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'e calculation of electric field in space excited by thunderclouds is an important basis for lightning warning and protection. In
numerical calculation of the electromagnetic field, it is often necessary to perform multiple loop nesting calculations on several
triple integrals, which consume a lot of computing resources. In order to shorten the calculation time and improve the calculation
efficiency, the electric field excited by the charged thunderclouds in space is theoretically derived with the analytical method by the
thundercloud cylindrical charge pile model and based on the electrostatic field theory. 'e complex integrand function is
approximated, so that the analytic expression of electric field in space is obtained in this paper. 'rough simulation and
comparison, it is found that the approximate solution and the exact solution are similar in size, the change trend is the same, and
the approximate analytical expression can be used for the approximate calculation of the electric field in a short range. Under
certain conditions, the approximate solution can be converted into an accurate solution, which can be used for the accurate
calculation of the electric field. Approximate calculation not only simplifies theoretical derivation but also improves calculation
efficiency. 'e calculation time has been shortened from tens of hours to less than one second by using different calculation
methods, which is a difference of 7 orders of magnitude. With approximate analytical expression, the electric field excited by
charge pile with typical structures in thunderclouds in space is calculated and the characteristics of that are analyzed in this paper.
For lightning protection of mobile targets, approximate calculation is of great significance in shortening the lightning warning
time and enhancing the protection effect.

1. Introduction

Lightning is a strong ultra–long-distance atmospheric dis-
charge and a common geophysical phenomenon [1, 2]
whose mechanism is complex, and the degree of harm to
human life and production cause serious damage, so
lightning protection is always an important research topic
[3].'e research on the physical nature of lightning began in
the Franklin era [4, 5].'e research on the physical nature of
lightning began in the Franklin era. After more than two
centuries of observational research, lightning protection has
evolved from direct lightning protection to the use of
multiple methods [6] to comprehensively protect direct
lightning and lightning electromagnetic pulses [7–9]. 'e
lightning pilot model [10], pilot discharge simulation [11],

and other issues are still research hotspots in the fields of
lightning physics and lightning protection.

Mastering the characteristics of the electric field distri-
bution of thunderclouds is of great significance for in-depth
study of the physical mechanism of lightning, conducting
pilot discharge simulation, and carrying out lightning early
warning and protection. 'ere are two main methods for
modeling thunderclouds. One is to start from the theory of
thunderclouds. By establishing coupling equations, given the
boundary value relationship, the structure of thundercloud
can be obtained by numerical calculation [12–16]. 'e dy-
namic change process of thunderclouds can be obtained by
this method, but it consumes huge computing resources and
the analytical expressions cannot be obtained. 'e other is
not to consider the mechanism of thunderclouds and use
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mathematical and physical methods to obtain a simple and
effective thundercloud structure based on the electric field
observation data in practice [17–19].

However, this method still cannot get a more concise
analytical expression, and complex calculations consume a
lot of calculation time, and it is not suitable for occasions
with high timeliness requirements, for example, the light-
ning early warning for a maneuvering target; if the calcu-
lation time is more than tens of hours, it is impossible to
know whether the maneuvering target will be threatened by
thunder and lightning and it is impossible to give an early
warning of whether the maneuvering target needs to be
protected.

In order to obtain amore concise analytical expression of
the thundercloud electric field, shorten the calculation time,
and facilitate the study of the lightning discharge law, this
paper uses the thundercloud cylindrical charge stack model
to simulate the charge carried by the thundercloud based on
the electrostatic field theory [20]. It is a method to theo-
retically derive the electric field excited by thunderclouds in
space. 'e approximate analytical expression of the electric
field in space is obtained through approximate calculation,
and the electric field excited by the typical thundercloud
structure in space is calculated and analyzed by the ap-
proximate analytical expression. Compared with accurate
calculation, approximate calculation has small error and
short calculation time, which improves calculation efficiency
and saves calculation resources.'e approximate calculation
method can be applied to the calculation of lightning electric
field within a short distance, laying a solid foundation for
rapid lightning early warning and effective protection.

2. Theoretical Derivation of the Approximate
Calculation Method of Thundercloud Space
Electric Field

'is paper uses the classic thundercloud cylindrical charge
pile mode [21, 22], Figure 1.

According to the electrostatic field theory, the electric
charge carried by thunderclouds excites an electric field in
space. Under the action of the electric field, induced charges
appear on the surface of the Earth. 'e electric field in space
is formed by the superposition of the electric field excited by
thundercloud charges and the electric field induced by the
induced charges on the Earth’s surface. First, the electric
field excited by thundercloud charge in a cylindrical coor-
dinate system is solved. Assuming that the volume charge
density of a uniformly charged cylinder model is ρ, a point
P′(r′,φ′, z′) in the cylinder is randomly selected as the
coordinate of the charge element and the orientation is
positive, the electric field dE generated by the charge element
ρ dv′ at the observation point P(r,φ, z) is

dE(r,φ, z) � −
ρ dv′

4πε0R
3

R. (1)

Among them, R is the vector diameter between the
thundercloud charge element and the observation point,

R �

�������������������������������

r′2 + r2 − 2r′r cos(φ − φ′) + (z′ − z)2


, ε0 is the

vacuum permittivity, and the component of the electric field
along the z-axis is dEz:

dEz(r,φ, z) � −
ρ dv′

4πε0R
2

z′ − z

R
ez, (2)

where ez is the unit vector in the z-direction.
For the volume of the entire cylinder, the electric field Ez

excited by the thundercloud at the observation point
P(r,φ, z)can be obtained as follows:

Ez(r,φ, z) � 
V
dEz(r,φ, z)

� −
ρ

4πε0


h2

h1


2π

0


a

0

z′ − z

R
3 r′0r′0φ′0z′ez.

(3)

According to the mirror image method, the effect of the
ground-induced charge on the electric field in space can be
replaced by the mirror image of the thundercloud relative to
the ground, so that the boundary conditions can be satisfied
without affecting the charge distribution in the space. 'en,
the electric field Ez excited by the thundercloud image at
P(r,φ, z) is

Ez(r,φ, z) � 
V

−
ρdv′

4πε0R
2

z′ + z

R
ez,

� −
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h2
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2π

0


a

0
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R
3 r′0r′0φ′0z′ez.

(4)

Among them, R is the distance between the thunder-
cloud image charge microelements and the observation
point, R �

�������������������������������

r′2 + r2 − 2r′r cos(φ − φ′) + (z′ + z)2


.
'erefore, the total electric field Ez excited by a charged

thundercloud at any point P(r,φ, z) in space is

Ez(r,φ, z) � Ez(r,φ, z) + Ez(r,φ, z),

� −
ρ

4πε0


h2

h1


2π

0


a

0
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R
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(5)

'e abovementioned formula cannot give a precise
analytical expression; it can approximate the complex in-

tegrand; let R′ �
���������������

r′
2

+ r2 + (z′ − z)2


; then, 1/R3 can be
expressed as

1
R
3 �

1

r′2 + r
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2

 
3/2,
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(6)
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Because r′2 + r2 − 2r′r cos(φ − φ′)> 0, (2r′r cos(φ−

φ′)/ R′
2
)< 1, it meets the condition of binomial expansion, so

we can expand 1/[1 − 2r′r cos(φ − φ′)/R′2]3/2 as a binomial
expansion, and we can get

1

1 − 2r′r cos(φ − φ′)/R′2 
3/2 � 1 +

3
2
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R′2

  +
3 · 5
2!22
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2

+ · · · +
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+ · · · ,
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n�0
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n

.

(7)

Substituting formulas (7) into (6), we can get

1
R
3 �

1
R′

3 
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n�0

(2n + 1)!!

n!2n

2r′r cos(φ − φ′)
R′

2
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. (8)

When n takes an odd number in the abovementioned
formula, substituting the odd power term of cos(φ − φ′) into
formula (3), the integral is all 0. Taking the first term of the
binomial expansion to approximately replace 1/R3, letting
1/ R′

3
≈ 1/R3, and substituting it into formula (3), we get
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Figure 1: 'undercloud cylindrical charge pile model.
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In the same way, letting R′ �
����������������

r′2 + r2 + (z′ + z)2


, after
approximate processing, letting 1/ R′

3
≈ q1/R3, and

substituting formula (4) into the integral, we can get
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'erefore, the approximate solution of the total electric
field Ez excited by a charged thundercloud at any point
P(r,φ, z) in space is

Ez(r,φ, z) ≈ −
ρ
2ε0
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(11)

3. Simulation Verification and Discussion

Formula (5) is an accurate solution of the electric field in
thundercloud space. Because of the triple integration in-
volved, it is impossible to obtain a more concise and accurate
analytical expression, and the calculation time is longer. In
order to improve the calculation efficiency, approximate
processing is carried out to obtain formula (11), which is the
approximate analytical expression of the electric field in
thundercloud space.

In order to verify the correctness of the formula deri-
vation and the rationality of the approximate processing, we
take the volume charge density of the charged thundercloud
as ρ � 0.5 nC/m3, the thundercloud radius as a � 3 km, and
the height of the upper and lower boundary of the thun-
dercloud from the ground as h2 � 8 km and h1 � 3 km,
radius r � 0 ∼ 5 km, and height z � 0 ∼ 3 km under the
thundercloud as the calculation area.

Figures 2 and 3 are the electric field distribution dia-
grams of a charged thundercloud in space, Figure 2 is a
schematic diagram of the exact solution, and Figure 3 is a
schematic diagram of the approximate solution. From the
comparison of the two figures, it is found that the ap-
proximate solution and the exact solution are similar in size
and the change trend is consistent.

'e electric field distribution on the ground surface is
widely used in theoretical calculations and experimental
studies. Figure 4 shows the comparison between the ap-
proximate solution and the exact solution of the surface

electric field distribution, and Figure 5 shows the relative
error between the approximate solution and the exact so-
lution of the surface electric field distribution. It can be seen
from the two figures that, on the ground surface, the smaller
the distance r between the observation point and the axis, the
smaller the error between the approximate solution and the
exact solution; when r � 0, the approximate solution and the
exact solution are equal, and the error is 0; the greater the
distance r from the z-axis, the greater the error between the
approximate solution and the exact solution, but even at a
distance of r � 5 km, the error between the approximate
solution and the exact solution is less than 15%, indicating
that the approximate solution can be used in close range.
Approximate calculation of internal electric field is given in
the following.

'e electric field intensity directly below the thunder-
cloud is widely used in pilot discharge simulation and
lightning protection research. Figure 6 shows the compar-
ison between the approximate solution and the exact so-
lution when r � 0, and Figure 7 shows the relative error
between the approximate solution and the exact solution
when r � 0. It can be seen from the two figures that when the
observation point is located on the z-axis directly below the
thundercloud, the larger the z is, the closer the observation
point is to the thundercloud and the greater the absolute
value of the electric field intensity; the smaller the z is, the
greater the observation point and the thundercloud are. Far,
the smaller the absolute value of the electric field intensity,
the electric field change trend conforms to the electrostatic
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field distribution law. More importantly, at the distance of
r � 0, no matter how z changes, the approximate solution
and the exact solution are always equal; that is, whenr � 0,
the approximate analytical expression is transformed into an

accurate analytical expression, which can be used for ac-
curate electric field calculation.

Approximate processing not only simplifies theoret-
ical derivation but also improves computational effi-
ciency. MATLAB software is used to use the triple integral
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of formula (5) and the approximate analytical expression
of formula (11) on a computer with a processor of Inter(R)
Core(TM) i7-4500U CPU @ 1.8 GHz 2.4 GHz and a
memory of 4 GB. 'e formula calculates the electric field
of thunderclouds. It can be seen from Table 1 that, on a
computer with the same configuration, it takes 64.407
hours to calculate with the exact solution; the calculation
takes 0.012 seconds with the approximate solution. Using
different calculation methods, the calculation time differs
by 7 orders of magnitude. In electromagnetic field cal-
culations, it is often necessary to perform complex loop
nesting calculations on several triple integrals. Long-term
calculations are not suitable for scenarios with high
timeliness requirements, such as an important target
encountering thunderstorms during maneuvering. If
approximate processing and rapid calculation are not
performed, it is impossible to quickly predict whether the
target will be threatened by thunder and whether pro-
tection should be launched. 'erefore, approximate cal-
culation will play a huge role in the rapid warning of
maneuvering targets.

In summary, the theoretical derivation of the approxi-
mate calculation method of the thundercloud space electric
field in this paper is correct, the approximate treatment of
the formula is reasonable, the advantage of approximate
calculation is obvious, and approximate calculation is
necessary in practical applications.

4. Calculation andCharacteristic Analysis of the
Spatial Electric Field of Thunder Clouds

'e electric field generated by a typical four-layer cylindrical
thundercloud in space is calculated in the following. Figure 8
shows the thundercloud cylindrical four-layer charge stack
model, where i is the number of layers of the charge stack, ρi

is the volume charge density, ai is the thundercloud radius,
and hUi and hLi are the height of the upper and lower
boundary of the thundercloud, 'e parameters of the four-
layer charge stack are shown in Table 2.

'e electric field generated by the thundercloud four-
layer charge stack in space is simulated. Figures 9 –12 are,
respectively, the schematic diagrams of the electric field
distribution on the longitudinal section of y� 0, y� 2000m,
y� 4000m, and y� 6000m; Figures 13–16 are, respectively,
y� 0, y� 2000m, y� 4000m, and y� 6000m electric field
contour diagrams on the longitudinal section.

It can be seen from Figure 9 that the spatial electric
field on the y � 0 longitudinal section is symmetrically
distributed with x � 0 as the axis, which is caused by the
symmetrical distribution of the thundercloud four-layer
charge stack with the z-axis as the center. 'e absolute
value of the positive and negative peaks of the electric field
in the thundercloud space decreases with the increase of
the distance between the observation point and the
thundercloud, which conforms to the characteristics of

Table 1: Comparison of calculation time between approximate and accurate solutions.

Electric field calculation method Using approximate solution formula (11) to solve Using exact solution formula (5) to solve
'e calculation time (s) 0.012 231865.2
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Figure 8: 'undercloud cylindrical four-layer charge stack model.
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the law of electrostatic field. In the electric field excited by
the thundercloud four-layer cylindrical charge stack, two
electric field positive peaks and one negative peak appear
at the position between the first- and second-layer charge
stacks and the third- and fourth-layer charge stacks.
Between the second and third layer of charge piles, the
three peaks appearing in the gap positions between the
charge stacks are caused by the different polarities of
charges carried by different charge stacks. It can be

predicted that when the observation point is farther from
the thundercloud, that is, the value of y is larger, the peaks
and troughs of the electric field are closer to a certain
electric field value. When y �∞, the spatial electric field
distribution does not fluctuate and is a constant value
because when y �∞, the four-layer charge stack of the
thundercloud can be regarded as a point charge at the
observation point and the thundercloud has a single
charge polarity and a fixed amount of charge.

Table 2: Four-layer charge stack parameters.

'e location of the
charge pile i

Bulk charge density
ρi/nC · m−3

'e radius of the
thundercloud ai/m

'e height of the upper
boundary hUi/m

'e height of the lower
boundary hLi/m

Level 1 −0.65 5000 10000 9200
Level 2 0.65 5000 8900 6000
Level 3 −0.65 5000 5500 2600
Level 4 0.65 1500 2500 2000
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5. Conclusions

'is paper proposes an approximate calculation method for
thundercloud space electric field. 'is method can not only
obtain concise analytical expressions but also shorten the
calculation time and improve the calculation efficiency,
laying a solid foundation for rapid lightning early warning
and effective protection.

Approximate calculation is compared with accurate
calculation result: similar size and consistent change trend;
approximate calculation can be used for approximate cal-
culation of electric field in a short range; when the obser-
vation point is on the central axis of thundercloud, the
approximate analytical expression is transformed into an
accurate analytical expression, which can be used for ac-
curate calculation of electric field.

'e approximate calculation method is used to calculate
the electric field excited by a thundercloud of typical
structure in space, and the electric field distribution char-
acteristics are analyzed, which lays the foundation for the
next step to study the law of lightning discharge and carry
out pilot discharge simulation.

Data Availability

'e data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

'e authors declare that they have no conflicts of interest.

Acknowledgments

'is project was supported by the National Natural Science
Foundation of China (Grant No. 51707203) and the Key
laboratory Foundation (Grant No. 6142205200401).

kV/m
–120

–100

–80

–60

–40

–20

0

20

40

60

0

2

4

6

8

10

12

z (
km

)

–4 –2–6 2 4 60
x (km)

Figure 13: Contour of potential distribution on the longitudinal
section while y � 0.

kV/m
0

3

6

9

12

z (
km

)

–3 0 3 6–6
x (km)

–40

–30

–20

–10

0

10

20

30

Figure 14: Contour of potential distribution on the longitudinal
section while y � 2000m.

kV/m–3–6 3 60
x (km)

0

3

6

9

12

z (
km

)

–15

–10

–5

0

5

10

Figure 15: Contour of potential distribution on the longitudinal
section while y � 4000m.

kV/m
0

3

6

9

12

z (
km

)

–4 –2–6 2 4 60
x (km)

–5

–2.5

0

2.5

5

Figure 16: Contour of potential distribution on the longitudinal
section while y � 6000m.

8 International Journal of Antennas and Propagation



References

[1] H. Yu, &e Basis of Modern Lightning Protection Technology,
Tsinghua University Press, Beijing, China, 2005.

[2] R. Zeng, X. Zhou, Z. Z. Wang, C. J. Zhuang, Z. Q. Yu, and
J. L. He, “High voltage,” 2015.

[3] G. Piparo, R. Pomponi, C. Kisielewicz, and A. Rousseau, “An
international journal devoted to research and new applica-
tions in generation, transmission, distribution and utilization
of electric power,” Electric Power Systems Research, vol. 188,
Article ID 106531, 2020.

[4] R. H. Golde, Physics of Lightning, Academy Press Inc),
London, UK, 1977.

[5] V. A. Rakov and M. A. Uman, Lightning: Physics and Effects,
Cambridge University Press, Cambridge, UK, 2003.

[6] A. P. Sun, M. H. Yan, H. F. Zhang, and Y. J. Zhang, Plateau
weather01 32-42, 2000.

[7] Y. Z. Chen (Shijiazhuang: Ordnance Engineering College
Ph.D. Dissertation), 2002.

[8] Wen W. 2004 Ph. D. Dissertation (Wuhan: Wuhan
University).

[9] M. Wei, Lightning Electromagnetic Pulse and its Protection,
National Defense Industry Press, Beijing, China, 2009.

[10] W. J. Chen, H. X. He, J. J. He et al., “Electronics and electrical
engineering,” Proceedings of the Chinese Society For Electrical
Engineering, vol. 34, pp. 6601–6612, 2014.

[11] H. J. Wan, G. H. Wei, Q. Chen, and Y. Z. Chen, “High
voltage,” A Review of Electrolyte Materials and Compositions,
vol. 39, pp. 430–436, 2013.

[12] Tan Y. B. 2006 Ph. D. Dissertation (Hefei: University of
Science and Technology of China).

[13] Y. B. Tan, S. C. Tao, B. Y. Zhu, M. Ma, and W. T. Lv,
“Modulation recognition of digital multimedia signal,”
Journal of Geophysics, vol. 4, pp. 1053–1065, 2007.

[14] B. J. Mason,Cloud Physics, Science Press, Beijing, China, 1979.
[15] I. Tzur and Z. Levin, “Ions and precipitation charging in warm

and cold clouds as simulated in one-dimensional time-de-
pendent models,” Journal of the Atmospheric Sciences, vol. 38,
pp. 2444–2461, 1981.

[16] Takahasi T 1974 Atmospheric Science31 2160-2181.
[17] Q. Chen and G. H. Wei, “'e SEG research committee’s

second annual review of current developments in exploration
geophysics,” Progress in Geophysics, vol. 5, pp. 1617–1622,
2010.

[18] Q. Chen, G. H. Wei, and H. J. Wan, “Seismic features of
vibration induced by mining machines,” Journal of Geo-
physics, vol. 9, pp. 2237–2243, 2010.

[19] X. W. Li, K. P. Sun, and G. F. Yu, “Explosives ordnance
engineering,” Journal of Ordnance Engineering College, vol. 18,
pp. 5–8.

[20] S. H. Guo, Electrodynamics, Higher Education Press, Beijing,
China, 2008.

[21] L. Francesco, Q. M. Li, and Q. Q. Li, Electromagnetic Com-
patibility in Power Systems, China Machine Press, Beijing,
China, 2008.

[22] V. Amoruso and F. Lattarulo, “'undercloud pre-stroke
electrostatic modeling,” Journal of Electrostatics, vol. 56, no. 2,
pp. 255–276, 2002.

International Journal of Antennas and Propagation 9


