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An analytical method is presented which makes it possible to derive exact explicit expressions for the time-harmonic surface fields
excited by a small circular loop antenna placed on the top surface of plane layered earth. The developed procedure leads to casting
the complete integral representations for the EM field components into forms suitable for application of Cauchy’s integral formula.
As a result, the surface fields are expressed as sums of Hankel functions. Numerical simulations are performed to show the validity

and accuracy of the proposed solution.

1. Introduction

The need to evaluate the electromagnetic fields radiated by
horizontal loop antennas located in close proximity to layered
media arises in a variety of applications of scientific interest,
especially in the areas of electromagnetics [1-9], close-to-
the-surface radio communication [10, 11], and geophysical
prospecting [11-13]. An excellent illustration of such appli-
cations is electromagnetic induction sounding technique
[12, 14, 15], which allows acquiring information about the
subsurface structure of a terrestrial area. The technique
consists of two steps. At first, the fields generated by a current-
carrying circular loop antenna lying on the surface of the
medium to be explored are measured at a discrete set of
frequencies. Next, the presence of shallow buried objects,
or the geometrical and EM properties of the structure, is
deduced by interpreting the recorded experimental data
through matching with the theoretical response curves asso-
ciated with standard homogeneous or layered earth models
[12, 14, 15]. It is easily understood how, for correct data
interpretation, high accuracy is required when computing
such theoretical response curves.

This paper will focus on the problem of an electrically
small circular loop antenna (vertical magnetic dipole) lying
on the surface of N-layer plane stratified earth. To date,

the fields of a loop source in the presence of a layered
ground are not known in closed form, and evaluation of
their complete integral representations has been revealed to
be challenging from both analytical and numerical points of
view. When available, analytical solutions either pertain to
simple earth models, like the single-layer configuration [16],
or follow from introducing simplifying assumptions. Exam-
ples of approximate solutions are the explicit series-form
expressions that result from applying standard asymptotic
techniques, such as the method of steepest descent (saddle-
point method) [11, 12, 17-19]. The obtained formulas are easy
to use but are valid under the restrictive assumption that the
source-receiver distance is electrically large, that is, in the
far-field region of the antenna. Similar considerations can
be made with regard to the low-frequency or quasi-static
expressions for the fields (7, 12, 13, 20], which are accurate,
subject to the condition that the displacement currents are
negligible in both the layered material medium and the air
space above it.

On the other hand, numerical computation of the field
integrals through standard numerical approaches, like Gaus-
sian quadrature, is often made difficult and impractical by
the oscillating behavior of the integrands and the slow
convergence of their envelope, especially when both source
and field points lie at the air-medium interface [1, 12, 21].
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FIGURE 1: Sketch of a vertical magnetic dipole on a multilayer
ground.

In an attempt to overcome these drawbacks, some papers
document extensive usage of the digital linear filter technique
in place of the Gaussian quadrature approach [22, 23].
Unfortunately, it has been recently shown [9, 24, 25] that
any digital filter is designed and optimized for a specific
known integral transform (the so-called test function) and
may lead to uncertain results when applied to the calculation
of different integrals.

The aim of this work is to derive exact explicit expressions
for the fields excited by the loop source at the air-medium
interface. The theoretical development is organized as fol-
lows. First, the Sommerfeld Integrals describing the fields are
split into two terms, that is, the residue contributions from the
poles of the integrands and the branch-cut integrals due to the
propagation constants in free space and in the bottom layer
of the stratified medium. Next, such propagation constants
are extracted from the integrands of the branch-cut integrals
and replaced with the sums of partial fractions generated by
Newton’s iterative method [26, 27]. This makes it possible
to apply Cauchy’s integral formula and obtain explicit series
representations for the branch-cut integrals. As a result, the
Sommerfeld Integrals are converted into infinite sum of
Hankel functions. The advantage of the presented approach
resides in the fact that the sequence of the sums of partial
fractions that are used in place of each propagation constant
is convergent, as Newton’s method exhibits quadratic rate of
convergence if applied to the computation of a square root
[26]. This implies that the derived series representations for
the fields are exact.

2. Theory

Consider a vertical magnetic dipole of moment me/" lying
on the surface of a flat N-layer lossy medium, as shown in
Figure 1. Due to symmetry about the axis of the dipole, a
cylindrical coordinate system (7, ¢, z) is suitably introduced.
The dielectric permittivity and electric conductivity of the nth
layer are denoted by €, and 0,,, respectively, while the medium
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is assumed to have the magnetic permeability of free space .
The time-harmonic EM field components generated by the
dipole in the air space (the zeroth layer, z < 0) may be derived
from an electric vector potential which has only z component
F. If the time factor ¢/*" is assumed, it reads

oF
E,= —,
?" 9p
1 0°F 0
P jwuy 0pdz’
2
HZ=—,1 (a—2+li)F,
Jowpo \ 0p*  pop
where F = F; + F,, with
jw/’l()m © Uz A (1)
F,= 0" 2 [ )
=R e H (p)dr @
Jwpgm JOO wz A )
F, ="—— Rpge™*—H,’ (Ap)dA, (3)
8 coel™ TE Uy 0

respectively, being the direct and reflected potentials. In (2)
and (3), Hél) (+) is the zeroth-order Hankel function of the first

kind, while
Y, -7,
RTE 0 1 ( 4)

Y, + Y,
is the plane wave reflection coeflicient at z = z, = 0, with
Y, and Y, being the intrinsic admittance of free space and the

surface admittance at z,,. The intrinsic admittance of the nth
layer is given by

u
Y,=——, 5
Jwiy, ©)

with
u, =\A>-k%, Relu,] >0, (6)
kfl = wz#nen - jw#ﬂan’ (7)

while, for N layers, the surface admittance at z = z,_; is
obtained through the recurrence relation

& ?ﬂ+1 + Yn tanh [un (Zn - znfl)]

n

"Y, +Y,,, tanh [, (2, = 211)] ’ (8)
n=N-1,...,1,

with

Yy =Y )

The reflected field may be split into two parts, that is, the
ideal reflected field (the field of a negative image) and a
contribution due to the imperfect conductivity of the earth.
Use of the identity

2Y,
Y, + 171

R™®=-1+ (10)
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FIGURE 2: Deformed integration contour for the Sommerfeld Inte-
grals.

in (3) allows concluding that the direct and image fields
exactly cancel out at all points in the air space. Hence, the
total potential reads

_ jwpem J'°° Y,e® AH(I) (Ap) dA
4 ooel™ Y +Y

(1)

U,

oo [ e

H (Ap) AdA.
4m o Uy + jwpoY

The fraction under the integral sign has a number of pole
singularities, plus the branch point singularities at A = +k,
and A = zky. It is interesting to note that the points
A = +k,A = tk,,...,A = +ky_; are not branch points
of the integrand, as the fraction term is an even function
of uy,uy, ..., un_;. We now deform the integration path to
the upper infinite semicircle C centered at the origin of the
complex A-plane, leaving out all the singularities located in
the first and second quadrants, as indicated in Figure 2. The
result of the deformation is a new integration path constituted
by C, the two lines wrapped around the branch cuts, that is, [
and I'y, and a number of infinitesimal circles around the poles
of the integrand. It is not difficult to prove that the infinite
semicircle does not contribute to the integral. In fact, for large
values of [A|, the Hankel function may be replaced with its
asymptotic form [28]

2
H" (Ap) = \] ]Mpef"P (12)

and the integrand in (11) becomes suitable for application of
Jordan’s Lemma [29], which states the following upper bound:

Ve?

Md| < _.
Uy + jwpyYy

(2

Up + ]w/’lOYl

max
pC

Since, in the air space, factor €“* decays exponentially with
increasing |A|, the right-hand side of (13) must vanish, and
so does the integral along C. As a consequence, F may be
expressed as

o detm [ e
r

H" (Ap) AdA, 14
prensl e (Ap) (14)

where I' is the contour consisting of I, Iy, and the
infinitesimal circles. It should be observed that the branch-
cut integrals along I, and Iy describe the above-surface
ground wave and the lateral-wave field, respectively, while the
integrals around the poles are trapped-surface-wave terms
[17].

The scope of this work is to exactly evaluate the field
components at the air-ground interface. To this goal, we
substitute (14) into (1) and take the limitasz — 0. It yields

_ Jjopgm 9S,
R (15)
m 0S,
H,= ——1,
P 4w 0p 16)
2
sz—ﬂ<a—2+13)50, 17)
47 \ 0p* pOp
with
s, - L £, W) HY (Ap) AdA,
y (18)
fr )= ———.
U + jwpoY,
Quantity S, may be rewritten as
Sy =S + 5N 4 5 (19)

where

sgﬂzj HiMWHD (Ap)AdA, n=0,N, (20
rﬂ

is the integral along T, while SLP ' is the contribution from
the residues of the integrand at the poles of f,. The explicit

expression for S;lp )
[29]. It yields

follows from applying Cauchy’s theorem

S =21y R [, W HY (Ap) 1]

D (L), .

(d/cm) W],

JZ{

where R;[:] denotes the residue at the generic pole A; (i =

2,...). On the other hand, to evaluate S;O) and S;N), it
is convenient to extract the square root terms u, and uy
from f;,. This task may be accomplished through letting
fa(A) = ¢,(uy,uy) and then applying the branch-cut
extraction procedure:

(ph _ ¢}(1ee) + (p;leo)uN ¢hoe)u0 ¢£loo Ugtins (22)
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It is straightforward to verify that functions ¢,*”, ¢,*”, ¢,°,

and gb(oo are even in both 1, and uy and, hence, do not exhibit
branch cuts. Next, we use Newton’s method to convert 4, and
uy into rational functions, so as to replace the branch cuts
running from A = -k, and A = —ky with a set of pole
singularities. This will make it possible to exactly evaluate the
integrals through contour integration. According to Newton’s
method, the principal square root of the complex number 1’

(ie., the principal root of the equation &2 — ufl = 0) may be
obtained by taking the limit of the sequence
2
o _ 1] g1 U —(0) _ .2
i, _E[u" +ﬁ(l_fl):|’ i, =u, (28)
n

as | — o00. Recursively applying (28) provides the explicit
form of u(l) namely,

= 2R (u) (29)
"R 2)

with

P, (q) = 22( ) (30)

Thus, substitution of (29) for u,’s in (22) makes ¢, become a
meromorphic function of A, whose poles coincide with those

of ﬁ(() and “(l) The poles of ﬁs) (n = 0,N) with positive

imaginary part, M, = 2! — 1 in number, are given by

2D = _\pW 4 k2, (31

with pfjj (m = 1,2,...,M,) being the generic root of the

equation

-1
[IP(9)=o. (32)
i=1

Notice that 2" zeros of P,(q) are negative real numbers, and
this implies that poles (31) are positioned on the suppressed
branch lines, which are described by the equation

MV-k=a, n=0N, (33)
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FIGURE 3: Final integration contour for the Sommerfeld Integrals.

with «,, being a negative real parameter. As shown in Figure 3,
substitution (29) has the effect of turning the branch-cut

integrals S;lo) and S;N) into contour integrals around poles

(31). It reads
M,
S =Y o™, n=0.N, (34)

where

d)(mo 4) [¢h u0+¢,(100)u0uN] H(()l) (Ap) AdA,
(35)
N+ 80 Tyt | HYY (Ap) MdA,

(mN) _ (eo)~
o™ = [4f
LN

m.

with T, (n =0, N) being the infinitesimal circlearound A,,,,,,
and where the superscript I has been omitted for notational

simplicity. It should be observed that A,,, is nota pole of qb;,ee)
and, hence, it results as

4) $“HD (Ap) AdA = 0. 36)

Substituting (29) for i, and iy in (35) provides the expres-
sions

(m0)
(Dh

([ + ] 1 )

<j} ii,d,
rmO

(37)

={[of + <JS fiydl,

where we have taken account of the fact that, far from the
relevant poles, quantities 77, and #i,; may be confused with

(mN)
(Dh

Oo)uo] H" (Ap) /\}
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and uy;, respectively. Since from (6), (29), and (31) it follows
that

lim @, =2" Pl(pm) lim

A=A A5 A U2 = Py,
(38)
y , 1
=2 Pl(p’")R'"AETW/\z——AzWI’
with
M, )
R, = l_[ [pm - pm’] > (39)
i,
m #m
applying Cauchy’s integral formula [29] provides
_ 1
i,dA =27'P R cJS ————d\
érmn Uy l(pm) m T 22— A%nn
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_ T[jpl (pm) Rm
2,
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q)(m()) _ ﬂjpl (Pm) Rmvh (/\mo) H(()l) (AmOP) (41)
h - 1 5
2
(D;lmN) — ”jPl (Pm) Rmvh (/z\lmN) H(()l) (AmNP) , (42)
with
09 4 g0 A=A,
vy M) = 169 +¢up, A=A (43)
0, elsewhere.

Combining (41) and (42) with (34) finally yields the expres-
sion

R JZPz(Pm)R (v (Amo) HS” (A mof’)

+ Vh( mN) HO (AmNP)] >

where one can clearly distinguish the above-surface ground
wave, associated with A, terms, and the lateral wave,
constituted by A, terms, the latter traveling in the N'th layer
of the medium along its upper boundary.

Substitution of (44) into (19), in conjunction with (21),
provides explicit expressions, in series form, for integrals S,
and §; appearing in (15)-(17).

44)

3. Validation of the Formulation

To test the validity of the developed theory, formulas (15)-(17)
and (19), (21), and (44) are applied to the computation of the

|H,| (A/m)

1078 et
10* 10° 10° 107 108
Frequency (Hz)
- 1=4 —I=10
---1=5 o Exact

...... 1=

FIGURE 4: Amplitude-frequency spectrum of
20 m from the source point.

H,, computed at p =

magnitude of the magnetic field components generated on
the top surface of a homogeneous medium at distance p from
a unit-moment vertical magnetic dipole. In the considered
case N = 1, and functions f,(A), which reduce to

;
(45)

fnA) =

M0+M1

do not exhibit poles. This implies that terms (21) do not
contribute to the integrals. Thus, applying (24)-(26) provides

eo 00 oe 1
¢(())=¢5) (()) kz_kz’
0~ K1
(46)
(pieo) _ ¢Eoe) _ (()oo) =0
and integrals (19) assume the form

SO = mzpl(pm m [H(l) (Amnp)]

i n 47
Sl ( k2) ZPI (pm m [(_1) ( )

n=0

(2) - k%)H(()l) (Amnp)]nzl

: \/pm +(-1"(k

The numerical results that arise from using (16) and (17),
in combination with (47), are depicted in Figures 4-7 and
denoted by lines. Such results are compared with those
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FIGURE 5: Amplitude-frequency spectrum of H,, computed at p =
20 m from the source point.

provided by the previously published exact expressions for H,
and H,; namely [16],

= 2 |k (a1, ()
- i op) 1 ()| (49)
Q; —Q

IR
where I,(-) and K,(-) are the nth-order modified Bessel
functions of the first and second kind, respectively, and
1,
o= EJ(kl +ko)>
(49)
1,
B= E](kl ~ k),
with

. . e_jknp
Q, = (—]kflp3 - 4kflp2 +9jk,p + 9) 5 (50)

Figures 4 and 5 present amplitude-frequency spectra of
H,- and H_-fields generated at p = 20 m, obtained assuming
0o, = 1mS/m and ¢, = 10¢,. Each figure illustrates the
behavior of the sequence of spectra generated by the proposed
solution as the number of iterations of Newton’s method (I) is
increased. Asis seen, the sequences converge, and the number
of iterations required to achieve perfect agreement with the
exact data, denoted by points, is 10 for H,-component and
5 for H,-component. This means that the sums S; and S, in
(47) must be made up of M;, = 2° =1 = 511 terms and
M; = 2* —1 =15 terms, respectively.
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FIGURE 7: Profiles of | H,| against the radial distance from the source
point.

It should be observed that the dominant contributions to
the sums in (47) come from the residues at the poles located
in the portions of the branch cuts which are closer to the
real axis, since the magnitude of H(()l)()tp) is significantly
larger at them. In particular, the ground-wave poles (A,,,’s)
that lie on the negative real A-axis contribute most to S,
and S;. For fixed I, the number of such poles diminishes as
frequency is decreased, and this happens because the branch
point —k, gets closer to the origin of the complex plane. The
consequence of this phenomenon is that, at low frequencies,
the number of dominant residues may not be sufficient to
achieve accurate results. This is the reason why;, as illustrated
in Figure 4, accurate evaluation of H, requires 15 terms if
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frequency is higher than 10 MHz and at least 511 terms when
frequency is lower than 100 kHz.

Notice that the onset of oscillations in the frequency
spectra is expected, since, when entering the far zone, the
total field results from the superposition of two waves, which
propagate with wavenumbers k, and k; and decay with
distance p from the source point. Physically, this means
that oscillatory interference patterns arise in both space and
frequency domains. In the space domain, the period of
the oscillations is 27/(k, — k), with k, approaching a real
quantity since, at high frequencies, the displacement currents
predominate over the conduction currents. In the frequency
domain, the patterns oscillate with period

1
A= , (51)
pFEs (e 1)
which, for p = 20mande, = 10, is equal to
A= 3—108 = 6.94 MHz (52)
20(v10-1) '

It may be numerically verified that 6.94 is just the peak-to-
peak spacing of the far-zone asymptotic trend of each solid-
line curve in Figures 4 and 5.

Finally, Figures 6 and 7 show profiles of the amplitudes
of H, and H, against the source-receiver distance p. The
calculations have been performed assuming that the loop
antenna is positioned on the same medium as in the previous
examples and that it operates at 10 MHz. The plotted curves
demonstrate that even when taken as functions of p, the
sequences of partial sums in (47) are convergent and give
rise to accurate results after only 8 (H p—ﬁeld) and 9 (H,-field)
iterations of Newton’s method.

4. Conclusion

This paper has presented exact series representations for the
surface fields excited by a small circular loop antenna placed
on the top surface of plane stratified earth. The derived
expressions result from a rigorous analytical procedure,
which allows casting the complete integral representations for
the EM field components into forms suitable for application
of Cauchy’s integral formula. Numerical results are presented
to show the validity and accuracy of the proposed formula-
tion.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

References

(1] L. B. Felsen and N. Marcuvitz, Radiation and Scattering of
Waves, IEEE Press, Piscataway, NJ, USA, 1994.

[2] V.I. Okhmatovski and A. C. Cangellaris, “Evaluation of layered
media green’s functions via rational function fitting,” IEEE
Microwave and Wireless Components Letters, vol. 14, no. 1, pp.
22-24,2004.

[3] M. Parise, “A study on energetic efficiency of coil antennas used
for RF diathermy,” IEEE Antennas and Wireless Propagation
Letters, vol. 10, pp. 385-388, 2011.

[4] Z. H. Firouzeh, G. A. E. Vandenbosch, R. Moini, S. H. H.
Sadeghi, and R. Faraji-Dana, “Efficient evaluation of green’s
functions for lossy half-space problems,” Progress in Electromag-
netics Research, vol. 109, pp. 139-157, 2010.

[5] L. M. Brekhovskikh, Waves in Layered Media, Academic Press,
New York, NY, USA, 1960.

[6] L. B. Proekt and A. Cangellaris, “An approximation of the
electromagnetic Green’s function of layered media with the
source point considered as an independent variable,” IEEE
Transactions on Magnetics, vol. 40, no. 2, pp. 1037-1040, 2004.

[7] A.Banos, Dipole Radiation in the Presence of a Conducting Half-
Space, Pergamon Press, Oxford, NY, USA, 1966.

[8] R. K. Moore and W. E. Blair, “Dipole radiation in a conducting
half space,” Journal of Research of the National Bureau of
Standards Section D: Radio Propagation, vol. 65, no. 6, pp. 547-
563, 1961.

[9] M. Parise, “On the use of cloverleaf coils to induce therapeutic
heating in tissues,” Journal of Electromagnetic Waves and Appli-
cations, vol. 25, no. 11-12, pp. 1667-1677, 2011.

[10] J. R. Wait, “The electromagnetic fields of a horizontal dipole in
the presence of a conducting half-space,” Canadian Journal of
Physics, vol. 39, no. 7, pp. 1017-1028, 1961.

[11] J. A. Kong, Electromagnetic Wave Theory, John Wiley & Sons,
New York, NY, USA, 1986.

[12] S. H. Ward and G. W. Hohmann, “Electromagnetic theory
for geophysical applications,” in Electromagnetic Methods in
Applied Geophysics, vol. 1, chapter 4, pp. 130-311, Society of
Exploration Geophysicists, Tulsa, Okla, USA, 1988.

[13] J. R. Wait, Electromagnetic Waves in Stratified Media, Pergamon

Press, New York, NY, USA, 1970.

[14] G. J. Palacky, “Resistivity characteristics of geologic targets,”
in Electromagnetic Methods in Applied Geophysics, M. N.
Nabighian, Ed., vol. 1, chapter 3, pp. 52-129, Society of Explo-
ration Geophysicists, Tulsa, Okla, USA, 1988.

[15] M. Parise, “Fast computation of the forward solution in con-
trolled-source electromagnetic sounding problems,” Progress in
Electromagnetics Research, vol. 111, pp. 119-139, 2011.

[16] M. Parise, “Exact electromagnetic field excited by a vertical
magnetic dipole on the surface of a lossy half-space,” Progress
in Electromagnetics Research B, vol. 23, pp. 69-82, 2010.

(17

J. R. Wait, “Influence of a sub-surface insulating layer on electro-
magnetic ground wave propagation,” IEEE Transactions on
Antennas and Propagation, vol. 14, no. 6, pp. 755-767, 1966.

[18] W. C. Chew, Waves and Fields in Inhomogeneous Media, IEEE
Press, New York, NY, USA, 1995.

[19] A. Arutaki and J. Chiba, “Communication in a three-layered
conducting media with a vertical magnetic dipole,” IEEE Trans-
actions on Antennas and Propagation, vol. 28, no. 4, pp. 551-556,
1980.

[20] P.R. Bannister, “The quasi-static fields of a horizontal magnetic
dipole,” Tech. Rep. 698, Navy Underwater Sound Laboratory,
New London, Conn, USA, 1965.

[21] R. W. P.King, “Electromagnetic field of a vertical dipole over an
imperfectly conducting half-space;” Radio Science, vol. 25, no. 2,
pp. 149-160, 1990.

[22] D. Guptasarma and B. Singh, “New digital linear filters for Han-

kel J, and J; transforms,” Geophysical Prospecting, vol. 45, no. 5,

pp. 745-762,1997.



[23] N. P. Singh and T. Mogi, “Electromagnetic response of a large
circular loop source on a layered Earth: a new computation
method,” Pure and Applied Geophysics, vol. 162, no. 1, pp. 181-
200, 2005.

[24] M. Parise and S. Cristina, “High-order electromagnetic mod-
eling of shortwave inductive diathermy effects,” Progress in
Electromagnetics Research, vol. 92, pp. 235-253, 2009.

[25] F. N. Kong, “Hankel transform filters for dipole antenna radia-
tion in a conductive medium,” Geophysical Prospecting, vol. 55,
no. 1, pp. 83-89, 2007.

[26] T.J. McDougall and S. J. Wotherspoon, “A simple modification
of Newton’s method to achieve convergence of order 1 + V2>
Applied Mathematics Letters, vol. 29, pp. 20-25, 2014.

[27] S. Ilic, M. Petkovic, and D. Herceg, “A note on babylonian
square-root algorithm and related variants,” Novi Sad Journal
of Mathematics, vol. 26, pp. 155-162, 1996.

[28] I.S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and
Products, edited by A. Jeffrey and D. Zwillinger, Academic Press,
New York, NY, USA, 2007.

[29] E.T. Whittaker and G. N. Watson, A Course of Modern Analysis,
Cambridge University Press, Cambridge, UK, 4th edition, 1996.

International Journal of Antennas and Propagation



International Journal of

Rotating
Machinery

International Journal of

The Scientific oA Distributed
World Journal Sensors Sensor Networks

Journal of
Control Science
and Engineering

Advances in

Civil Engineering

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of
Electrical and Computer
Engineering

Journal of

Robatics

Advances in
OptoElectronics

International Journal of

Modelling &
oot (il St perospags
Observation in Engineering

o

Aoes

5//{/?

International Journal of nas and Active and Passive
Chemical Engineering Propagation Electronic Components




