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(e efficiency of a reflector antenna highly depends on its surface shape. In order to ensure a good convergence, the conventional
phase retrieval based shape detection schemes require that several far-field intensities be scanned, focused, or defocused. For large
reflector antennas, the scanning process is time consuming.(is paper proposes a new shape detection method that requires only
single far-field intensity. Unlike existing shape detection methods, it retrieves both the amplitude and the phase, based on the fact
that a deformed shape causes change not only in the aperture phase but also in the aperture amplitude. (rough even-odd
decomposition analysis, it is found that in the case of small and smooth deformation, “odd-phase” and “even-amplitude” can be
directly recovered from one focused far-field intensity.(is leads to the recovery of both the odd and the even parts of the antenna
surface shape simultaneously. By combining amplitude retrieval and phase retrieval, this work achieves for the first time the shape
detection with only one scan.

1. Introduction

Within years, a 110m radio telescope named QTT will be
built in QiTai, Xinjian, China. Its huge reflector is assembled
from thousands of panels, under which precision actuators
are installed at the corners. (e actuators are applied to
compensate for surface deformation errors caused mainly
by gravity, wind, and temperature and keep the deformed
surface to an ideal paraboloid. QTT works at the frequency
between 0.15∼115GHz. Ruze [1] pointed out that the effi-
ciency of reflector antennas depends on its surface shape
accuracy. To achieve acceptable efficiency, surface errors
RMS should be less than 0.2mm (λ/16) for 100GHz ob-
servation. (e challenge now is to measure the shape
quickly and effectively. Closely related to the surface shape
accuracy is the problem of phase retrieval. Rahmat-Samii
[2] derived a linear mapping between the surface shape and
its radiated aperture field phase.(is mapping indicates that
surface shape detection is equivalent to a phase retrieval
problem.

In the past decades, phase retrieval has attracted con-
siderable interest and has been continuously studied in the
field of shape detection for large antennas [3]. Researchers,
on one hand, concentrated on improving the traditional
phase retrieval algorithms such as the Misell algorithm [4]
and on the other hand developed new algorithms, such as
the global optimization algorithms [5]. (ese efforts lead
to a more accurate phase recovery. However, most of
them still require several far-field scans, usually the fo-
cused, the positive, and negative defocused [6, 7]. For huge
reflector antennas, multiple-scan is time consuming and
laborious.

It is helpful to study the phase retrieval with a single far-
field intensity so that the measurement procedure can be
greatly simplified. By means of even-odd decomposition,
Gonsalves [8] showed that under the “small phase” as-
sumption, the odd part of the phase can be directly solved
from the focused far-field image. However, the even part
cannot be uniquely determined without further observations.
Following a similar way, Li et al. [9] showed that the even part
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of the phase can also be solved directly, provided that the
phase aberration in the system is “even and small.” By using a
linear approximation, Dong et al. [10] and Polo et al. [11]
proposed a method with a single defocused far-field image
for small aberrations. (ey showed that the focused image
reflects little messages of the even phase aberration, and the
defocused images would reflect much more if the off-focus
distance is appropriate.

In this paper, a noniterative shape detection method is
developed. (e method is efficient as it requires a single scan
of the focused far-field intensity. A schematic diagram is
shown in Figure 1. (e algorithm is based on the fact that
shape deformation causes changes not only in the phase but
also in the amplitude. Unlike traditional methods, it also
retrieves the amplitude during the phase retrieval process.
(rough theoretical analysis and numerical simulations, it is
demonstrated that complete recovery of surface shape de-
formation with only one scanned in-focus far-field intensity
is possible.

2. Problem Setup and Definition

(e problem is defined and solved under the following
assumptions:

(A.1) Low test frequency: the frequency is assumed to
be f< 1GHz.
(A.2) (e deformation is small: the deformation δ is
considered small (a few millimeters), to be exact,
E< 0.1, C< 0.01.
(A.3) (e deformation is smooth: δ is considered
second-order smooth so that differential calculations
are always accurate.

Among the above three assumptions, “low test fre-
quency” is the necessary precondition to conduct the pro-
posed scheme, and the last two assumptions are actually the
physical truth of real large radio telescopes. In this case, the
surface deformation is always very tiny due to fine fabri-
cation and assemblage. In addition, from Figure 1 in ref-
erence [12], the antenna surface deformation is caused by the
displacement of the actuators installed under reflector
panels. Frommechanics of the antenna structure, the surface
deformation caused by gravity, wind, and temperature is
second-order smooth. (erefore, δ is naturally smooth and
has a small range. (ese are the facts of real radio telescopes
but not just assumptions.

Symbols involved are listed in Table 1. To simplify the
analysis, only the deformation in the primary reflector is
investigated.

When the antenna surface shape deforms, both the phase
and the amplitude of the radiated aperture field are dis-
turbed. Let the ideal aperture field be denoted by B(x, y), with
the phase being uniformly zero. Assume that the surface
deformation δ(x, y) causes an aberration E(x, y) in the phase,
together with a relative increase C(x, y) in the amplitude so
that B·C is the variation in the amplitude.(e coordinates (x,
y) shall be omitted hereinafter to make a concise expression
of the mathematic formulas. Based on these assumptions,

the aperture distribution A under surface deformation is
complex valued and can be expressed as

A � |A|e
iE

� B(1 + C)e
iE

. (1)

For large reflector antennas, the far-field radiation equals
the Fourier transformation of its aperture field. Let the far-
field radiation under surface deformation and the ideal far-
field radiation be denoted by a(u, v) and b(u, v), re-
spectively. (ese far-field radiations are uniquely de-
termined by the aperture distributions as follows:

a � F(A) � F |A|e
iE

 ,

b � F(B),
(2)

where F represents the 2D Fourier transformation.
In the above, the ideal aperture amplitude B is usually

assumed to be real and even. According to the properties of
the Fourier transformation, the corresponding far-field
amplitude b is real and even too. Both b and B can be
prepared in advance and therefore assumed to be known.
Specifically, an ideal far-field pattern is the radiation field of
an antenna with radial symmetric feed pattern and standard
parabolic reflector. Generally, the feed is precisely made so
that the pattern is naturally radial symmetric, and the re-
flector can be adjusted to be a standard paraboloid by
existing antenna detection techniques. Only the radiated far-
field intensity under surface deformation will be measured.

We are to find a method to determine the antenna
surface shape deformation from its radiated far-field in-
tensity only. To solve this problem, two important re-
lationships between the deformation, the aperture
amplitude, and the aperture phase are required, playing the
key role toward the solution. (e first one is the so-called
phase-deformation relationship, obtained by Rahmat-Samii
[2]. It relates the aperture phase linearly with the surface
deformation as shown in the following equation:

E �
8F2

Lk

x2 + y2 + 4F2
L

· δ, (3)

where FL and k denote the focal length and the wavenumber,
respectively. (e second one is the so-called deformation-
amplitude relationship. Developed in our earlier work [12],
it sets up a linear mapping between the aperture amplitude
and the surface deformation as follows:

δ � F
− 1 F[C/G]

F LN( 
 , (4)

where G is a characteristic matrix determined by antenna
geometry and LN is the Laplacianmatrix extended to sizeN×N
by zero-padding. Readers are referred to [12] for more details.

For a shorter expression, the above two relationships are
rewritten as

δ � Φ · E,

δ � Ψ(C),
(5)

where the matrix V and the function Ψ are also known.
(ese two relationships indicate that the problem of surface
shape detection can be solved by either one of them, i.e., by
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retrieving either the phase E or the amplitude C. Most of the
existing methods rely on the former, and the phase retrieval
algorithms involved require several recorded far-field in-
tensities. On the contrary, the current work proposes a new
approach to complete shape reconstruction with a single
focused far-field intensity measurement. (is is achieved by
retrieving both C and E, or more specifically, by recovering
the odd part of E and the even part of C, from the measured
single far-field amplitude |a|.

It should be noted that the problem involved is not a
regular 2D phase retrieval problem; since C and E are not
independent, they both depend upon the deformation δ by
equation (5). Retrieval of δ from a single far-field amplitude |a|
is possible, as the amount of information contained in both of
them is the same.

3. Solution (Main Result)

3.1. Amplitude-Phase Retrieval. Every function can be
uniquely decomposed into the sum of an even part and an
odd part. In the following, the subscripts “e” and “o” are used
to indicate the even part and the odd part, respectively. (e
complex-valued aperture distribution A in equation (1) can
be expressed as

A � B 1 + Ce + Co(  cos Ee + Eo(  + i sin Ee + Eo( ( . (6)

It can be decomposed into four parts: the real-even part,
the real-odd part, the imaginary-even part, and the imaginary-
odd part. Note that C≪ E≪ 1, by first order Taylor expansion,

Are � B 1 + Ce( cosEe cosEo − BCo sinEe sinEo ∼ B 1 + Ce( ,

Aro � BCo cosEe cosEo − B 1 + Ce( sinEe sinEo ∼ BCo,

Aie � B 1 + Ce( sinEe cosEo + BCo cosEe sinEo ∼ BEe,

Aio � B 1 + Ce( cosEe sinEo + BCo sinEe cosEo ∼ BEo.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(7)

(is shows that the aperture field is dominated by the
real-even part. (e corresponding far-field pattern is

a � F(A) � F Are( 
√√√√even

+ F iAio( 
√√√√√√odd

√√√√√√√√√√√√√√
the real part, dominant

+ F Aro(  + F iAie( 
√√√√√√√√√√√√√√
imaginary part, neglectable

. (8)

According to the theories of the Fourier transformation,
F(Are) is real and even, but F(iAio) is real and odd. Equation
(8) indicates that the far-field pattern a is dominated by the
real part. It also implies that the following equation is ap-
proximately satisfied:

a ≈ ar � |a| · cos∠a ≈ |a| · sign(b), (9)

where “∠” means taking the phase and “sign” is the signum
function. By combining equations (7)–(9), one obtains

Difference

Surface

Actuator Feed

Far field

Source

Whole surface
deformation Even part of the

aperture amplitude

Odd part of the
aperture phase

Antenna model

Y Z

X

Ideal far field
Measured far field

Figure 1: Schematic diagram of the surface shape detection method with only one in-focus far-field intensity, based on even-odd
decomposition.

Table 1: List of symbols.

Symbol Unit Meaning
a Far field of the tested antenna, complex-valued

A Aperture field of the tested antenna, complex-
valued

b Far-field amplitude of an ideal antenna, real and
even

B Aperture amplitude of an ideal antenna, real and
even

C Relative aperture amplitude increase caused by δ
E rad Aperture phase aberration caused by δ
f GHz Frequency of the source in the measurement
F, F − 1 FFT, inverse FFT
FL m Focal length of tested antenna
G A matrix determined by antenna geometry [12]
k Wavenumber
LN Laplacian matrix extended to size N×N [12]
N Data size N×N
δ mm Surface shape error of the tested antenna
η Oversampling factor in the far-field scanning
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|a|e sign(b) ≈ F Are(  ≈ F B 1 + Ce( (  � b + F BCe( ,

|a|o sign(b) ≈ F iAio(  ≈ iF BEo( .


(10)

From this equation, both Ce and Eo can be easily solved as

Ce ≈
F− 1 |a|e sign(b) − b 

B
,

Eo ≈
F− 1 − i · |a|o sign(b) 

B
.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(11)

Finally, by using equation (5), the overall surface de-
formation δ can be solved as

δ � δe + δo � Ψ Ce(  +Φ · Eo. (12)

It should be remarked that an alternative solution may
also be obtained from the equation below:

|a|
2

� F Are(  + F iAio(  
2

√√√√√√√√√√√√√√√√
the real part of a, dominant

+ F Aro(  + F iAie(  
√√√√√√√√√√√√√√√√

neglectable

2
. (13)

By following the similar analysis as in [8, 9] and
neglecting some insignificant terms in the above, one obtains

|a|
2 ≈ F Are( 

2
+ 2F Are( F iAio( 

≈ F(B)
2

+ 2F(B)F BCe( 
√√√√√√√√√√√√√√√√√√

even

+ 2F(B)F iBEo( 
√√√√√√√√√√

odd

, (14)

from which Ce and Eo can be solved as

Ce �
1
B

 F
− 1 |a|2e − b2

2b
 ,

Eo �
1
iB

 F
− 1 |a|2o

2b
 .

(15)

In comparison with this solution, equation (11) generally
does not exhibit higher reconstruction accuracy in the case
of large aperture phase as a result of rougher approximation
introduced. However, when the aperture phase E is small,
equation (11) usually gives better results for recovery of Eo as
it does not involve division by b. Since b is similar to the
Bessel function of the first kind of first order, it contains a
great number of points of zero or close to zero so that di-
vision by b would amplify greatly the noises or errors.

3.2. Algorithm Flow. Figure 2 shows the flow chart of the
algorithm, with the measured far-field |a| as the input and
the shape recovery δr as the output. For a simpler expression,
an auxiliary variable d is introduced to denote the far-field
difference:

d ≜ |a| · sign(b) − b. (16)

From the point of numerical calculation, it should be
noted that there may be some wrong data with opposite sign
in the subtraction calculation of equation (16). A median
filter may correct the wrong data properly since it is smooth
originally. For numerical calculation of the Fourier

transformation, it should also be noted that the distributions
in the spatial domain should be expanded by zero-padding
to ensure a suitable size. (is may be controlled by the
oversampling factor η.

4. Simulations

4.1. Effectiveness of the Method. In this study, numerical
simulation is adopted to verify the validity and testify other
performance of the proposed method. Primary steps of the
simulation are as follows:

(1) Generate randomly a smooth surface shape de-
formation δ

(2) Calculate the radiated aperture field A by physical
optics

(3) Obtain the far-field amplitude |a| according to
equation (2)

(4) Recover δ from |a| by the algorithm as shown in
Figure 2

(5) Compare the retrieved shape δr with the given δ

In Step (1), the surface shape deformation δ is designed
to be randomly smooth, for the reason that the antenna
surface deformation is a combination effect of gravity, wind,
and temperature. (e deformation caused by these factors is
always smooth. In Step (2), the physical optics (PO) method
[13] is used to calculate the radiated aperture field. Based on
the Maxwell equations, the PO method is widely used and
regarded as an accurate theory in the field of antenna
radiation.

In consideration of future experimental verification, we
take Nanshan 25m radio telescope (25m diameter and 7.5m
focal length, Urumqi, Xinjiang) as the antenna model. PO is
applied to simulate its radiated aperture field, with the
parameters listed in Table 2.

To evaluate the accuracy of the recovered final results,
two standard performance indices, i.e., root mean square
(RMS) error and normalized mean-square-error (NMSE),
are introduced. Specifically,

RMS �
fr − f

����
����F

N
,

NMSE �
fr − f

����
����
2
F

‖f‖2F
,

(17)

where fr represents the recovered matrix (or distribution), f,
the target to be recovered, and ||·||F is the Frobenius norm of
a matrix.

Figure 3 shows a designed surface error δ (left of top
line). It is randomly generated but smooth, having a range of
[− 1, 1] mm, which is close to the real case.

(e Fourier transformation in equation (2) is used to
calculate the far-field intensity. To satisfy Nyquist sampling
theorem, the oversampling factor η must be no less than 2.
Here, η is set to 4 to ensure a smooth far-field pattern, in
which the far-field is with the size 405× 405. Following the
algorithm depicted in Figure 2, we reconstruct Ce and Eo
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from |a|2 in a closed-form way and further determine the
complete surface shape δ.

(e recovered results are also shown in Figure 3. An
acceptable shape recovery with the RMS value less than
0.14mm is achieved. However, the difference between δr and
δ is still observable: the peaks and valleys become fuzzy. (is
can be explained by the following two reasons. First,
equation (4) is not absolutely accurate for it calculates the
near field radiation of an antenna in pure geometric way.
Second, equation (9) is also an approximate relation and
results in errors inevitably.

4.2. Accuracy Performance. In the above derivation, the core
step is to recover Ce and Eo. Since all the equations are
established under the assumption of a small C and E, a
smaller range of C and E will lead in general to a higher
accuracy of the method. It is necessary to investigate the
accuracy of the amplitude-phase retrieval at different ranges
of C and E by a series of numerical simulations. In the
simulations, B is defined with the shape of plane, valued by 1.
C and E are both generated with a randomly smooth shape,
as shown in Figure 4.

Usually a recovered result with NMSE below a certain
level, say 0.1 for example, can be regarded as acceptable in
engineering. Figure 5 shows the recovery accuracy of Ce and
Eo under different ranges ofC and E.(e figure indicates that
acceptable recovery of Ce is achieved under the condition:
0<E<C< 0.6; acceptable recovery to Eo is achieved under a
more tolerant condition: C< 0.6 and E< 1.

IFFT

This is only the schematic
diagram, not the actual
situation. To highlight the
effect, some figures are
magnified.

Note:

Ideal
antenna

(a) Surface shape (b) Aperture field (c) Far field (g) Difference

(d) Surface shape (e) Aperture field (f) Far field

FFT

δ = 0

Corrected d

de = even[d]

do = odd[d]

Ce = Ŧ–1(de)/B

Eo = Ŧ–1(–ido)/B Eo

Ce

δo

δe

Filter

Corrected d|A|

|A| = Ψ–1[δ]

|B| = Ψ–1[δ]

A

A = δ / Φ

B = δ / Φ

|a|

|B| B b

δ ≠ 0Tested
antenna

(h) The recoveries of Ce and Eo (i) The recoveries of δe, δo, and δr

δe = Ψ [Ce]

δo = Φ · Eo

δr = δe + δo

δr

d

d = |a| · sign[b] – b

Figure 2: Flow chart of the surface shape recovery algorithm, with a single in-focus far-field amplitude as the input. (e ideal far-field
amplitude is assumed to be known in advance.

Table 2: Parameters in the POmethod for aperture field simulation.

δ Frequency Feed beam Edge taper N
[− 1, 1] mm 0.3GHz Gaussian − 12 dB 101
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4.3. Performance under Different Frequencies. To study the
performance of the new method under different test fre-
quencies, the PO method is employed to simulate many far-
field intensities under different frequencies, from which we
obtained shape detection with different accuracy. (e results
are listed in Table 3. A higher test frequencymeans E>>C and
definitely leads to a worse recovery. It can be predicted from
Figure 5 that with the increase of the test frequency, E be-
comes much larger than C and the recovery to Ce gets worse
rapidly. (erefore, a low-frequency test is always preferred.

Finally, it should be remarked that “test frequency” and
“work frequency” are totally two different things. A radio
telescope may work at a frequency as high as 100GHz.

However, this requires in no way that the test should be
conducted at the same frequency of 100GHz. (e test may
be conducted at any frequency below 100GHz, as long as the
measurement accuracy meets the engineering requirement.

4.4. Performance under Feed Errors. (is section discusses
the performances of the proposed technique under a wrong
feed positioning and Gaussian noise mixed into the measured
far-field intensity data. In the simulation, the coordinate
system of the feed is defined by X, Y, and Z axes, where X-Y
indicates a plane parallel to that antenna aperture, and Z
direction follows the pointing angle of the telescope.

Surface shape error δ (mm) Far field difference (central part)

Recovered Eo (95% region) Recovered Ce (95% region)

Residual error (mm)Recovered shape error δr (mm)
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Figure 3:(e top line: the designed surface shape error (left) and the simulated far-field difference (right).(emiddle line: the recoveries to
Eo and Ce, with the NMSE values being 0.40% and 1.05%, respectively. (e bottom line: the final retrieved surface shape error (left) and the
residual error map (right).
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Firstly, we discuss the practical challenge of bad feed
positioning. 	e errors caused by bad feed positioning can
have two conditions: location errors and pointing errors.
Due to stable installation, it is believed the feed position and
posture are both constant during the measurement process.
	erefore, simulations are made by assuming position errors
on X axis and Z axis for feed location errors and by in-
troducing direction angle errors for feed pointing errors.
According to simulation parameters shown in Table 2 and
antenna deformation shown in Figure 5, the far-�eld in-
tensity pattern is calculated in the PO method, after setting
the feed position and direction. 	en, reconstruct the given
deformation through the proposed method and evaluate its
accuracy performance by equation (17). 	e �nal results are
listed in Tables 4–6.

From the above simulation results, it is seen the pro-
posed method features a good tolerance to the feed position

error: the accuracy decrease caused by X-axis location error
happens mostly on reconstruction to the odd part of the
deformation and Z-axis location error and pointing error
decrease mostly the reconstruction accuracy of the even part
of the deformation. Speci�cally, it is recommended the lo-
cation error of antenna feed should be no more than 1mm
on X-axis and 5mm on Z-axis, and the direction accuracy be
better than 1.5° on feed pointing.

Secondly, we discuss the practical challenge of back-
ground data noise. In the evaluation to the performance of
the method under background noise, it is considered the
ideal intensity pattern is noiseless while the measured actual
intensity pattern is with white Gaussian noise. 	us, in this
numerical simulation, we add additive white Gaussian noise
to the far-�eld amplitude pattern |a| and then execute the
developed algorithm to reconstruct the antenna surface
deformation. For the added noise, signal-noise-ratio (SNR)

Shape of B Shape of C Shape of E

Figure 4: Shapes of B, C, and E: both C and E are set to be randomly smooth and B is set to be a constant function (a matrix with all the
elements being 1).
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Figure 5: 	e recovery accuracy of Ce and Eo under di�erent ranges of C and E. In the simulation, both C and E are set to be randomly
smooth, and B is set to be a constant function (a matrix with all the elements being 1).

Table 3: Recovery accuracy of the method under di�erent
frequencies.

f (GHz) 0.3 0.4 0.5 0.6 0.7 0.8
NMSE of Ce (%) 1.05 1.67 3.17 6.11 10.32 16.28
RMS of δr (mm) 0.136 0.169 0.236 0.330 0.429 0.540

Table 4: Accuracy performance under feed location errors on (X)
axis.

X-error (mm) 0 0.5 1 1.5 2
RMS of δr (mm) 0.130 0.168 0.257 0.360 0.470
RMS of δro (mm) 0.054 0.117 0.222 0.333 0.443
RMS of δre (mm) 0.119 0.121 0.128 0.139 0.156
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is introduced to describe the noise intensity. (e following
table (Table 7) demonstrates the accuracy performance of
the technique under background noise with different SNR.
From the simulation results, it is seen that the accuracy of the
method is mostly dependent upon the reconstruction to the
even part of the surface deformation, and an acceptable
degree of the background noise should be SNR> 50 dB.

5. Further Improvement

From the results listed in Table 3, it is seen that the performance
of this method is highly dependent upon the test frequency.
Allowable frequency should be less than 0.4GHz. (is de-
pendence is caused by the much smaller ranges of C compared
with E, which is essentially determined by the antenna geo-
metric features. In practice, satellites are usually taken as the
radio source, in which case the measurement frequency is
supposed to be 1∼12GHz. Obviously, according to Table 3, an
acceptable detection accuracy (<0.2mm) is unreachable be-
cause of high frequency when taking satellites as the source.
(erefore, it is necessary to make further improvements to
ensure the method applicable for high-frequency tests without
too much degradation in the detection accuracy.

In relation with the preceding solution to Ce as shown in
equation (11), the term (cos Ee cos Eo) in equation (10) is
approximated by 1 and thus ignored, compared with the
original equation (7). However, by preserving the cosine,
one may obtain a more accurate version of equation (10):

|a|e sign(b) ≈ F Are(  ≈ F B 1 + Ce(  cosEe cosEo( . (18)

From the above equation, we can solve a more accurate
Ce, written as Ce, to distinguish from the previously obtained
one:

Ce ≈
F− 1 |a|e sign(b) − b 

B cosEe cosEo

≈
Ce

1 − E2
e + E2

o( /2( 

≈ Ce 1 +
E2

e + E2
o

2
 .

(19)

Equation (19) implies that Ce solved from equation (11)
is inaccurate, and the true value of Ce should be modified by
multiplying a specific term that is also related with the
aperture phase E. However, since we can only solve Eo, Ee

stays unknown and a more accurate Ce can never be ob-
tained from equation (19). Comparing the accurate Ce with
the rough Ce, it also shows that the error on the right-hand
side grows quadratically with E as frequency increases and
consequently affects the accurate solution of Ce. (is ex-
plains why the proposed method performs much worse in
high-frequency measurement.

To make the method applicable for high test frequency,
some means are desirable to eliminate the errors caused by
Ee and Eo. Multifrequency scansmay be a suitable solution. It
is known that Ce does not vary with the frequency, while Ee
and Eo do, in the same form. (erefore, one can finely
eliminate the influence of Ee and Eo in the calculation of Ce
by introducing more measurement frequencies. We have
considered dual-frequency and tri-frequency scan in the
simulation. It should be remarked that dual-frequency scan
will not double the scanning time as the scanning of the two
frequencies can be done at the same time. For the dual-
frequency scan, assume for example that the two frequencies
are f and 2f and denote the two solutions of Ce obtained from
equation (11) by Ce_f, Ce_2f, respectively. Based on the fol-
lowing relation obtained directly from equation (19),

Ce ≈ Ce 1 −
E2

e + E2
o

2
 . (20)

An accurate Ce can be obtained as follows:

∵

for frequencyf: Ce f � Ce 1 −
E2

e + E2
o

2
 ,

for frequency 2f: Ce 2f � Ce 1 −
4E2

e + 4E2
o

2
 ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∴ Ce �
4Ce f − Ce 2f

3
.

(21)

Generally, introducing more frequency in the scan
would contribute to more accurate solution of Ce. For in-
stance, triple-frequency can finely eliminate the errors
brought by both the square and quartic terms of E, and the
corresponding accurate solution of Ce is

Ce �
32Ce f − 14Ce 2f + 3Ce 3f

21
. (22)

(en, based on the simulation settings as described in
Figure 4, we try to verify the improvement to the solution of
Ce by using equations (21) and (22) in the case of dual- and
triple-frequency scans.(e corresponding simulation results
are shown in Figure 6. By comparing the result of Figures 5
and 6, it can be seen that the proposedmultifrequency scan is

Table 5: Accuracy performance under feed location errors on (Z)
axis.

Z-error (mm) − 10 − 5 0 5 10
RMS of δr (mm) 0.533 0.277 0.130 0.250 0.438
RMS of δro (mm) 0.054 0.057 0.054 0.056 0.062
RMS of δre (mm) 0.530 0.271 0.119 0.254 0.434

Table 6: Accuracy performance under feed pointing angle errors.

Angle-error (°) 0.5 1 1.5 2 2.5
RMS of δr (mm) 0.129 0.147 0.205 0.305 0.438
RMS of δro (mm) 0.052 0.058 0.069 0.082 0.097
RMS of δre (mm) 0.118 0.135 0.193 0.294 0.427

Table 7: Recovery accuracy of the method under background
errors.

SNR (dB) 40 45 50 55 60 Inf
RMS of δr (mm) 0.281 0.200 0.153 0.139 0.132 0.127
RMS of δro (mm) 0.135 0.072 0.050 0.038 0.035 0.034
RMS of δre (mm) 0.246 0.187 0.145 0.134 0.127 0.122
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e�ective to improve the recovery of Ce. Figure 6 also shows
that dual-frequency scan (left) is already a fairly good
scheme, but triple-frequency scan (right) makes little more
help over the former.

To show further the e�ect of the proposed dual-fre-
quency scan to reconstruct the surface shape error of a large
re�ector antenna, we have also made some numerical
simulations based on the PO method to generate the needed
far-�eld intensity patterns under two di�erent frequencies.
We �rst apply equation (11) to obtain two inaccurate Ce,
then apply equation (21) to achieve an improved result of Ce,
and �nally solve the antenna surface shape based on
equation (12). As shown in Figure 7, compared with the
results by the single-frequency scheme, the NMSE values of
Ce drops from 1.05% to 0.44%, and the �nal RMS of δr drops
from 0.136mm to 0.109mm.

Moreover, the dual-frequency scheme exhibits a good
tolerance to the measurement frequency. As shown in

Table 8, both the NMSE and RMS values no longer increase
rapidly, but very slightly with the measurement frequency.

6. Conclusion

An e�ective method for measuring the surface shape of re-
�ector antennas by single focused far-�eld intensity has been
proposed. Based on the fact that the deformed surface shape
causes change not only in the phase but also in the amplitude,
it has been proved that a complete shape recovery is possible
from single focused far-�eld intensity. Unlike traditional
phase based surface shape detection scheme, amplitude re-
trieval and phase retrieval are combined in the process. 	e
“odd-phase” and the “even-amplitude” are solved directly so
that the “odd-shape” and the “even-shape” are recovered
simultaneously, and at last complete surface shape detection
is achieved from single focused far-�eld intensity.

Numerical simulations based on a 25m radio telescope
showed the e�ectiveness of the algorithm at low frequencies;
also, a good tolerance of the proposed technique to feed
location/pointing errors and background data noise has
been veri�ed through numerical simulations. Further im-
provement is also studied so that the method can be ap-
plicable to higher frequency measurements. It is shown that
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Table 8: Recovery accuracy of the method by dual-frequency scan.

f (GHz) 0.3 0.4 0.5 0.6 0.7 0.8
NMSE of Ce (%) 0.44 0.46 0.46 0.50 0.56 0.70
RMS of δr (mm) 0.110 0.111 0.111 0.113 0.117 0.125
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dual-frequency scheme can greatly improve the recovery
accuracy to Ce, as well as to the surface shape δr. In short, our
work is promising for detecting surface shape of large re-
flector antennas with single in-focus far-field intensity.
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