𝑅1,2 and 𝑠


1,2 change depending on the location of the

tangency points 𝑃1,2, but now three cases must be considered
when 𝜗 varies in the range [0, 𝜋]. Their explicit expressions
can be found in [51]. The reported experimental results have
been carried out in the anechoic chamber of the Antenna
Characterization Lab of University of Salerno, which is pro-
vided with a roll (𝜑 axis) over azimuth (𝜗 axis) spherical NF
facility supplied byMI Technologies.The chamber is covered
with pyramidal absorbers ensuring a wall reflectivity less
than –40 dB. An open-ended WR90 rectangular waveguide
is used as probe and its response has been collected on a
spiral wrapping a sphere having radius 𝑑 = 45.2 cm. The
amplitude and phase measurements are accomplished by
means of a vector network analyzer.The considered AUT is a
X-band resonant slotted waveguide arraymade by PROCOM
A/S and working at 10.4GHz, realized by cutting 12 round-
ended slots on both the broad walls of a WR90 rectangular
waveguide and soldering two cylinders on its narrow walls
(see Figure 14). According to the adopted representation, such
an antenna has been modelled by a rounded cylinder with
ℎ

= 28.28 cm and 𝑎


= 2.60 cm and mounted in such a way

that the broad walls are parallel to the plane 𝑦 = 0 and its axis
is coincident with the 𝑧 one.

The effectiveness of the two-dimensional OSI expansion
is assessed by comparing the amplitude and phase of the
recovered voltage 𝑉 relevant to the meridian 𝜑 = 0

∘ with
those directly acquired on the same meridian (see Figures
15 and 16). As it can be seen, there is a very good agreement
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Figure 13: Spherical spiral scanning for an elongated antenna.

between the reconstructed voltage and the directly measured
one, save for the zones characterized by a very low level,
wherein the error is due to the noise and the residual
reflections from the anechoic chamber walls. It is useful to
note that an enlargement bandwidth factor 𝜒 such that the
spacing among the samples is reduced exactly by a factor 5
has been adopted in the zones of the spiral determined by the
20 samples around each pole.

At last, the E-plane and H-plane FF patterns recon-
structed from theNF set ofmeasurements acquired bymeans
of the spherical spiral scan are compared in Figures 17 and 18
with those (references) obtained from the NF data directly
measured on the classical spherical grid. In both cases, the
software package MI-3000, which implements the classical
spherical NF-FF transformation [55], has been used to get
the FF patterns. In particular, the reconstruction error, useful
to appreciate the error levels, is also reported in Figure 18.
As can be seen, the reconstructions are very accurate, thus
fully confirming also from the experimental viewpoint the
effectiveness of the described technique.

Note that the number of used samples is 1024, signif-
icantly less than those (3622 and 5100) required by the
NF-FF transformation with spiral scanning [37] based on
the spherical AUT modelling and by the MI Technologies
software package implementing the classical NF-FF trans-
formation [55], respectively. In particular, the number of
regular samples is 864, whereas the number of extra samples
at reduced spacing is 160.

It is worth noting that, in this example, the reduction rates
of the needed NF data with respect to those required in the
spherical spiral scan [37] using the spherical modelling and
in the classical one are much greater than the corresponding
ones obtained in the former example.This is a general validity
result: for long antennas, usually adopted in urban radio
base station [7–9], the time saving achievable by using the
appropriate spiral scanning technique is usually remarkably
greater than that for the quasi-planar ones, since the number
of spiral turns is related to the length of 𝐶, whereas the
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Figure 14: Photo of the X-band resonant slotted waveguide array.
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Figure 15: Amplitude of 𝑉 on the meridian at 𝜑 = 0
∘. Solid

line: measured. Crosses: recovered from NF data acquired via the
spherical spiral scanning.
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Figure 16: Phase of 𝑉 on the meridian at 𝜑 = 0
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average number of samples on each turn depends on the
maximum transverse radius of Σ.

5. Conclusions

This paper provides a comprehensive overview of the nonre-
dundant NF-FF transformations using fast spiral scanning
techniques, which allow a drastic time saving, since they are
realized through continuous and synchronized movements
of the positioning systems and require a reduced number of
NF measurements. The authors have first recalled the results
on the nonredundant representations of EM fields, which
constitute the theoretical background of the spiral scanning
techniques.Then, they have described the reasoning involved
in the heuristic approach that allowed the development
of the unified theory concerning the spiral scannings for
nonspherical antennas from that for the quasi-spherical ones.
The OSI algorithm, used to determine the voltage measured
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by a nondirective probe on a quite arbitrary rotational surface
from a nonredundant number of its samples collected along
a proper spiral, has been also presented. Although this
theory is valid for spirals lying on quite arbitrary rotational
surfaces, its application to spirals wrapping the conventional
scanning surfaces has made possible the development of
accurate NF-FF transformations which use a nonredundant
number of NF spiral data and allow remarkably reducing
the measurement time, since the NF data needed by the
corresponding classical NF-FF transformation are accurately
reconstructed from those collected on the spiral path. NF-
FF transformation techniques allowing a remarkable time
saving without losing the efficiency of the classical ones
are so made available to the antenna designers and to the
measurement community involved in the development of the
modern wireless communication systems.
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