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The performance of the conventional beamforming for angle-of-arrival (AOA) estimation algorithm under measurement
uncertainty is analyzed. Gaussian random variables are used for modeling measurement noises. Analytic expression of the
mean square error (MSE) is obtained via Taylor series expansion. In traditional performance analysis, estimation accuracy in
terms of the MSEs is usually obtained from the Monte Carlo simulation, which is computationally intensive especially for large
number of repetitions in the Monte Carlo simulation. For reliable MSE in the Monte Carlo simulation, the number of
repetitions should be very large. To circumvent this problem, analytic performance analysis which is less computationally
intensive than the Monte Carlo simulation-based performance analysis is proposed in this paper. After some approximations,
we derive the closed form expression of the mean square error (MSE) for each incident signal. The validity of the derived
expressions is shown by comparing an analytic MSE with an empirical MSEs. The Cramer—Rao bound is also used to further

validate the derived analytic expression.

1. Introduction

1.1. Preliminary. Determination of the angle-of-arrival
(AOA) [1, 2] of signal has been of interest to the signal
processing community. The application of the study ranges
from military to civilian applications. Beamforming algo-
rithm [3, 4], MUSIC (Multiple Signal Classification) algo-
rithm [5], ESPRIT (Estimation of Signal Parameters via
Rotational Invariance Techniques) algorithm [6], and ML
(Maximum Likelihood) algorithm [7] have been the main
algorithms for AOA estimation.

Beamforming algorithm is the basic AOA algorithm,
whose merit is the low computational cost [2-4]. In
beamforming algorithm, signals from certain directions are
added constructively by forming a weighted sum of the array
outputs. The antenna is steered to different directions by
varying the array weights.

In this paper, performance analysis of conventional
beamforming algorithm for direction-of-arrival (DOA) es-
timation is considered. Many studies have been conducted
on conventional beamforming-based DOA estimation al-
gorithm [8-19].

We address quantitative study on how much estima-
tion error occurs due to an additive noise on each array
antenna element. Explicit expression of mean-squared
error (MSE) in terms of a standard deviation of an additive
noise will be derived. In this paper, performance analysis of
azimuth estimation using uniform linear array (ULA) is
presented.

The estimate with no superscript and the estimate with
the superscript (u=1) differ due to the first approximation
since the first approximation is applied in getting the esti-
mate with the superscript (u=1). Note that no approxi-
mation is applied in getting the estimate with no superscript.
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Similarly, why the estimate with the superscript (u=1)
and the estimate with the superscript (u = 1, v) differ is due to
the second approximation since the first approximation and
the second approximations are applied in getting the esti-
mate with the superscript (u=1, v).

Based on these observations, by comparing these three
estimates, we can easily determine which approximation
results in the dominant approximation error. To the best of
our knowledge, no previous performance analyses have
shown this intuition and no previous study presented these
explicit expressions of the azimuth estimation error and the
MSE of the azimuth estimate in terms of the statistics of an
additive noise.

In this paper, Gaussian noise is used to model mea-
surement uncertainty. The effect of Gaussian noise on the
accuracy of the azimuth estimate is rigorously derived for
DOA estimation. Furthermore, a closed-form expression of
the MSE of the estimate is derived. In comparison with the
previous studies on the performance analysis of the con-
ventional beamforming algorithm, a more explicit repre-
sentation of the MSE of the estimate is proposed in this
paper.

Many previous studies on the conventional beam-
forming algorithm focused on how the performance of the
conventional beamforming algorithm can be improved by
proposing new algorithms or by modifying the ML DOA
estimation algorithm. Note that our contribution in this
paper does not lie in how much improvement can be
achieved by proposing an improved beamforming DOA
algorithm. Our contribution is on computational cost re-
duction in getting the MSE of an existing conventional
beamforming algorithm by adopting an analytic approach,
rather than the Monte Carlo simulation-based MSE under
measurement uncertainty which can be modeled as
Gaussian distributed. That is, the proposed scheme describes
how analytic MSE can be obtained with much less com-
putational complexity than the Monte Carlo simulation-
based MSE.

The proposed scheme can be used in predicting how
accurate the estimate of the conventional beamforming
algorithm is without computationally intensive Monte Carlo
simulation. The performance of the conventional beam-
forming algorithm depends on various parameters including

M

M M
F(0) =a" (O)Ra(6) =) > ar(O)Ryay (6) = ).
I=1 k=1 =1

where 6 is the arrival angle of an interest and R is the ML
(Maximum Likelihood) estimate of the array output co-
variance matrix R. That is, we evaluate (1) as a function of the
arrived angle at discrete values, and find 6 at which F(0) is
the maximized.

We consider the performance analysis of the conven-
tional beamforming algorithm for multiple incident signals
in this paper. In the absence of noise, the incident signal on
the array antenna elements can be written as, fori = 1,. .., L,
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the number of snapshots, the number antenna elements in
the array, interelement spacing between adjacent antenna
elements, and the SNR. Therefore, Monte Carlo simulations
for different values of the various parameters can be com-
putationally intensive. Therefore, the scheme presented in
this paper can be adopted to predict the accuracy of the
conventional beamforming-based DOA estimation algo-
rithm for different values of various parameters.

In Table 1, the mathematical and statistical theories used
for the performance analysis are illustrated. In Table 1,
advantages of the proposed scheme have been described.
More specifically, in Table 1, the advantage of the proposed
analytical performance analysis over the Monte Carlo
simulation-based empirical performance analysis is de-
scribed. In addition, the advantage of the proposed analytical
performance analysis over the existing analytical perfor-
mance analysis method is described.

Our contribution in this manuscript does not lie in how
much improvement can be achieved by proposing a new
algorithm. Our contribution in this paper is to show that the
MSE can be analytically derived rather than empirically. In
analytic performance analysis, statistics of an additive noise,
rather than noise itself, has been exploited to get the MSE of
AOA estimates. On the contrary, in Monte Carlo simulation,
difference noises for each repetition results in different AOA
estimates, which implies that noise itself, rather than sta-
tistics of noises, is used in the Monte Carlo simulation.

In this paper, for convenience sake, measurement noises
are modeled as Gaussian random variables. However, it is
quite straightforward to extend to the case where the noises
are modeled as different random variables as long as the
moments of the random variables are available.

2. Derivation of Analytic Expressions of
Estimation Error and Mean Square Error

2.1. Conventional Beamforming Algorithm. In conventional
beamforming algorithm for AOA estimation, the array
output power is computed as the arrival angle varies, and the
angles corresponding to the maximum values in the output
power distribution are considered to be the true directions of
arrival. AOAs are selected from the angles at which the
following output achieves the maximum:

M M M A
Z (G (w1 (6) = 4 (0)))Ryy = Z Z Py (O)Ryy, (1)
Pt 11 k=1

a; (6,) a,(6,) ay (0n) [ s (1)

x(t) = ‘12(:91) aZ(ZQZ) aZ(:eN) 52(:ti) )

ay (01) ap(6y) -+ ay(0y) Ilsy(t)

where L is the number of snapshots. Equation (2) can be
compactly written in the matrix and vector form as
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TaBLE 1: Mathematical foundation and advantage of the proposed scheme.

Mathematical foundation of the proposed scheme

Statistical distribution of various kinds of perturbations
Higher order Taylor series expansion

Empirical performance analysis

Repetitive execution based on different
realization of perturbation of each parameter
New Monte Carlo simulation for each statistical
distribtion of perturbation

Proposed analytical performance analysis

Based on the statistics of perturbation
rather than realizations of perturbation

Easy to accommodate various distributions of perturbations
via known statistics of the distributions

x(t;) =a(0,)s;(t;) +a(0,)s,(t;) +--- +a(Oy)sy (t;):

(3)

The noisy array response, denoted by x'(t;), can be
expressed as

a; (6,) a;(6;) --- a;(0n) [ 51 (1) ny (t;)
x'(t,-)z “2(:01) “2(:02) “2(:91\1) 52(:t,~) ”’zfti)
ay (681) ay(6,) -+ ap (0y)Ilsy () my (1)

(4)

In matrix and vector form,(4) can be expressed as
X (t;) = a(6y)s; () +a(6y)s, (1) +--- +a(Oy)sy () +n(t;).  (5)

Noiseless array responses due to the nth incident signal,
s, (t), are denoted by xM (1)

X(n) (ti) = a(en)sn (ti)' (6)

The sample covariance matrices associated with x(¢;)
and x' (t;) are defined as

L1y u
R= I ;x(ti)x () (7)
R =L S () 8
=1 ZX (t)x" (). (8)

oy, =1 z( D) (" (1)) +

i=1

For noiseless case, AOA of each signal is estimated from
the angle satisfying

Note that, in (7) and (8), all the incident signals are taken
into account.

Let R denotes the sample covariance matrices asso-
ciated w1th the nth incident signal for noiseless case. Sim-
ilarly, R"" denotes the sample covariance matrix associated
with the nth incident signal for noisy case. Sample covari-
ance matrix associated with the nth incident signal can be
expressed as

( (ﬂ) t)) 9)

2® 1<
L2

From (9), it is can be easily shown that the entries of ﬁ(n)
can be expressed as

Ry =1 zx,£"> ()= ()" (10)

The difference between R’ in (8) and ﬁ(n)
as OR:

in (9) is defined

sR” =r' -R"™. (11)

Let 0* denote the true azimuth angle of the nth incident
signal. The entries of SR” can be expressed as

(i)(xl(l)(ti))* +nk(ti)( (¢t )) ) (12)

én = argmeaxF(")(G), (13)

where is defined as

" H sy () A g . a Y -+ (n)
(0)=a" (OR "a(6) = Y > a; (ORy a;(0) =Y Y exp(ji(y;(6) - v, (6))) RY =Y Y Py(O)R, . (14)

=1 k=1

k=

—

1 k=

—_



Note that Py, (6) in (14) is defined as
Py (8) = exp (j (v, (6) — v (8))) = exp(jz/\—ﬂAsinG(l - k)).
(15)

(13) follows from the fact that the AOA is obtained from the
angle maximizing F™ (6). The angle maximizing F (6)
can be obtained from

M M . M M .
F'(0)=a" (OR'a(0) = ) Y ay (ORya;(6) = D" > exp(j(y1(6) - vy (0))R); =

I=1 k=1

1=1 k=

—

(17) follows from the fact that the AOA is obtained from the
angle maximizing F' (). The angle maximizing F' (6) can be
given by

d ,
@F ) =0. (19)

2.2. Closed-Form Expression of Estimation Error. In the
absence of an additive noise, the estimates of the AOAs
should satisfy

Mg . ()
P (DR
- ; do

Mk

ool -

0=6 (0)

Il
—_

=6
(20)

A (n)
fkl (G)Rkl

I
Mk
Mk

=0 0,

N
L
-
i

L

where f;;(0) is defined from
fu(0) = sz(e) (21)

Similarly, when there is an additive noise, the estimates
of the AOAs, 0,, are determined from the angle satisfying

Mz

M
=1k

sz( + 59(” g )(Rkl

1

=1 k=1

where the superscript (4 = 1) denotes that the first-order
Taylor series expansion is adopted. We can rewrite (26) as

> 3 (Ful@)RE )+ 3 3 (Fu O oR) 001y

I=1 k= I=1 k= I=1 k=1

—
—
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—F"(9) = 0. (16)

In the case of noisy response, AOA is estimated from the
angle satisfying

6, = argmaxF' (6),(6,” - 40<6<6, +A9),  (17)

where F' () is defined as

M M N
ZZ Py (O)RY,. (18)
I=1 k=1

d
do

Mz

d M
@F (6)|0:9,5°> B Z

=1

51
PyOR]

T
i)

(22)

ME
Mz

sz(G)Rkl‘g 60 =

N
-
x~
i

1

Using f;(6) in (20), (22) is given by
Fu(6) = exp(jZT”Asine(l - k))(j%”Acos a(l - k)). (23)

Let 00, represent estimation errors of the nth incident
signal:

6, =6 +60, (24)

A - . o . ~(0),
where 0, is an estimate of the nth incident signal and 6, " is
the true azimuth of the nth incident signal.

Substituting (24) in (20), we have

EF(”)(

‘ A (n)
do 9=6+00,

z Fu(6 + ‘Wn)(ﬁliz +0Ry ) =0.

(25)

We can rewrite (25) as

M M
AZ’)) ~ ZZ(fkl(e(o) 36, b0 kl(e)’0 a°>) Rkl 5sz >= ; (26)

d ) ey 1 2
@fk,(e)‘” RY )+ 004D Y dgfk,(6)|990)6Rk, 0,

11 k=1
(27)
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Note that, from (20), the first term of the right-hand side
of (27) is identically zero. Therefore, (27) reduces to

(u=1) v L[ d L () (n)
66” Z Z @fkl (9) ‘ 0:9,(‘0)<Rkl + 8Rkl >

1=1 k=1

From (28), 801" can be explicitly written as

A~ (1)
500D _ P Z&(f u(0")3Ry )
’ ZﬁZkM:l((d/dg)fkl (6) I 6=0" (ﬁlgo + 81};{)))
(29)

Since the fourth term of the right-hand side (RMS) of
(27) is much less than the third term of the right-hand side of
(27) and (28), it can be approximated as

S O\ 55 ® (i) o d A ()
Z(fkl(en )ORyg ) +86, Y Z(@sz(e) | 9-00 Ry > =0,

1=1 k=1 1=1 k=1

M

(30)

2n

Y > (ful6)oRy) (28)

I=1 k=

—

where the superscript v indicates that the fourth term of the
RMS of (27) has been omitted. From (30), 50:1”:1"') can be

evaluated as
_Z;\;IIZkMﬂ <fk1(07(10))8ﬁ1£7)>

%fk,(e) _ dilaa(p(jT (- k)Asin 9)(1'27” (1 - k)A cos 0) _ exp<j— (I - k)Asin 9)(;’3—” (1 - k)A cos 9)2

801 = 1)
’ MM TN
(Zl=12k=1(d/d9)fkl (0)]6=06"R, )
where (d/dO) f;; (0) is obtained from (23):
2m
A
(32)

+ exP(]'zA—ﬂ (I - k)Asin 9)<—j2}t—ﬂ (I-k)Asin 6).

2.3. Closed-Form Expression of Mean Square Error. From
(31), E[(80“"")?] is given by

DY CHCILY

5 (Fu(6)oRg)

E[ (001)'| = E[ o0y (s00 )" | = B

~ (n)

yr 1((d/d6) Fu®] pgoRe ) z;‘fle;((d/de) Fu®) ] gq0 jglg’))

z;\flszﬂZz{lZi’dzlfkl((’io))fz’l’(9:50))E<5R1i7)(5ﬁ1%)’) * )

TOM oM M M X A A (m)\ "
Zl:lZk:lZl':le’:l(d/dG)fkl (9)|9:9,5°)(d/d9)fk’l’ (9)|9:9,§°’Rkl (Rk’l’>



where the first equality holds since 66{“"") is real valued.

The entries of E (8R,£ln) (81?,8?) *)in (33) can be found in the

A-D.

T
®(0)=[6§O) 92(0> 0](\(;)] )

(Bsto

)ij =

where N is the number of incident signals and p is the
number of parameters to be estimated for each incident
signal. For estimation of azimuth, p is equal to one. For
estimation of azimuth and elevation, p is equal to two. A is a
M by N matrix. Each column of A is an array vector as-
sociated with each incident signal. P, is a projection matrix
onto the column space of A. S is source covariance matrix,
and R is array covariance matrix.

4. Summary

In this section, the performance analysis scheme presented
in this paper is summarized. The performance analysis
scheme and mathematical details on the performance
analysis are shown in Figure 1.

In Figure 2, it is clearly shown how the proposed scheme
is different from the existing method in [21]. In [21], an
implicit expression of estimation error is derived. Note that
Aa; is a transformed variable of an azimuth, not the azimuth
itself. On the contrary, in this paper, explicit expressions of
estimation error of the azimuth itself and the MSE of the

where the subscript “()” denotes the tth repetition out of T
repetitions.

5.1. Estimation with Sensor Array of Elemental Distance 0.3 A.
The correlation coefficient between two incident signals is set
to be zero, which quantifies the correlation coefficient for

ZG—Z:]Re[Tr{A? PLASAYR'AS}, i j

’ (u=1,v) (u=1)\ * 1
)]:E[aen (00) " = 5
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3. Cramer—Rao Bound

The lower bound of the MSE for an unbiased estimator is
called the Cramer—Rao bound (CRB) [20]. The CRB of each
parameter can be obtained from the diagonal entry of Bgpq:

(34)

(35)

1,...,pN,

azimuth itself have been derived, as shown in Figure 2. In
addition, it can be shown that the scheme presented in this
paper can be extended to the simultaneous estimation of
azimuth and elevation.

5. Numerical Results

The parameters for simulation are as follows:

(1) Search range of azimuth (8): —90° ~ 90°

(2) Search step: 1°

(3) The number of incident signals (N): 2

(4) The number of antennas (M): 10

(5) Distance between adjacent antenna elements: 0.31
and 0.51.

The number of Monte Carlo simulation, T, is chosen to
be 10,000. Therefore, 10,000 Monte Carlo repetitions are
performed and the empirical MSEs are calculated:

1 T
72 ((60,))" (36)
t=1
Q W=y )
L5 (), w
T
_ Z((se,ﬁ“ﬂ’”)(t)), (38)

t=1

uncorrelated incident signals. Widely separated signals from
0 = —40° and 6\” = 65° are considered.

The results for elemental distances of 0.31 are illustrated
in Figures 3 and 4, respectively. Figure 3 illustrates how
MSEs change as the number of snapshots and the SNR
increase. In Figure 3, it is shown that the empirical MSEs of

A (u=1) o (u=ly)
0, “and 0, " with respect to the number of snapshots
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| Time average (R R, 6R) |

Covariance matrix

R=Wn 3L x'0)x"0)

Array response due to all the incident signals and an additive noise: x'(f) = a(6,)s, () + ... +

Array response due the nth incident signals and and additive noise: () = a(0,)s,(t)

R =/ 3L, (0 W) oR™

a(y)sy(1) +n(t)

=R-R

Coventional beamforming

| DOA estimation (Direction of Arrival) |

Cost function associated with the nth incident signal

F(0) = a"(O)RMa(6) = 1, 71, ap (DR a(v6) = T, 31, exp (j(y(6) - y(O)IR

=My Pkl(o)ﬁl((?)

(IDO)F(O)]gs® = ¥, M,

(d/dO)P(ORY |5 9(,, DYy

| (/O (OR g = M

Estimation with estimation error

| Modeling of estimation error for performance analysis |

F(9) =a"(O)R'a(6)
Estimate of the nth incident signal
9,=00 400,

(0100)F(6)]g-... 50, =

XM i (0+ 06, (R + OREY) =

U - approximation

Analytic performance analysis of conventional beamforming DOA estimation algorithm

U - approximation via Taylor series

(0196)F(0) g5, 50, = L 2L, (il (6) + 06,,(d/d)f; (O)] - 61 R + SRY)

(1)

THIM (RO ORE) + (364=(d/d6) i (6)|pg IR + (36521 dB)f, (6)] o )ORE) = 0

(864" = (=M, 3, oy OVSRENI(E M, T, (9/96)fy (6)]g-6 (R + SRP))

V - approximation

4

SR << OR}]) THIH, (G (O

OORE) + (364" AdIdO)f(6)]g—p(® 56, REY) = 0

E[(86%°")] = (T},

AL XM
(lelzkzlszﬂw(d/de)fk1|s:aﬁ,°)(d/d0)f 1 (O]o-gORP(Ry1)")

(69 f1, (69 E (SRY (SB[ >>/

FIGURE 1: Performance analysis of conventional beamforming.

are close to that of 8. It is also shown that the analytic MSE

~ =1,
of Gl(u " isin perfect agreement with the empirical MSE of

él(uzl’v). Consistency of the analytic MSE with the CRB is

also illustrated in Figure 3, where T is equal to 10,000.

Figure 4 illustrates the validity of various derived ex-
pressions associated with the second incident signal by
comparing the analytic result with the simulation results. It
is also shown that the CRB is close to the analytic MSE and
the empirical MSEs.

It is also clear that the MSEs with the superscript “u = 17
and the superscripts “u = 1,v” are quite close to that with no
approximation, which illustrates that two approximations

associated with superscript “u = 1,v” are valid. It is also
shown that the MSE of analytic result and the MSE of the
simulation results with superscript “(u = 1,v)” show good
agreement. The decrease of MSEs with the increase of SNR is
quite clear for all the results.

5.2. Closely Spaced Incident Signals. In this section, it is
shown whether the proposed algorithm works for the
closedly spaced incident signals for elemental distances of
0.5A. The correlation coefficient between two 1nc1dent signals
is set to be zero. Closely separated signals from 9 = 60" and
0\%) = 65° are considered. In Figure 5, the results for ele-
mental distances of 0.51 are illustrated.
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Existing method
1. Implicit expression of estimation error of transformed variable of azimuth.

Ay = [-(Ap|c cos(L C)M + Ayg, (a))1gs (ay)/
[AMgy' (o)) + Ayl gy? () + & (a))gy ()] + Ay | e cos(£ Cp) Mgy () + gl () + g1 ()]

Cpp signal coherence

2. No expression of MSE.

Proposed method

1. Explicit expression of azimuth estimation error.

80,41 = (=S, S, (O ORG (TR SN, 2190)f (O, ORT™)), 1= 1, .., N
2. Explicit expression of MSE.

E[(805)) = (T AL X0y XA fu (OF) flor (61 E (OREY (8Rw)"))/
(ST T S (2190)f)6) 50 (01 08)f 1O) 5o REP (RN ™)

FIGURE 2: Comparison of the proposed scheme with the existing method.

MSE of the first incident signal (sig.1)
The number of snapshots = 128, the number of repetitions = 10000
T T T T T T T

1.9 :
1.56 :
10°
23]
w
= 10705 F
107t E
0.08
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
SNR [dB]
—o— Simulation; E [(§', - 6”)?] —— Analytic; E [(6{“") - ()]
—— Simulation; E [(8"{*"" - 6{?))?] o.- CRB
—— Simulation; E [(0'(1“:1"') - 0&0))2]
(a)

SNR = -5dB, the number of repetitions = 10000
O.S_III ! o | o L 1
0.3 - E

m
» 02+ E
=
0.15 -
0.1 o e T T —
0.08
1 1 1 1 1 1 1 1L
100 150 200 250 300 350 400 450 500 550
The number of snapshots
—— Simulation; E [(é’1 -0y —— Analytic; E [('(*"") — ()]
—— Simulation; E [(6"{*) - 60)?] s~ CRB

—— Simulation; E [((5"1“:1’”) -0y
(b)

FIGURE 3: MSEs and CRB of the first incident signal.



International Journal of Antennas and Propagation

MSE of the second incident signal (sig.2)
The number of snapshots = 128, the number of repetitions = 10000
B T T B T B T T B T B T

8.8+ T T
6.5¢ L :
491
1005 [
m
w
=
10°
10795 |
-10
SNR [dB]
—— Simulation; E [(9', - )] —— Analytic; E [(6'§1) - 0{0))2]
—— Simulation; E [(6"8) - 6{)] s~ CRB
—>— Simulation; E [(§'§#=) - 6{)?]
@
SNR = -5dB, the number of repetitions = 10000
Ll e e e T e T T e e e T E
09 F-:- X : - : 3
0.7 F 3
= L ]
s 0.5+ -
0'3:-:'"5 i R A A E
025 Bl i il i R TR L
100 150 200 250 300 350 400 450 500 550
The number of snapshots
—e— Simulation; E [(9', - 65”)?] —— Analytic; E [(6'$=" - 60))2]
—— Simulation; E [(6'¢" - 6{)?] .- CRB
—— Simulation; E [(6'$"Y - 6{)?]
(b)
FiGure 4: MSEs and CRB of the second incident signal.
1st, true = 45deg., corr. = 0, snapshots = 128, repe. = 10000, 2nd, true = 65deg., corr. = 0, snapshots = 128, repe. = 10000,
o dist. = 0.5 lam., step = 0.1 deg. dist. = 0.5 lam., step = 0.1deg.
10 T 3 T
10° |
= =
2] 2] S
= = %
107"t
-10 -5 0 -10 -5
SNR [dB] SNR [dB]
—=— Simulation; ——  Simulation; —— SimLAllation; —— Simulation;
E (6, -6 E((601) - 00)?) E((6,- 6y E((601) - 60)?)
—— Simulation; - Analytic; —— Simulation; - Analytic;
E ((el(uzl) _ 0(10))2) E ((01(14:1,1/) _ 910))2) E ((Gl(uzl) _ 9&0))2) E ((el(uzl,v) _ 9&0))2)
(a) (b)

FiGgure 5: Continued.



10 International Journal of Antennas and Propagation

Ist, true = 45deg., corr. = 0, SNR = -5dB, repe. = 10000, 2nd, true = 65deg., corr. = 0, SNR = -5dB, repe. = 10000,
dist. = 0.5 lam., step = 0.1 deg. dist. = 0.5 lam., step = 0.1 deg.
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FIGURE 5: MSEs of analytic approach and that of Monte Carlo simulation-based approach (closely spaced signals from 6{” = 45° and
9;0) = 65°): (a) first incident signal (91(0) = 45°) with respect to the SNRs for the number of snapshots of 128, (b) second incident signal
(6’2(0) = 65°) with respect to the SNRs for the number of snapshots of 128, (c) first incident signal (9{0) = 45") with respect to the number of
snapshots for SNR=-5dB, and (d) second incident signal (9;0) = 65°) with respect to the number of snapshots for SNR=-5 dB.

Ist, true = —45deg., corr. = 1, snapshots = 128, repe. = 10000, 2nd, true = 65deg., corr. = 1, snapshots = 128, repe. = 10000,
dist. = 0.5 lam., step = 0.1deg. dist. = 0.5 lam., step = 0.1deg.
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FiGUure 6: Continued.
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Ist, true = —45deg., corr. = 1, SNR = -5dB, repe. = 10000, 2nd, true = 65deg., corr. = 1, SNR = -5dB, repe. = 10000,
dist. = 0.5 lam., step = 0.1 deg. dist. = 0.5 lam., step = 0.1 deg.
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FIGURE 6: MSEs of analytic approach and that of Monte-Carlo simulation-based approach (coherent signals from 61(0) =—-45" and
9;0) = 65"): (a) first incident signal (91(0) = —45") with respect to the SNRs for the number of snapshots of 128, (b) second incident signal
(62(0) = 65°) with respect to the SNRs for the number of snapshots of 128, (c) first incident signal (6{0) = —45") with respect to the number of
snapshots for SNR=-5dB, and (d) second incident signal (6;0) = 65") with respect to the number of snapshots for SNR = -5 dB.
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FIGURE 7: Execution time of analytic approach and that of Monte Carlo simulation-based approach with respect to the number of repetitions.

It is confirmed in Figure 5 that the agreements between  5.3. Fully Correlated Incident Signals. In this section, fully
e, S . ;

the analytic MSEs and the empirical MSEs of 91(14 D 1t is cprrelated incident 51gnal§ are cons%dered. Fully corr'elated

(=) signals refer to coherent signals, which usually occur in the

also shown in Figure 5 that the empirical MSEsof 6, " and  case of multipath environment. The correlation coefficient

A (u=1,v) N . . . . .
0, Y= re close to those of 0. between two incident signals is set to be unity. The true
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incident angles are set to be 8\ = —45° and 6" = 65°. In
Figure 6, the results for elemental distances of 0.5 are il-
lustrated. It is shown in Figure 6 that the analytically ob-
tained MSEs are close to simulation-based MSEs, which
implies that the analytically obtained MSE can be used to see
how accurate the simulation-based estimates in the con-
ventional beamforming algorithm are.

5.4. Computational Complexity. Quantitative comparison of
computation time is presented in Section 5.4. Note that the
execution time is independent of whether the incident
signals are correlated or not. In addition, the execution time
is also independent of separation between the two incident
signals. Therefore, the computation time is arbitrarily shown
for the correlated closely spaced incident signals.

Figure 7 illustrates how computationally eflicient the
proposed algorithm is. The number of sensor is five, and the
number of snapshots is 32. The search step of the Monte
Carlo simulation is 0.1 deg. The execution times of the
simulation-based MSEs and analytic MSEs are illustrated
with respect to the number of repetitions. Note that the
execution time for analytically derived MSE is essentially
independent of the number of repetitions since only one
evaluation of expression (33) is necessary in the analytic
approach. On the contrary, in the simulation-based ap-
proach, the empirical MSEs are obtained from 1000, 10,000,
and 100,000 evaluations in (38). Therefore, the computa-
tional cost of the simulation-based performance analysis
increases with the increase of the number of repetitions.
Note that the number of repetitions, T, should be large to get
a reliable MES estimate.

It is clearly shown in Figure 5(d) that execution time for
the Monte Carlo simulation-based MSE is much greater than
that for the analytically derived MSE even for the number of
repetitions of xx. Figure 7 illustrates that getting analytically
derived MSE is much less computationally intensive than
getting Monte Carlo simulation-based MSE, which justifies
why the analytically derived MSEs should be employed for

performance analysis.

6. Conclusions

In this paper, we propose a new performance analysis of the
conventional beamforming algorithm. For the conventional
beamforming algorithm, we derive closed-form expressions
of the estimates of the AOAs for small estimation error. The
formulation accounts for various effects such as the finite
number of snapshots, SNR, and the number of repetitions.
The formulation is based on the assumption that when the
estimation error is small, a cost function derived from the
conventional beamforming algorithm can be approximated
using the Taylor series expansion around the true incident
direction. We derive closed-form expressions of the errors of
the various estimates. In addition, closed-form expression of
the MSE of one of the estimates is derived. All the derived
expressions are validated using the numerical results and the
CRBs.
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The usefulness of the derived expression is that the MSEs
of the conventional beamforming algorithm can be available
from the derived expression without actually performing the
Monte Carlo simulation, which is illustrated in the nu-
merical results. By using the derived expression, we can get a
quantitative measure of how accurate the estimates are
without actually performing the Monte Carlo simulation.

It is shown in the numerical results that the proposed
scheme works both for uncorrelated incident signals and
coherent incident signals. Therefore, the computationally
intensive empirical MSEs are very close to the computa-
tionally efficient analytic MSEs even for coherent incident
signals, which imply that the analytically derived MSEs can
be used to quantify the estimation accuracy of the con-
ventional beamforming algorithm both for uncorrelated
incident signals and coherent incident signals.

It is also illustrated that the proposed scheme is valid for
the case of closely spaced incident signals. How closely
incident signals can be handled in the conventional
beamforming algorithm is highly dependent on the number
of sensors. Once the incident signals can be resolved in the
conventional beamforming algorithm, the proposed scheme
can be employed to get the MSEs of the estimates analytically
with much less computational complexity.

To avoid ambiguity, the elemental space between the
uniform linear array should be no greater than (1/2). In this
paper, two cases of 0.50 and 0.31 are considered. The
proposed scheme is validated for both elemental distances.

Notation

()7 Transpose matrix

()L Inverse matrix

(): Noiseless quantity

(") Noisy quantity

O Difference between the noisy

quantity and the corresponding
noiseless quantity
M: The number of sensors
d: The number of incident signals
L: The number of snapshots

a(0): Array vector associated with
azimuth 6
a; (0): ith entry of a(0)

k, = (sin8,, cos0,,0): Unit vector describing the direction
of the incident signal

Coordinate of the mth antenna out
of M antennas

The phase at the mth antenna for
the incident from azimuth 0 signal
with reference to the origin at (x =
0, y =0,z = 0) when there is no
additive noise

The noiseless signals on the antenna
elements due to all the incident
signals

The noisy signals on the antenna
elements due to all the incident
signals

z,,= ((m—-1)A,0,0):

Y (0):

x(t)):

x' (t;):
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x™ (t,): The noiseless signals on the antenna ()" The V-approximation based on the
elements due to the nth incident fact that the smallest term out of
signal four terms has been omitted

R: Sample covariance matrix () p: The quantity associated with tth
associated with x(¢;) repetition out of T repetitions.

Ry The entries at the kth row and the

R Ith column of the R Appendix

R": Sample covariance matrix

R associated with x' (¢;)
Ry The entries at the kth row and the
Ith column of the R’

A. Second-order Central Moment of Zero-mean
Complex Gaussian Random Variable with
Variance ¢>

R Sample covariance matrix
associated with x™ (t,) .

R ]iln): The entries at the kth row and the Zeszzndmg on how a,b,d, and e are related, we define four
Ith column of the R R '

F(-): The cost function associated with}( Casel:a=bandd=e

F'(): The cost function associated with R’ Case I: a#band d = e

(Vl) ). . . .

F"(.): %1(15 cost function associated with Case Il: a = b and d #e

()@ The uth order U-approximation via Case IV:a#band d#e
the Taylor series (1) E[n, (t)ng (t)]:

E[n, (ta)m, (t.)] = E[{Re[n, (t2)] + jIm[n, (t2)]H{Re[n, (2.)] = jIm [n, (£.)]}]
= E[Re[n, (t)|Re[n, (t.)] - jRe[n, (t)]tm [m, (t.)] + jim[n, (£4)]Re[m (.)] +1mn, (t)]Im [, (£)]].
(A1)

For Case I, E[n, (t;,)n; (t,)] is given by

Eln, (t4)n (t.)] = Eln, (ta)n (£2)) = E[Re[n, (t4)]Re[n, (t0)]] + E[Im[n, (£) 1m]nm, (£,)]]
5 ) (A.2)
 JE[Relm, (t) Elmn, (£)]] + FE(1m[n, (t)]ERen, (t)]] = %+ 5~ 040 = o*

Similarly, it can be shown that E[n,(t;)n; (t,)] is Using the same algebraic manipulation used in
identically zero for Cases II-IV: evaluating E[n, (t;)n; (t,)], it can be shown that
Eln, (t;)m, (t,)] is equal to zero for Cases I-IV:
E[n,(t;)n, (t,)] =0, for Casell ~ CaseIV. (A.3)
E[n, (t;)n,(t,)] =0, for Casel ~ CaseIV. (A.5)
Note that, in deriving (A.1)-(A.3), we used the fact
that the real part and the imaginary part of the noise
are independent and identically distributed with ~ B. Third-order Central Moment of Zero-mean
N(0, (6*/2)). Complex Gaussian Random Variable with
(2) E[ng (tpn; (t)]: Variance ¢>
Using the same algebraic manipulation used in
evaluating E[n, (t;)n; (t,)], it can be shown that
E(n; (ty)n; (t,)] is equal to zero for Cases I-IV:

We define ten cases depending onhow a, b, ¢, d, and e
are related:

Casel:a=bandb=cande=d

Eln, (ty)m, (t.)] =0, for CaseI~ CaseIV. (A.4) Casell: a=band b#cande=d
Caselll: a¥band b=cand e=d
(3) Eln, (), (£)]: CaselV:a=cand c#+bande=d
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CaseV:a#band b#tcande=d
CaseVI:a=bandb=cand e+d

International Journal of Antennas and Propagation

CaseIX:a=cand c#b and e+d
CaseX:a#band b#cand e+d

CaseVII: a=band b#c and e#+d
CaseVIII: a#band b=c and e+d

(1) Eln, (t)ny (£ )n, (t,)]:

a (ta)]) (Re[my ()] = jIm[m, (¢.)]) (Re[n, (t.)] + jIm[n, (¢.)])]
(ta)|Re[rm, (t)]Im[n, (¢.)]]
o (ta)|Re[m, (£.)|Re[n, ()]

o (ta)IRe[m (£)]Im [ (¢.)]]
o (ta) Jtm [y (2) [ Im [ (2.)]]-

E[n, (ta)m, (t)n. (t)] = E[(Re[n, (£4)] + jlm[n
= E[Re[n, (t)|Re[n, (t.)|Re[n. (t.)]] + jE[Re[n,

— JE[Re[n, (t4)[Im[m, (¢.)|Re[n (t.)]] + jE[Im][n

+ E[Re[n, (t4)|Tm [, (¢.)[Tm [n, (t,)]] - E[Tm[n

+ E[Im(n, (t4)]Imn, (£.)]Re[n (t.)]] + jE[Im[n

T’l
nC
(B.1)

E[n, (t)n; (t)n.(t,)] for Case I is identically zero:

E[n, (ta)m, (to)n. (t.)] = E[ng (ta)m; (ta)n, (t4)) = E[Re[n, (t4)]Re[n, (t5)|Re([n, (t)]]
(ta)|Re[n, (t4)]]E[Im[n, ()]
(ta)|Re[n, (ts)]]E[Im[n, (t;)]] + jE[Im[
1, (ta)]1E[Im[n, (t5)Im[n, (t4)]]
o (ta)]Im([n, (t4)]]E[Re[n, (t4)]]
+ JE[Im[n, (ts)Im[n, (t;)]Im[n, (t,)]]
o (D)0 (D)x00 (2] <0o(2) 0-(2 ) 0+() o xa-0

(B.2)

+ jE[Re[n,

— jE[Re[n, na (ta) | E[Re[n, (ta)|Re[n, (t4)]]

+ E[Re| ]
- E[Im[n 1]+ E[Im[n, (t;)]Im[n

o (ta)]]E[Re[n, (£4)]]

0 forCasell —CaseX. (B.3)

E[n, (ta)m, (t)n. ()] =

Note that, in deriving (B.1) and (B.2), we used the fact
that the real part and the imaginary part of noise are
independent and identically distributed with
N (0, (6%/2)).

From (B.2) and (B.3), E[n, (t,)n; (t)n.(t,)] is zero for
all ten cases defined in Cases I-X:

for Casel — CaseX. (B.4)

Using the same manipulation used in obtaining (B.2), it E|
can be shown that E[n
zero for Cases I1-X:

n, (ta)m, (t)n.(t.)] =0,
= (tnyg (t)n, (t,)]:

L (g (t)n, (t,)] is identically
(2) E[n

Eln, (ta)m, (te)nc (t)] = E[(Re[n, (t4)] = jIm[n, (ta)]) (Re[m, (£)] = jim[m, (¢.)]) (Re [ (£:)] = jIm [ne (£)])]
= E[Re[n, (t)|Re[n, (t.)|Re[n. (t.)]] + jE[Re[n, (ta)|Re[m, (¢.) [Im [~ (£,)]]
— JE[Re[n, (tg)]tm[m, () |Re[n, (t.)]] = FE[Im[n, (t2)]Re[n, (£.)|Re[n (¢.)]]
+ E[Re[n, (ta)[Tm [, (¢.)[Tm [~ (£)]] + E[Tm[n, (t2)|Re[m, () [Tm [~ (£)]]
g (t4)[Im [, () |Re [ (¢:)]] = FE[Im [, (£4) [Im [, (2) [Im [ (2)]]-

- E[Im| n,

(B.5)
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In a similar way to obtain (B.4), we obtain

E(n; (ty)n, (t.)n.(t,)] =0 forCasel- CaseX. (B.6)

C. Fourth-order Central Moment of Zero-mean
Complex Gaussian Random Variable with
Variance ¢

E[m (t;)my (t:)me (t )ny (t7)]
=E[{Re[n (t,)] + jIm[n (t;)]H{Re[m (t;)] - jIm [n, (;)]}
ARe[my (t)]+ jIm [ (t7)]H{Re[ny (£;)] + jIm [ny (;)]}]-
(C.1)

E[Re[m (t;)]Re[r (1;)|Re[m (t;)|Re[ny (1;)]]

E[Re[n (t;)|Re[n (1;)]|E[Re[n (t;)|Re[ny (£;)]]

E[Re[m (t;)|Re[me (1;)]]E[Re [y (1)) [Re[ny (£;)]]

15
(@i=1i
Fori =i, (C.1) can be written as
M M o) UM O s
Z z<sz(9n Ry, ) + Z Z(fkl(en )ORy )
1=1 k=1 I=1 k=1
(u=1) v/ d & ()
#0000y Y (4 fkl(e)’&@r(‘o)Rkl (C.2)
I=1 k=1

(u=1) MM d . (n)
+ 66, Z Z @fkl (0) ’ 6-g0ORyy | = 0.
121 k=1

The first term of (C.2) is given by (C.4), where the
results in Appendix A and Appendix B are used:

IRel ()Rel ()IRe D ()IRel ()] =3(5 ) =3 k=I=Kok =T,
E[Re e (6)Re (6 JRe 1 () ELRe e (6)]] = 0, K=LI=K.K 41,
E[Re [ () Relm (&) JRel1 (1) JERe e (6)]] = 0 K=LI=1.0 4K,

B[R () Relm () Re iy (1) JERem (6)]] = o K=Kk =100 41
E[Relm (6)]Remy (6)]Re e (6)]JE[Relm, (6)]] = o L= KK =10 K,

o 2 1
( > = g%, k=L1#K, K =1,
4
2\ 2
:(“—) Ly k=k K +L1="1,
2 4
2\ 2
(”) L k=11'#L1=K,
4 (C.3)

x0=0, k=LI#k kK'#I'l'#k,

E[Re[rm ()] Reme (t)]JE[Rem (e)]]E[Relms ()] =( % ) x0= 0, k=K K #L1#1,1' ¢k

x0=0, k=0 1I'#L1#k kK #k,

x0=0, I=kK,k#kk#l'l'+k

E[Ren (t) Re[m, (t)]JE[Re[ny (1) JE[Re[m, (6)]] =( & ) 0 =0, 1=1'1' #k kKK #1,

E[Re[rm (2)]Re[ry (6)]]E[Relm, (6)]]E[Relm (1)]] =( T ) x0=0, K =11 £k k#LI%K,

E[Re [ (1) VB [Re m (1) 11 E [Re mg ()]} Rl (8)]] = 0, otherwise,
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E[Re(n (t;)|Re[m (¢,)]] E [Im [y (£;)]tm [ny (£;)]]

[ E[Rem, (t)]Re[ (6] E[Im [ (6)]im [y (8)]] = 30°, K =L1=K,K =1,
(C.4)
=) ElRelm (6) Relm (1) JE[im [ (6)]im[m (6)]] = 3o,k =LI#K,K =1,
| E[Re[mg (&) Re[m ()] E[Immy: ()] tm[ny (£)]] = 0, otherwise,
E[Re[m (1) Re[ry (£)]E[1m [ (&) ] 1m [ (1]
| E[Re[n, (t)]Re[ (8) JE[tmm (6)]im e (6)]] = o', k=LI=K\K =T,
(C.5)
=1 E[Relm (6 Relm (6)]JE Imm (1)) im[m (1)]] = 10 k=10 11 =K,
E[Re[rm (t)IRe [ (t)]JE[Im [ (£ im[me (£)]] = 0, otherwise,
E[1m{m (t)]1m [ (t) ) [Re e (&) ey (1)]]
[ E[1m [ ()]t [ (6)]]ERe [ (8) Relme (6)] = 3o, k=LI=K K =1,
(C.6)
= Elim{n, (2)]tm [ ()] [Reme (6)]Relrm (1)]] = 1o,k =LI#K,K =1,
E[1m(n, ()] 1m [ (2)]JE[Re[me (&) Re[m (£)]] = 0, otherwise,
E[Re[n, (ti)]Re[nl’ (t)]]E[Im[my (ti)]lm[nk' (tl)]]
[ E[Re[m (1) Relmy (6)]E[m [ (6)]im e (6)]] = 3o, k=LI=K K =1,
(C.7)
=1 ElRelm (t) Relny (6)]]E[Imm, (6)im[n (6)]] = 1o, k=K, K #L1=1,
| E[Re[m (t,)]Re[n (t,)]JE[Im [ ()] Im g (£)]] = 0, otherwise,
E[Re[r (1) IRe [y (t,)]JE[Im s (t)]1m [y (1)]]
E[Re(m (t) Re[me (6)]]E[Im [ (1)) im e (8)] = 30,k =LI=K K =1,
(C.8)
= ElRelm (8)]Relme (6)]]E[Imm, (1) im[y (1)]] = 10, k=10 11 =K,
| E[Re[m (t)]Re[me (t)]]E[tm [ (1) ]tm [y (£)]] =0, otherwise,
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E[Re[m (t;)[Re[me ()] E [Im [y (;) [ Im [y (£:)]]

E[Re [ (1) Reme (6)]JE (i (e (1)]] = 20, k= L1= KK =1,
(C.9)
= | EIRe[re (6)Re e ()] E[1m o (60 m o (e)]) = 2o*, k= Kk #10 =1
| E[Re[rn (¢)]Relme ()] (6)]im [ (1)]] =0, otherwise
E| m [ () 1m [, ()1 g, (8 [ 1] m, (1] |
' E[Im[nk (t)]Im [, (t,.)]Im[nk, (t,-)]Im n, (t,»)” - Za‘*, k=11=knk =11,
E[Im[n, (¢,)]Im[nm, (ti)]]E[Im[nk, (t,.)]lm[n,, (t,-)“ - ia‘l, k=11%kik =11,
(C.10)
=14 E|Im|[n (t;)]Im]|n (¢t;) | [E|Im|[n; (t;)]Im|n; (t; =la4, k=krkr#L1=10,
k k/ 1 ) I 4
E[1m[n, (ti)]Im[nl, (ti)]]E[Im[n, (t,.)]Im[nk, (t,-)“ = ia‘*, k=111 #11=k,
E —Im[nk () |Im[n (ti)]Im[nk, (ti)]lm n, (t’)H =0, otherwise,
E|m (t:)n) (t)my (t:)m, (ti)]
§a4 +la4 —104 +la4 +la4 —104 +lor4 + é04 =20%, k=IL1=kt, k=1,
4 4 4 4 4 4 4 4
104+l(74+104+104:a4, k=1L1+kr, kr =11, (C.11)
_ ] 4 4 4 4
la4+la4+la4+la4=<74, k=kt ki1, 1=1r,
4 4 4 4
L 0, otherwise.
Using the same scheme in getting (C.4), the other (C.4)-(C.10), E[ny (t)n] (ti)nz (t)m, (£,)] in (C.2) is

terms of (C.2) are given by (C.4)-(C.11). From given by (C.11).
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(b) i#ir:

B[ e (e (£, (£, )| = B[ Relme (6)IRe I 1) Re

)[Rl (1)

]
+E :Re[nk (t;)]Re[ny (ti)]lm[nk/ (til)]lm[”l’ (ti’)] ]

(C.12)
+ E|Im[ny (t;)]Im[n (ti)]Re[nkl(ti,)]Re[nl,<ti,)] ]
+ E|Im[ny (t;)]Im[n (ti)]Im[nk,<ti,>]Im n,,<t,-,)] ]
Using a similar way to get (C.ll), for i#i/,
E[m (t)n; (t)n] (t;)m, (;)] is given by
(1 1 1 1
ot o' +-0*+-0*=¢", (k=landl =K andk =1),
4 4 4 4
E|m (t;)n/ (E)mj(h,)m,(h,)] = 4 104 N 104 . 104 N 164 _ gt (k= landl#K andk =1') ’ (C.13)
4 4 4 4 ’
L 0, (otherwise).
D. Derivation of E [8§lk6§;k,]:
R L
Ry=71 Z Xt + Yt tmtixgt + Yttt
=1
1 & . . . (D.1)
=1 Z XX b+ Xy o+ Yt
i=1
YRV Xt b Xt Y gt
. 1&
Rkl = Z Z xktixl*ti, (DZ)
i=1
I
ORy == ) xitiyiti + yitix[t; + vty t;
L ; i i i i i i (D.3)

Xt + Yt b+ mtix [t )t

i

From (D.3), due to the fact that noiseless signals are not noise are zero-mean Gaussian distributed with variance
stochastic and that the real part and the imaginary part of  (0%/2), E[8R;;0R,#] is given by
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E[6Ry0R ;] =

1

L
2 Z Xty tixy ty yrty

i=1

Mt‘*

]
—

l
Xy iy tixpty Yty iy G yety + yitixg tixg ty yrty
s # # s s #

T ytix iy tixpty + yitix Gyt yety + ity tixe te yrty

Yty tiye tixpty + Yty tiye ti yrty

1

L
L2 Z Xty tixg te + ye tiE[nyty]

=1

+ Xty txpty + yrt E[mg by ] + yrtixg txg ty + v tyE[myty ]

+ytixg txpty + ity E[ng ty ] + yitiy txg ty + yp i E[mpty | + yitiy tixpty + ypt Eng t ]
+ Xt + yitixg tyrtyElnf ] + i + yitiye texp i E[m G] + xt + ity ty et E[m 8]
+xt+ yitixg iyt Elmt ] + 50t + yi Gy txpt E[mt ] + )t + y iy ty et E et

| L
iy

T VK ti'xl'ti'E[nktinl*ti] + et vt E[mting t;]

+ ity GE [ timpty ] + it + yitixety + ye by

E[mtnpty] + xit; + yitixpt; + ypty E[m g ty]

+xp tyypty E[mtim t]

Mr«

Il
—

xit; v LE[mg tymgty]

u Mh

+
NN| —
M=
™=

I
—_

xiti + Yt E[m tng tynpty ]

N*.—

l
+x/t;+ y GE[mtimg tympty ] + X0ty + yo t E [t ting ty ]

+xpt; + ypty E[nkt gty ]

E[mtn t;n tingt;]. (D.4)

H Mh

t‘*|._.

From Appendix A and Appendix B, it is shown that the

followings are identically zero:

Xt + yitixpty + yrtyE[nf ety
X[t + y tixg by + ye tyE[mtmyt;
xit; + vt E[nf tmg tympt;

(D.5)
x,t; + y, E [mt g tyngty

xpty + yetyE[mtm tingty ] =

1

e e e e ey

xpty + yrty E[mtnting t;
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Use (D.5) in (D.4), and (D.4) is simplified to

L L
E[‘SRklaRkl == Z Z Xty tixg trypty + Xyttt
i=1 {01
+ Xt Vit Y te Yt + Yt Xt it
+ YRbX] G Xt VX LYt it + Yk
BYItxE t ity + iy tye ti Xt + ity iyt it
1 &8 (D.6)
L—ZZ ty LE[ng timpty ] + yitix GE[ng tympty]
170
+ Yty GE g timpty ]| + Xty + yrtixg by + yity
-E[mtmt;] + yty yrt E[mt g t;]
+x/t;+ ytixpty + yrty E[ming ty] + v texpt E [t )]
+xp bty yrty E[mtmt;] + E[mtng tng: tinpty ],
where the second moment and the fourth moment in (D.6) (1) k=landl = k" andk' =1":

are derived in Appendix A and Appendix C, respectively.
Finally, E[ (5R)kl (5R)kl ] is given by

Xk Y tixg b yrty + iyt g tixpty + it vt vt
Yt Xt Yty + Yt Lyt Xty
SISyt Gy L Yty + by g Lyt
YRtV Y Xty + Yty e Lyt
IR T . .
+ ?‘7 ;xktiyl Lyt G+ Yty g
Xt Ybixg Gt Yt Xt Yt +

+ X Lyt + Y txpt + Yty

1 2 L& * * *
+ 50 Z Z Xty i+ yitixg t+ Yty €
s (D.7)

* 2 4
Xty it + Y tyxpty + yptiypty + L = Lo
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(2) k=1landl = k' and k' #1':
Xty g by ety + Xty by bty

* * * *
Tty Lyt ety + yitix tixe ty yrty
1

L
* * * *
2 Z typtix Gy tixpty + yitix iyt yrty

i=1
* * * %
Yty Xty yrty + ity Gy trxpty

Mh

I
—

[;

YRty Gy vty
L

Z (bt Y Xt + it

i=1

+xp iyt + yp it + ye tyrt

)1
L

&Mh

(D.8)

(3) k=1landl=1and!l +k':
Xty X by yrty + Xt Yty bt

HXREY YRt Yty + Yt Xty vty

1
L’

LM“

L

Z HYRtX LY Xty + Ytix LYt ity

: * * * *
ity Xt yrty + ity Gy trxpty

YRty et ity

1 ¢ . .
0= Z Xt + yitixp G+ Yt
i=1

gyt yp Xt + ye iyt

s c
)

i=1

M=

s * *
Xt yrty + yp tixpty + ypty yrt;.

I
—_

(D.9)

L
Z Xty yrty + yp tixpty + Yty yrty.
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(4) k=k andk' =1"and!l' #1:

Xty tixe tyrty + iy Gy tyxpty

* * * *
Tty Ly iyt + yitix Exge ty yrty
1

L
* * * *
2 Z tybix Gy trxpty + yitix Gy teyrty

i=1
% * * %
Yty Xty yrty + vty Gy trxpety

Mh

I
—

[;

YRy Yt vt

| L
2 * *
t0'— Z Xyt + yitixg
L"iF
* # *
Yyt Xty et + et

21 ¢
+O'PZ

i=11

™M=

Xty i+ it t+ ity t

1
(D.10)

(5) 1 =k'andk' =1 and!' #k:
Kty tixg ty yrty + Xt vty tixpt;

Hb Y g tr Yty + Ytix g byt

1
L’

LM“

L

z HYRtiX LYt Xty + Ytix Lyt ity

: * * * *
ity tixe tryrty + vty Gyt xpty

Tyt et vty
1 L
0= Z Xty b+ yitixg t;
i-1

FYRE Yt Xl Yt Yt

51
L

LM~

L
* * *
Z Xty t+ Yt G+ Yty t

(D.11)
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(6) k=landl#k'andk' =1":
Xt Yt ty yrty + Xty Gy trxpt

* * * *
Xty Ly ety + yitix Xty yrty

LM~

1 © % . s )

L_ Z YREX Yt Xt + Yttt yt
YRty gty ety + Yty Gy tixpt
Yty tiye tyrty

L
1 2 % * %
+P o Z Xty i+ Yt t + Yyt
i-1
% * 4
+xp byt + yp tixpt; + ye tiypt; + Lo
(D.12)
(7) k=k"andk’ #1landl =1":
Xty tixg ty yrty + Xty iy texpt
* * * *
Tty Ly iyt + ytixg Gxg ty yrty
| L1

Iz Z Z typbix Gy trxpty + yitix iy teyrty

i=14=1

Yty g ty vty + by g texpty

* *
ity tiye tiyrty
1 ,¢
* *
+ 2’ Z Xt + Yrtixp b+ Yt
i

Xt + y txpt; + ypt, + Lo,
(D.13)

(8) k =k'andk' #1landl+!' and!’:

Xty tixg ty yrty + Xty iy tixpt

FXRE YTVt Yty X EX vt
| L1
2 Z Z typbix Gy trxpty + yitix Gy teyrty

i=14=1
Yty gty vty + by g texpty
by e byt
L

1
2 %
o P Z X[t + yitxpt + yrty.

i=1
(D.14)

(9) k' =1'and!' #+kandk#landl#k":
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* * * *
Xty tixe ty yrty + Xty Gyt xpty

b Y Yty Yty + YRbx EXE
1

L
* * * *
2 ¢ Z Tyrtix tiye trxrty + yitixp iy ty yrty

1i=1

Mh

Yty tixe tyyrty + Yitiy iy ti xpty

YRy Yt vt

1 L
2
s Z Xyt + Yetx Yty

i=1

1 &<
PU Z Xty Yibix o+ Yyt

Li=1

Mh

(D.15)
(10) I =1'and! +kandk+k' and k' +1:
Xyt e Yty + Xty g texpty
XY Y L Yty + Vi) G Lyt
L L
% ;; YRt LY Xty + Y iy ety

FYREYEXE L Yty + Yty g texpt

% %
Yty tiye ti yrty

Mh

51
+0—2

* *
I Xt + yrtixp b + y t

Il
—

(D.16)
(11) k=landl#k’ andk' #1' and!' #k:
Xty Xty yrty + Xy Gy tixpty
XY LYt Yty + it L
L L
% ;; Yt Y Xty + VX gt yrt

Yty Xty yrty + vty Gy trxpty

YRy Yt vt

+0—Zxktyzt +ye Xt + YRty

1 5 L L
+ 20 Z Z xk*’ ti'yl'ti' + )’;: t,-'xl'ti' + yl: ti’yl'ti"

2
L 33

(D.17)
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(12) Otherwise,

Xt Yt ty yrty + Xty Gy trxpt
* * * *
Xty Gy ety + yitix G xg ty yrty
1 L L
* * * *
I Z tyrtixg iy tixpty + yitix iyt yrty
i1

1

i=1
* % * *
ity X iyt + ity iy trxrty

YRty iyt vty
(D.18)
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