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A modified method for the beam tilt-angle estimation of monopole end-fire array mounted on finite ground plane is proposed. In
the simplified model, the monopole array and ground plane are approximated to two line sources of transverse and longitudinal
electric current, respectively. It is deduced that the beam tilt angle is a function about the length of ground plane in front of array 𝐿

𝑔
,

the length of monopole array 𝐿
𝑎
, and the phase constant 𝛽

𝛼
. After verifying the optimizing principle of monopole end-fire array,

a 10-element monopole Yagi-Uda antenna satisfying Hansen-Woodyard condition is designed and measured for the analysis. By
comparison and analysis, the value of 𝛽

𝛼
is demonstrated to be the key point of the proposed method. And a slow wave monopole

array is proved to be able to achieve a low beam tilt angle from end-fire with only a short-length ground plane.

1. Introduction

End-fire antennas are useful in all applications that require
low profile, for example, in airborne and vehicular envi-
ronments. After decades of research and developing, the
performance of end-fire antennas has been greatly advanced
in several fields, like broadband, gain enhancement, and
pattern reconfiguration [1–4]. However, those end-fire anten-
nas mounted in or on a finite ground plane suffer from a
serious problem: the main beam is tilted at some angle from
the horizontal plane by diffraction effects from conductive
ground, which prevents a true end-fire condition.

By image theory, the conclusion can be easily obtained
that the beam tilt angle will disappear when ground plane
extends to infinite. Meanwhile, as a majority of radiation
power distributes in the positive half-space, the value of the
beam tilt angle mainly depends on the effective ground plane
length in front of end-fire antenna. This phenomenon was
first described by Elliott in 1954 [5].

Based on Huygens’ principle, a simplified method for
determining the effect of finite ground plane was demon-
strated by Walter in his book, by which the aperture of
antenna and the ground plane were simplified to a uniform

line source of magnetic current and electric current, respec-
tively. As a result, the beam tilt 𝜃𝑡 was proved to be a function
of both 𝐿𝑎 (given antenna length) and 𝐿𝑔 (effective ground
plane length). For small values of beam tilt (𝜃𝑡 ≤ 20

∘), this
function reduced to

𝜃𝑡 ≈
49

[(𝐿𝑎 + 𝐿𝑔) /𝜆]
1/2

, (1)

where 𝜃𝑡 is in degrees [6].
Nevertheless, this method with high accuracy is not suit-

able for the monopole end-fire array vertical to the ground
plane. That is not only because of the model abstracted
from the flush-mounted end-fire antenna which is a kind
of aperture antenna parallel to the ground, but also due to
no consideration about the influence from phase constant’s
varying. Thus in the former research, the beam tilt-angle
analysis of this kind of monopole end-fire array could only
be obtained by whole model simulation using simulation
software, far-field measurement, or numerical calculation
method [7], with high cost, long time, and various operations.

A beam tilt-angle estimation method, which is modi-
fied for the monopole end-fire array mentioned above, is
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Figure 1: 𝑁-monopole end-fire antenna vertically mounted on a
finite ground plane.

proposed in this paper. Firstly, a simplified source model
is applied to this kind of antenna. The key point of this
model simplification is evaluating the phase constant 𝛽𝑎 of
the surface wave along monopole end-fire array. Secondly,
monopole Yagi-Uda antenna is introduced to validate the
validity and accuracy of this method. The estimated tilt
angles present a good agreement with CST simulation results.
Furthermore, comparison between the proposed method
in this paper and Walter’s method shows an advantage of
monopole end-fire antenna with slow wave characteristic.
This advantage, that a low tilt angle can be achieved with a
short ground length, is demonstrated by the experimental
results of the 10-element monopole Yagi-Uda antenna.

2. Simplified Model for Monopole End-Fire
Array and Ground Plane

Figure 1 shows the configuration of an 𝑁-monopole end-
fire array mounted on a ground plane with certain size
(𝑊𝐿). Assume it is working at the frequency point 𝑓, with a
wavelength 𝜆, and 𝜔 is the corresponding angular frequency.
Consulting the original method in [6], the simplified model
should be composed of two parts: one line source approx-
imated from the monopole array current distribution and
another one approximated from the current on the ground
plane. Note that only far-field patterns in𝑋𝑍-plane are taken
into account for the beam tilt-angle problem, as the main
lobe direction is always in this plane when the ground is
symmetric about the𝑋-axis.

2.1. Simplification for Monopole End-Fire Array. Firstly, the
array elements, electric monopoles with heights {ℎ𝑛}, are
approximated by a series of ideal dipoles. Ideal dipole is
defined as a Hertz dipole with uniform electric current 𝐼

on the total length Δ𝑙 ≪ 𝜆, and its radiation pattern
function is 𝑓 = sin 𝜃. Usually, monopole height is less
than or equal to 0.25𝜆. Assuming the current distribution
on monopole is 𝐼(𝑧) = 𝐼𝑚 sin(𝑘(ℎ − 𝑧)), where ℎ is the
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Figure 2: Radiation patterns of 0.1𝜆, 0.2𝜆, and 0.25𝜆monopoles and
of ideal dipole.
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Figure 3: Ideal dipole array and transverse current line source
corresponding.

height of monopole, the radiation pattern can be derived
by (2). Figure 2 exhibits the curves of 𝐸-plane (𝑋𝑍-plane)
normalized patterns of ideal dipole, 0.1𝜆 monopole, 0.2𝜆
monopole, and 0.25𝜆 monopole, respectively. It is suggested
that ideal dipole’s radiation pattern is quite similar to the ones
of monopoles with height less than or equal to 0.25𝜆, so this
approximation has no serious loss in accuracy:

𝑓 = ∫

ℎ

0

𝐼𝑚 sin (𝑘 (ℎ − 𝑧)) 𝑒
𝑗𝑘𝑧 cos 𝜃

𝑑𝑧. (2)

Secondly, as shown in Figure 3, the array of ideal dipoles
with electric current amplitude and phase offset as (𝐴𝑛, 𝜑𝑛)
on each is approximated by a transverse electric current
line source lying on the 𝑋-axis, with amplitude 𝐴(𝑥) and
phase velocity V(𝑥) in𝑋 direction. For the line source length,
assume that each ideal dipole �̂�𝐼𝑛Δ𝑙 = �̂�𝐴𝑛𝑒

𝑗𝜑
𝑛 lying on 𝑥𝑛

corresponds to a segment 𝑠 (spacing between two adjacent
elements) in length, so the whole length of line source will be

𝐿𝑎 = 𝑁𝑠, (3)



International Journal of Antennas and Propagation 3

where𝑁 is the number of elements.Therefore, let the current
source be

𝐽𝑧 (𝑥) = 𝐴 (𝑥) 𝑒
−𝑗𝛽(𝑥)𝑥

0 ≤ 𝑥 ≤ 𝐿𝑎, (4)

where

𝛽 (𝑥) =
𝜔

V (𝑥) (5)

is the phase constant on the line source. For small element
spacing (one-half wavelength or less) the distinction between
array and continuous source tends to disappear. So when 𝑠 ≤

0.5𝜆, this approximation works.
Finally, simplify the line source expressed by (3) to a

line source with a constant amplitude 𝐴𝑎 and uniform phase
constant 𝛽𝑎. For beam-tilting estimation, only a relative
value of 𝐴𝑎 is needed, and this work will be introduced in
Section 2.3. Meanwhile the value of 𝛽𝑎 is evaluated as

𝛽𝑎 =
∑
𝑁

𝑛=2
(𝜑𝑛 − 𝜑𝑛−1)

𝐿𝑎

. (6)

𝛽𝑎 is just the key point of this new method, owing to
the fact that the difference between the value of 𝛽𝑎 and the
wavenumber in free space 𝑘 cannot be ignored inmany cases.
The further explanation will be given in Section 3.

According to the simplification above, the line source
expression is deduced to

𝐽𝑧 (𝑥) = 𝐴𝑎𝑒
−𝑗𝛽
𝑎
𝑥

0 ≤ 𝑥 ≤ 𝐿𝑎 (7)

whose relative far-field in elevation plane (𝑋𝑍-plane) is

𝜃𝐸𝑎 = 𝜃𝐴𝑎𝑒
𝑗𝑋
𝑎

sin𝑋𝑎

𝑋𝑎

𝐿𝑎 sin 𝜃, (8)

where𝑋𝑎 = (𝐿𝑎/2)(𝑘 sin 𝜃 − 𝛽𝑎).

2.2. Simplification for Ground Plane. In electromagnetic field
analysis, a ground plane can be replaced by a current sheet
with its induced current components (𝐽𝑥, 𝐽𝑦) distributed on.
Based on themirror symmetry of end-fire antenna’s structure
in Figure 1, 𝐽𝑦 on the current sheet has no contribution to the
far-field in𝑋𝑍-plane, so it can be ignored in the beam tilting
estimation. Thus the simplified model for the ground plane
should be a line source of longitudinal electric current on𝑋-
axis.

This line source is divided into two parts: the part
representing the ground plane just under themonopoles (G1)
and the part representing the ground plane in front of end-
fire array (G2). The current amplitudes are assumed to be
𝐴𝑔, equal and constant on both parts. However, the phase
constant 𝛽(𝑥) should not be uniform along the whole line
source. The current in G2 is close to the current induced by
monopoles’ far-field, so the phase constant in G2 is close to
𝑘. Meanwhile, the current phase constant in G1 approaches
to 𝛽𝑎 because of the constraint by monopole array’s near-
field but regresses to 𝑘 at the end of array because of the
continuity of 𝛽(𝑥) on the boundary between G1 and G2.

According to the considerations about both simplicity and
accuracy, the phase constant in G1 is valued by the average
of 𝛽𝑎 and 𝑘. The estimation for the phase constant in G1
is another special progressing in the novel method, because
in previous work only the ground in front of the end-fire
aperture, corresponding to G2 in our case, is taken into
account [5, 6].

Thus, the simplified line source can be expressed as

𝐽𝑥

=

{{{{

{{{{

{

𝐴𝑔𝑒
−𝑗((𝛽

𝑎
+𝑘)/2)𝑥

0 ≤ 𝑥 ≤ 𝐿𝑎

𝐴𝑔𝑒
−𝑗[𝑘(𝑥−𝐿

𝑎
)+((𝛽
𝑎
+𝑘)/2)𝐿

𝑎
]

= 𝐴𝑔𝑒
−𝑗(𝑘𝑥+((𝛽

𝑎
−𝑘)/2)𝐿

𝑎
)

𝐿𝑎 < 𝑥 ≤ 𝐿𝑎 + 𝐿𝑔.

(9)

And its relative far-field is

𝜃𝐸𝑔 = 𝜃𝐴𝑔 (𝑒
𝑗𝑋
𝑔1

sin𝑋𝑔1

𝑋𝑔1

𝐿𝑎 + 𝑒
𝑗𝑋
𝑔3

sin𝑋𝑔2

𝑋𝑔2

𝐿𝑔) cos 𝜃,

(10)

where

𝑋𝑔1 =
𝐿𝑎

2
(𝑘 sin 𝜃 −

𝛽𝑎 + 𝑘

2
) ,

𝑋𝑔2 =

𝐿𝑔

2
𝑘 (sin 𝜃 − 1) ,

𝑋𝑔3 = (𝐿𝑎 +

𝐿𝑔

2
) 𝑘 (sin 𝜃 − 1) + 𝐿𝑎

𝑘 − 𝛽𝑎

2
.

(11)

2.3. Superposition of Far-Field Patterns. The total estimated
radiation is the superposition of the far-fields of the two line
sources introduced in Sections 2.1 and 2.2. Good results are
obtained in practice by letting the sources be in-phase at
the origin and with amplitudes adjusted so that their pattern
maxima are equal byWalter’s method [6].Therefore the same
assumption is made in this paper.

Field 𝐸𝑎 will have maximum value at 𝜃 = 90
∘. Setting

|𝐸𝑎|max = |𝐸𝑔|max gives

𝐴𝑎𝐿𝑎

sin𝑋𝑎

𝑋𝑎

𝜃=90∘

= 𝐴𝑔



(𝑒
𝑗𝑋
𝑔1

sin𝑋𝑔1

𝑋𝑔1

𝐿𝑎 + 𝑒
𝑗𝑋
𝑔3

sin𝑋𝑔2

𝑋𝑔2

𝐿𝑔) cos 𝜃
max

.

(12)
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Thus the total far-field is

𝐸𝑡 = 𝐸𝑎 + 𝐸𝑔

= 𝐴𝑔



(𝑒
𝑗𝑋
𝑔1

sin𝑋𝑔1

𝑋𝑔1

𝐿𝑎 + 𝑒
𝑗𝑋
𝑔3

sin𝑋𝑔2

𝑋𝑔2

𝐿𝑔) cos 𝜃
max

×
𝑋𝑎

sin𝑋𝑎

𝜃=90∘
𝑒
𝑗𝑋
𝑎

sin𝑋𝑎

𝑋𝑎

sin 𝜃

+ 𝐴𝑔 (𝑒
𝑗𝑋
𝑔1

sin𝑋𝑔1

𝑋𝑔1

𝐿𝑎 + 𝑒
𝑗𝑋
𝑔3

sin𝑋𝑔2

𝑋𝑔2

𝐿𝑔) cos 𝜃.

(13)

The main lobe direction 𝜃𝑚 can be obtained by solving
the equation (𝜕𝐸𝑡/𝜕𝜃)|𝜃=𝜃

𝑡

= 0, and the beam tilt angle 𝜃𝑡 has
𝜃𝑡 = 90

∘
− 𝜃𝑚. So, 𝜃𝑚 is proved to be a function of 𝐿𝑎, 𝐿𝑔, and

𝛽𝑎. Moreover, for the convenience of calculation, numerical
computing for (12) to find the value of 𝜃 corresponding to
|𝐸𝑡|max is also a considerable solution.

3. Simulation Analysis and Discussion

A monopole Yagi-Uda antenna is taken as an example of
monopole end-fire array for the beam tilting analysis and dis-
cussion. In most conditions, conventional Yagi-Uda antenna
is inherently a slow wave structure, and Hansen-Woodyard
condition which is expressed by (14) is usually considered
as the optimization aim in this kind of antenna’s design
for improving directivity [6]. Before antenna designing, a
simulation experiment was implemented to verify that this
optimizing principle applies to the monopole end-fire array
case. Consider

𝛽𝑎𝐿𝑎 = 𝜋 + 𝑘𝐿𝑎. (14)

3.1. Optimizing Principle in Monopole End-Fire Array. The
simulation object is a 10-element monopole array like the
model shown in Figure 1, working at 𝑓 = 3GHz. All the
monopoles in this array have an equal height ℎ = 0.25𝜆 =

25mmand an equal radius 𝑟 = 2mm.The interspace between
adjacent elements is 𝑠 = 20mm, so the total length of array
is 𝐿𝑎 = 200mm. The finite ground size is 𝐿𝑎 = 200mm,
𝐿𝑔 = 30mm, and𝑊 = 60mm. To satisfy Hansen-Woodyard
condition, the actual phase constant on the array’s current
should be 𝛽𝑎 = 1.25𝑘.

Every element was fed with an equal magnitude and a
uniform-step phase offset. By CST MWS simulating, the fed
signal phase step Δ𝜑 between adjacent elements was taken as
a variable, the array’s directivities and tilt angles with different
Δ𝜑were recorded, and the surface current data of monopoles
were exported for calculating the phase constant 𝛽𝑎 on this
array.

Specifically, Figure 4(a) shows the surface current distri-
bution onmonopoles with a certain phase stepΔ𝜑0. Bymeans
of processing these current data in Matlab, the actual phase
offset of current source on each element 𝜑𝑛 was calculated
and Figure 4(b) shows the results. Substituting {𝜑𝑛} in (6), the
actual phase constant 𝛽𝑎 was derived.

Table 1: Parameter for monopole Yagi-Uda antenna.

Variables Values
𝑟 (mm) 2

𝑠 (mm) 20

ℎ1 (mm) 23

ℎ2 (mm) 21.5

ℎ3 (mm) 19

ℎ4 (mm) 17

ℎ5 (mm) 15.6

ℎ6 (mm) 15.5

ℎ7 (mm) 14.5

ℎ8 (mm) 10.67

ℎ9 (mm) 6.83

ℎ10 (mm) 3

Thus, through this simulation experiment, the relation-
ships between 𝛽𝑎 and array’s directivity and 𝛽𝑎 and array’s tilt
angle were both obtained. The black solid curve in Figure 5
illustrates that the directivity𝐷 ≈ 11.43 dB when 𝛽𝑎 = 1.25𝑘,
and it is almost the optimum directivity for this 10-element
array. It demonstrates Hansen-Woodyard condition is still
suitable for the monopole end-fire array case.

To be worthy of attention, the red solid curve in Figure 5
reveals the trend that beam tilt angle is decreasing while 𝛽𝑎 is
increasing.

3.2. BeamTilting Estimation to aMonopole Yagi-UdaAntenna.
A 10-element dipole Yagi-Uda antenna has been designed fol-
lowing Hansen-Woodyard condition which has been verified
above at 𝑓 = 3GHz. And the corresponding monopoles in
the positive-𝑍-space are mounted on a finite ground plane to
constitute a monopole Yagi-Uda antenna. The configuration
is shown in Figure 6, and parameters of the monopole array
are given in Table 1.

According to (3), the monopole array’s length is 𝐿𝑎 =

200mm. Substituting it in (14), the solution is 𝛽𝑎 ≈ 78.54,
whose distinction with 𝑘 = 2𝜋/𝜆 ≈ 62.83 cannot be
ignored. Thus only the length of ground plane in front of
𝐿𝑔 is the variable in this analysis. A 𝜃𝑡-𝐿𝑔 curve is simply
calculated by the estimation method proposed in Section 2.
Meanwhile, there are two other 𝜃𝑡-𝐿𝑔 curves calculated by
Walter’s method and simulated by CST Microwave Studio,
respectively. All the three curves are shown in Figure 7 for
comparison. The estimated result by Walter’s method has a
clear distinction to the simulation one. Meanwhile a good
agreement is achieved between the modified estimation and
CST simulation. The accuracy of the proposed estimation
method is illustrated to bemuch better thanWalter’s for beam
tilt angle of monopole end-fire array like this monopole Yagi-
Uda antenna.

Furthermore, the estimated value of this new method is
in general lower thanWalter’s when the finite ground plane is
short, and two curves trend to approximation and the length
of ground plane increases.
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3.3. Discussion on the Significance of 𝛽𝑎 in Estimating. Based
on the phenomenon shown above, we will explain the
significance of wavenumber 𝛽𝑎 in the beam tilting estimation
of monopole end-fire array.

Setting 𝐿𝑎 = 2𝜆, the 𝜃𝑡-𝐿𝑔 curves when 𝛽𝑎 = 𝑘, 1.1𝑘, 1.2𝑘

and 1.3𝑘 are, respectively, shown in Figure 8 compared with
the curve of Walter’s. The distinction between the condition
𝛽𝑎 = 𝑘 and Walter’s estimation, caused by the different
vector current elements (𝐽𝑧, 𝐽𝑥) and (𝐾𝑦, 𝐽𝑥) [6], is not quite
remarkable. However, as 𝛽𝑎 increases, the distinction is
getting larger and 𝜃𝑡 with the same 𝐿𝑔 is getting lower. It is
suggested that 𝜃𝑡-𝐿𝑔 relationship is sensitive to 𝛽𝑎, and an
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h10

S

Figure 6: Geometry for the 10-element monopole Yagi-Uda
antenna.

appropriate high value of𝛽𝑎 can result in a low beam tilt angle
in the range where ground plane is short.

By changing the array’s feeding situation or structure
parameters, the phase constant of monopole end-fire array
can be adjusted in a wide range. Therefore, the evaluation of
𝛽𝑎 will determine the validity and accuracy of estimation.

4. Experiment for 10-Element Monopole
Yagi-Uda Antenna

According to the analysis in Section 3, for a 10-element
monopole end-fire array, when the total length of finite
ground plane is about 𝐿 = 𝐿𝑎 + 𝐿𝑔 = 2.3𝜆, the beam tilt
angle is about 27∘ when 𝛽𝑎 = 𝑘. For the same length, when 𝛽𝑎

is satisfyingHansen-Woodyard condition the tilt angle can be
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Figure 9: Photo for the 10-element monopole Yagi-Uda antenna mounted on a finite ground plane with size 𝐿 = 230mm,𝑊 = 60mm.
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Figure 10: Measured radiation pattern for the 10-element monopole Yagi-Uda antenna shown in Figure 9.

lowered to about 20∘, which needs a ground plane whose total
length 𝐿 = 𝐿𝑎 + 𝐿𝑔 ≥ 4.5𝜆 when 𝛽𝑎 = 𝑘.

The 10-element monopole Yagi-Uda antenna, which sat-
isfies this condition as mentioned in Section 3, is fabricated
and measured to prove this deduction. Parameters for the 10-
monopole array are totally the same as those given in Table 1.
The size of finite ground plane is 𝐿 = 230mm, 𝑊 = 60mm.
The photo of the fabricated antenna is shown in Figure 9.

Simulation and measured results for the elevation (𝑋𝑍-
plane) and azimuth (𝑋𝑌-plane) radiation patterns at 3GHz
are shown in Figure 10. This antenna achieves about 11.56 dB
gain in practice and themain beam point at tilt angle of about
21∘ from end-fire, which is very close to the estimated tilt
angle 20∘ at the beginning of this section. This experimental
result demonstrates not only the accuracy of the estimation
method proposed in this paper, but also the conclusions
deduced at the end of Section 3: the beam tilt angle is sensitive
to 𝛽𝑎, and an appropriate 𝛽𝑎 can lower the angle with a short
ground plane.

5. Conclusion

Amodifiedmethod for the beam tilt-angle estimation of end-
fire antenna mounted on finite ground plane is proposed
and studied. This method focuses on analyzing the case of
monopole end-fire array. The monopole array and ground
plane are simplified into two line sources of transverse
and longitudinal current source, respectively. Superposition
results of two line sources suggest the beam tilt angle is a
function about the length of ground plane in front of array
𝐿𝑔, the length of monopole array 𝐿𝑎, and the phase constant
𝛽𝑎. Evaluating the value of 𝛽𝑎 correctly is demonstrated to be
the key point of this estimationmethod. A low beam tilt angle
can be achieved by a monopole array satisfying Hanson-
Woodyard condition with only a short-length ground plane.
A 10-element monopole Yagi-Uda antenna is designed and
measured for the analysis. It produced a tilt angle about 21∘,
which is close to the estimation value, with a total ground size
𝐿 = 230mm,𝑊 = 60mm.
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