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&is paper studies the optimal detection performance of the standard frequency diverse array (FDA) radar and FDA multi-input
multioutput (FDA-MIMO) radar in Gaussian clutter and noise. Array signal processing scheme at the receiver is firstly designed
to obtain the array steering vector containing range, azimuth, and frequency increment. For the two array configurations, namely,
collocated transmit-receive and collocated transmit distributed receive, the likelihood ratio test statistics and the test statistic
distributions are derived in the Neyman–Pearson sense. It is then investigated how the number of array elements influences the
detection performance of various radar systems at low signal-to-noise ratio (SNR). Several numerical simulations are carried out
to demonstrate that the performance improvement is hard forMIMO and FDA-MIMO by only increasing the number of transmit
elements, while it is achievable for the FDA. &e paper finally makes a comparative analysis for detection performances of five
radar configurations under different SNRs.

1. Introduction

It is known that frequency diverse array (FDA) radar has
more promising applications in interference rejection, target
detection, synthetic aperture radar (SAR) imaging, and so on
[1–4]. &e beam of the FDA radar can scan the space in a
periodic manner by employing a tiny frequency offset across
the transmit elements. Its beam pointing will change with
the range, angle, time, and even frequency increment. One of
the main advantages of the FDA is the flexible transmit beam
control [5–9]. In the standard FDA, range and angle are
coupled in the transmit beam pattern. To overcome this
drawback, more researchers employ the combination of
FDA and multi-input multioutput (MIMO) radar tech-
nologies for range and angle estimation, deceptive jamming
suppression, and ambiguous clutter suppression [3, 10, 11].

Fishler et al. [12] capitalized on the spatial diversity of
target scattering to analyze the detection performance of
statistical MIMO radar and developed an optimal detector in
the Neyman–Pearson sense. Xiong et al. [13] provided
theoretical performance analysis for a FDA-MIMO radar,

including Cramér–Rao lower bound (CRLB), mean square
error (MSE) expressions in MUSIC-based range-angle es-
timation algorithms, and resolution. For the problem of
range ambiguity incurred by high pulse repetition frequency
(PRF), Xu et al. [14] proposed a FDA-MIMO adaptive range-
angle Doppler processing approach that provides excellent
performance in clutter suppression. Cui et al. [15] studied
the strategies of estimating the direction of departure
(DOD), direction of arrival (DOA), and range for bistatic
FDA-MIMO radar. &ey [15] further employed nonlinear
frequency increments to overcome the couple problem
between the DOD and range and used the rotational in-
variance technique and parallel factor algorithm for pa-
rameter estimation. Lan et al. [16] devised FDA-MIMO
adaptive detectors according to the generalized likelihood
ratio test (GLRT) criterion, where three optimization
strategies have been proposed to compute the maximum
likelihood (ML) estimate of the target incremental range
under the H1 hypothesis. Lan et al. [17] further studied the
problem of angle and incremental range estimation with a
FDA-MIMO radar exploiting as observable a single data
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snapshot. &ree estimators, CD, AMP, and AGMP-CC, are
devised, where the CD method has a better performance. To
obtain target localization in both barrage jamming and burst
jamming environments, Liu et al. [18] proposed a two-step
“Go Decomposition” method via alternating minimization,
where a priori rank information is exploited to suppress
these two kinds of jammers and extract the desired target.
Zhu et al. [19] presented a unified framework detector to
comparatively analyze the target detection performance of
the FDA-MIMO, standard FDA, phased-array, and MIMO
radar, respectively. Furthermore, the deflection coefficient
and signal-to-interference-plus-noise ratio (SINR) are also
adopted as performance metrics to compare their perfor-
mance. &e authors [19] also proved that the FDA-MIMO
radar detector achieves better performance than that of the
conventional radar systems.

One of the main features of the standard FDA and FDA-
MIMO radar is that their array steering vector contains range,
azimuth angle, and frequency increment, whereas the detail of
the derivation process about the array steering vector is rarely
discussed inmost open literature studies.&erefore, we devise
the receiver architecture and present the array signal pro-
cessing scheme of the standard FDA and FDA-MIMO radar
in detail. Since the essential characteristics of the FDA require
that the transmit array must be composed of closely spaced
transmitting elements, we will study two configurations of the
array, namely, collocated transmit-receive and collocated
transmit distributed receive, respectively. &e likelihood ratio
test statistics and the test statistic distributions are derived in
the Neyman–Pearson sense. &e detection performances of
five radar configurations are comparatively analyzed, espe-
cially in a low signal-to-noise ratio (SNR) environment.

&e rest of the paper is organized as follows. In Section 2,
we present the receiver architecture and signal models of the
FDA and FDA-MIMO radar for the two configurations of
the array structure. In Section 3, the likelihood ratio test
statistics and the test statistic distributions are derived in the
Neyman–Pearson sense. Section 4 presents the target de-
tection performance of the FDA-MIMO radar, standard
FDA, phased-array radar, and MIMO radar, respectively.
Finally, numerical comparison results are provided in
Section 5, and concluding summaries are drawn in Section 6.

2. Signal Models

Supposing that there are M transmit elements and N receive
elements, the narrowband complex signal transmitted by the
mth element is modeled as [18]

sm(t) �

��
E

M

􏽲

ϕm(t)e
j2πfmt

, (1)

where E is the total transmit energy, fm � f0 + mΔf,
m � 0, 1, . . . , M − 1, f0 is the carrier frequency, Δf is the
frequency increment across the array elements, ϕm(t) is the
transmit baseband complex envelop that satisfies the unit
energy and orthogonality properties [18],

􏽚
T

0
ϕl(t)ϕ∗m(t)dt � 1, (2)

􏽚
T

0
ϕl(t)ϕ∗m(t − τ)e

j2πΔf(m− l)tdt �
0, m≠ l, ∀τ,

1, m � l, τ � 0.
􏼨

(3)

&e received signal at the nth receiver is the superpo-
sition of all signals originating from various transmitters
plus the additive noise. &erefore, the received signal can be
expressed as [12, 18]

rn(t) �

��
E

M

􏽲

􏽘

M− 1

m�0
wmαnm fm( 􏼁ϕm t − τnm( 􏼁e

j2πfm t− τnm( ) + nn(t),

(4)

where wm is the weight of the mth transmit element,
αnm(fm) is the complex-valued reflection coefficient of the
target that is a function of frequency, nn(t) is a white, zero-
mean, complex Gauss random process at the nth receiver,
and τnm is the round-trip propagation time delay and can be
written as

τnm � τm + τn �
rt − mdt sin θt( 􏼁

c
+

rr − ndr sin θr( 􏼁

c
, (5)

where rt and rr are the distance from the target to the
transmit reference element and the receive reference ele-
ment, respectively. dt and dr are the interspacing of transmit
and receive arrays, respectively. θt is the azimuth of the line
of sight of the transmit array. θr is the azimuth of the line of
sight of the receive array.

Since the frequency increment Δf and the bandwidth B

are small quantities compared with the carrier frequency, the
reflection coefficient αnm(fm) can be considered stable and
does not change with frequency. &erefore, αnm(fm) can be
represented by αnm. &e paper assumes that the target is
composed of a finite but large number of scatterers dis-
tributed. Based on the central limit theorem, the distribution
of αnm can be approximated as complex Gauss distribution
αnm ∼ CN(0, 1) [12].

2.1. Signal Model of the Standard FDA. For a standard FDA
radar, ϕm(t) in (1) and ϕm(t − τnm) in (4) will be omitted. To
remove the effect of the time variable in the return, the
schematic diagram of signal processing at the nth receive
channel is shown in Figure 1(a) [20]. After firstly amplified
by a low-noise amplifier (LNA), the signals are sent to a
bandpass filter (BPF) bank, where the bandwidth of the mth
filter is min |Δfm − Δfm− 1|􏼈 􏼉 and the central frequency is
fm. &e output rnm(t) of the mth bandpass filter is mixed
with a signal of frequency fm. At this moment, the time
variable is completely removed. &erefore, the final output
rn of the nth receive channel is the sum of all rnm and can be
expressed as
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rn �

��
E

M

􏽲

e
− j2π rt+rr( )/λ( )e

j2π ndr sin θr( )/λ( ) 􏽘

M− 1

m�0
wme

− j2πm Δf rt+rr( )( )/c( )− dt sin θt( )/λ( )( )αnm + nn, (6)

where λ is the wavelength of the carrier and nn ∼ CN(0, σ2n).
For an array configuration of collocated transmit-re-

ceive, denoted by FDA-C, the parameters are set as
rt � rr � r, θt � θr � θ, and dt � dr � d. αnm of all channels
are fully correlated and can be denoted by a variable α.
Considering the ultimate detection performance, the weight
wm is set as wm � ej2πm((2rΔf/c)− (d sin θ/λ)). &erefore, the
outputs of all receive channels can form a signal vector and
be expressed as

r �
���
ME

√
αe

− j(4πr/λ)b(θ) + n, (7)

where r � [r0, r1, . . . , rN− 1]
T, b(θ) � [b0, b1, . . . , bN− 1]

T,
bn � ej2πnd sin θ/λ, n � [n0, n1, . . . , nN− 1]

T, n ∼ CN(0, σ2nIN),
and IN is an N identity matrix.

For a configuration of collocated transmit distributed
receive, denoted by FDA-D, the reflection coefficients of
different receive channels are uncorrelated. However, they
are fully correlated for all transmit channels. &erefore, the
reflection coefficient αnm is represented by a variable αn.
Considering the ultimate performance, the weight wm is set
as wm � ej2πm(Δf(rt+rr)/c− dt sin θt/λ). &erefore, the outputs of
all receive channels can form a vector that is written as

r �
���
ME

√
e

− j2π rt+rr( )/λ( )b θr( 􏼁 ∘ α + n, (8)

where ∘ is the Hadamard product, α � [α0, α1, . . . , α(N− 1)]
T,

α ∼ CN(0, IN), and n ∼ CN(0, σ2nIN).

2.2. Signal Model of FDA-MIMO. &e schematic diagram of
signal processing at the nth receive channel is shown in
Figure 1(b). After firstly amplified by a LNA, the received
signal in (4) is mixed with e− j2πf0t and then fed into a bank of
M-matched filters hm(t) � ϕ∗m(− t)ej2πmΔft to separate the
transmit signals. &e separated signal is mixed with
smf(t) � e− j2πmΔft, and the output can be expressed as

rnm(t) � 􏽚 rn(τ)hm(t − τ)dτ􏼔 􏼕s
∗
mf(t)

�

��
E

M

􏽲

􏽘
M− 1

l�0
wlαnl 􏽚

T

ϕl τ − τnl( 􏼁ϕ∗m(τ − t)e
j2π(l− m)Δfτdτ⎛⎜⎜⎝ ⎞⎟⎟⎠e

− j2πflτnl⎛⎜⎜⎝ ⎞⎟⎟⎠

+ 􏽚

T

nn(τ)ϕ∗m(τ − t)e
j2πmΔf(t− τ)dτ⎛⎜⎜⎝ ⎞⎟⎟⎠e

− j2πmΔft
.

(9)

According to the orthogonal properties in (2) and (3), let
l � m and t � τnm, and then substitute (5) into (9); we can
obtain

rnm �

��
E

M

􏽲

wmαnme
− j2πf0 rt+rr/c( )e

− j2πm Δf rt+rr( )/c( )− f0dt sin θt/c( )( )e
j2πf0 ndr sin θr/c( ) + nnm, (10)

where nnm ∼ CN(0, σ2n).
For a configuration of collocated transmit-receive,

denoted by FDA-MIMO-C, the parameter setting is the
same as that of the standard FDA. Equation (10) can be
rewritten as

rnm �

��
E

M

􏽲

αe
− j(4πr/λ)

e
j2πf0(nd sin θ/c)

+ nnm. (11)

&erefore, the final output in Figure 1(b) is the sum of all
rnm and can be expressed as

rn � 􏽘
M− 1

m�0
rnm � M

��
E

M

􏽲

αe
− j(4πr/λ)

e
j2πf0(nd sin θ/c)

+ 􏽘
M− 1

m�0
nnm

�
����
ME

√
αe

− j(4πr/λ)
e

j2πf0(nd sin θ/c)
+ nn,

(12)

nth
receiver

LNA

rn(t)

rn0

rn

rn0(t)
e–j2πf0t

e–j2πfmt

e–j2πfM–1t

rnm(t)

rn (M–1)(t)

rnm

rn (M–1)

Σ

BPF1

BPFm

BPFM

(a)
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LNA

rn(t)

e–j2πf0t

e–j2π(M–1)Δ�

e–j2πmΔ�
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Figure 1: Schematic diagram of signal processing at the nth channel. (a) Standard FDA. (b) FDA-MIMO.
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where nn is the linear combination of nnm that obeys a
complex Gaussian distribution; therefore, nn ∼ CN(0, Mσ2n).

&e signal vector composed of all rn can be written as

r �
����
ME

√
αe

− j(4πr/λ)b(θ) + n, (13)

where n ∼ CN(0, Mσ2nIN).
For a configuration of collocated transmit distributed

receive, denoted by FDA-MIMO-D, the parameter setting is
also the same as that of the standard FDA. &erefore, the
final output rn in Figure 1(b)) and the signal vector formed
by rn can be expressed as, respectively,

rn � 􏽘
M− 1

m�0
rnm �

����
ME

√
e

− j2π rt+rr/λ( )αne
j2πf0 ndr sin θr/c[ ] + nn,

(14)

r �
����
ME

√
e

− j2π rt+rr/λ( )b θr( 􏼁 ∘ α + n, (15)

where n ∼ CN(0, Mσ2nIM).

2.3.1eAnalysis of Noise Responses of the Bandpass Filter and
MatchedFilter. In the actual system, as long as the frequency
range of the uniform distribution of the noise power
spectrum is much larger than the working frequency band of
a system, it can be regarded as a white noise. Supposing that
the radar is a system with a bandwidth of B, the power
spectrum density function of the noise is
P(f) � σ2n, fc − B/2<f<fc + B/2, and the corresponding

correlation function is R(τ) � Bσ2ne− j2πfcτsinc(πBτ), where
Bσ2n is the noise variance, also known as average power. In
Figure 1(a), the bandwidth of each subband filter is equal to
B/M, and its correlation function is
R(τ) � (B/M)σ2ne− j2πfcτsinc(πBτ), where (B/M)σ2n is the
noise variance. It can be seen that the variance of the input
noise of the bandpass filter bank isM times that of the output
noise of the mth subband filter. Here, the input noise term
nn(t) in Figure 1(a) is assumed to be a white, zero-mean,
complex Gauss random process. Its mean and variance are
zero and σ2n, respectively. &e output of the mth subband
filter, denoted by nnm, is a narrowband Gaussian noise.
&erefore, the mean and variance of nnm are zero and
(1/M)σ2n, respectively. &e final output noise nn in (6) is the
sum of all nnm, as follows:

nn � 􏽘
M− 1

m�0
nnm. (16)

&erefore, the noise term nn in (6) obeys a complex
Gauss distribution nn ∼ CN(0, σ2n).

For the matched filter in Figure 1(b), it can be seen from
(9) and (10) that

nnm � 􏽚

T

nn(τ)ϕ∗m(τ − t)e
j2πmΔf(t− τ)dτ⎛⎜⎜⎝ ⎞⎟⎟⎠e

− j2πmΔft
. (17)

&e mean and variance of nnm are as follows:

E nnm􏼈 􏼉 � E 􏽚

T

nn(τ)ϕ∗m(τ − t)e
j2πmΔf(t− τ)dτ⎛⎜⎜⎝ ⎞⎟⎟⎠e

− j2πmΔft
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

� 􏽚

T

E nn(τ)􏼈 􏼉ϕ∗m(τ − t)e
j2πmΔf(t− τ)dτ⎛⎜⎜⎝ ⎞⎟⎟⎠e

− j2πmΔft
� 0,

(18)

var nnm􏼈 􏼉 � E 􏽚

T

􏽚

T

nn(τ)n
∗
n (u)ϕ∗m(τ − t)ϕm(u − t)e

j2πmΔf(u− τ)dτdu
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

� 􏽚

T

􏽚

T

E nn(τ)n
∗
n (u)􏼈 􏼉ϕ∗m(τ − t)ϕm(u − t)e

j2πmΔf(u− τ)dτdu

� σ2n 􏽚

T

ϕ∗m(υ − t)ϕm(υ − t)dυ � σ2n.

(19)

&erefore, the noise term of the matched filter output is
still a complex Gaussian distribution, i.e., nnm ∼ CN(0, σ2n).
&e final noise term nn in (12) obeys a complex Gauss
distribution nn ∼ CN(0, Mσ2n).

3. Test Statistic and Its Probability Distribution

Since we are concerned about the limit detection perfor-
mance of various radar systems, the target distance and

azimuth parameters are known, and the covariance of noise
is also known in advance. In the Neyman–Pearson sense, the
optimal detector is the likelihood ratio test (LRT) given by
[12, 19

T � ln
f r|H1( 􏼁

f r|H0( 􏼁
􏼠 􏼡≷H0

H1
δ, (20)

where f(r|H1) and f(r|H0) are the probability density
functions (PDFs) of the observation vector r with and
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without the signal, respectively. &e threshold δ is deter-
mined by the desired probability of false alarm (PFA). H1
denotes the target exists, and H0 denotes the target does not
exist.

Now, we further process the output signal of the nth
receive channel. As shown in Figure 2, the detail of channel n

has been described in Figure 1(a) for the standard FDA and
Figure 1(b) for FDA-MIMO, respectively. &e new output is
defined as yn � b∗n rn for the two radar systems. All of them
form a new signal vector y � [y0, y1, . . . , yN− 1]

T. &erefore,
we can get digital beamforming:

y � b(θ)
Hr. (21)

3.1. Standard FDA. For FDA-C, the PDFs under both al-
ternative and null hypotheses are as follows [12]:

f r|H1( 􏼁 � 􏽚 f r|H1, α( 􏼁f(α)dα

�
1

ππN σ2n
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
N

ke
− 1/σ2n( )‖r‖2

e
ME/σ2n NME+σ2n( )( )|y|2

,

(22)

where k is a constant term.

f r|H0( 􏼁 �
1

πN σ2n
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
N

e
− 1/σ2n( )‖r‖2

. (23)

Substituting (22) and (23) into (20), the test statistic can
be obtained as follows:

TFDA− C � |y|
2≷H0

H1
δ, (24)

where δ is the updated threshold.
According to (7) and (21), we can get

y � b(θ)
Hr �

nH0
����
ME

√
Ne

− j(4πr/λ)α + nH1

⎧⎨

⎩ , (25)

where α ∼ CN(0, 1) and n ∼ CN(0, Mσ2n).
&erefore, the probability distribution of the test statistic

|y|2 is as follows:

TFDA− C � |y|
2 ∼

Nσ2n
2

χ2(2) H0

N
2
M

2
E

2M
+

Nσ2n
2

􏼠 􏼡χ2(2) H1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

, (26)

where χ2(L) denotes a chi-square random variable with L

degrees of freedom.

For FDA-D, the PDFs under both alternative and null
hypotheses are as follows:

f r|H1( 􏼁 � 􏽚 f r(t)|H1, α( 􏼁f(α)dα

�
1

π2N σ2n
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
N

ke
− 1/σ2n( )‖r‖2

e
ME/σ2n ME+σ2n( )( )‖y‖2

,

(27)

f r|H0( 􏼁 �
1

πN σ2n
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
N

e
− 1/σ2n( )‖r‖2

. (28)

Substituting (27) and (28) into (20), we can get

TFDA− D � ‖y‖
2≷H0

H1
δ, (29)

where δ is the updated threshold.
According to (8), we can get

y � b(θ)
H ∘ r �

nH0
����
ME

√
e

− j2π rt+rr/λ( )α + nH1

⎧⎨

⎩ , (30)

where α ∼ CN(0, IM) and n ∼ CN(0, σ2nIM).
&erefore, the probability distribution of the test statistic

‖y‖2 is as follows:

TFDA− D � ‖y‖
2 ∼

σ2n
2
χ2(2N) H0

ME

2
+
σ2n
2

􏼠 􏼡χ2(2N) H1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(31)

3.2. FDA-MIMO. For FDA-MIMO-C, the PDFs under both
alternative and null hypotheses are as follows [12]:

Receive
array

Channel 0

Channel 1

Channel
N-1

r0 (t)

r1 (t)

rN–1 (t)

r0

r1

rN–1

yN–1

y1

y0

y

b*N–1

b*1

b*0

Σ

Figure 2: Digital beamforming at the receiving end for the
standard FDA and FDA-MIMO radar.
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f r|H1( 􏼁 � 􏽚 f r|H1, α( 􏼁f(α)dα

�
1

ππN
Mσ2n

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
N

ke
− 1/Mσ2n( )‖r‖2

e
1/σ2n( ) E/MNE+Mσ2n( )|y|2

,

(32)

f r|H0( 􏼁 �
1

πN
Mσ2n

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
N

e
− 1/Mσ2n( )‖r‖2

. (33)

Substituting (32) and (33) into (20), the test statistic can
be obtained as follows:

TFDA− MIMO− C � |y|
2≷H0

H1
δ, (34)

where δ is the updated threshold.
According to (13), we can obtain that

y � b(θ)
Hr �

nH0
����
ME

√
Ne

− j(4πr/λ)α + nH1

⎧⎨

⎩ , (35)

where α ∼ CN(0, 1) and n ∼ CN(0, MNσ2n).
&erefore, the probability distribution of the test statistic

|y|2 is as follows:

TFDA− MIMO− C � |y|
2 ∼

MNσ2n
2

χ2(2)H0

MN
2
E + MNσ2n
2

􏼠 􏼡χ2(2)H1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(36)

For FDA-MIMO-D, the PDFs under both alternative
and null hypotheses are as follows:

f r|H1( 􏼁 � 􏽚 f r|H1, α( 􏼁f(α)dα

�
1

ππN
Mσ2n

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
N

e
− 1/Mσ2n( )‖r‖2

ke
1/σ2n( ) E/ME+Mσ2n( )‖y‖2

,

(37)

f r|H0( 􏼁 �
1

πN
Mσ2n

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
N

e
− 1/Mσ2n( )‖r‖2

. (38)

Substituting (37) and (38) into (20), the test statistic can
be obtained as follows:

TFDA− MIMO− D � ‖y‖
2≷H0

H1
δ. (39)

According to (15), we can get

y �
nH0

����
ME

√
e

− j2π rt+rr/λ( )α + nH1

⎧⎨

⎩ , (40)

where n ∼ CN(0, Mσ2nIM).
&erefore, the probability distribution of the test statistic

‖y‖2 is as follows:

TFDA− MIMO− D � ‖y‖
2 ∼

Mσ2n
2

χ2(2N) H0

ME + Mσ2n
2

􏼠 􏼡χ2(2N) H1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(41)

4. Detection Performances of Various
Radar Systems

&e solution method of target detection probability is the
same for the radar systemsmentioned above.&e probability
of false alarm Pfa is known in advance, and we can obtain
the threshold δ by solving Pfa � P(T> δ|H0). &e detection
probability is then obtained by Pd � P(T> δ|H1). &erefore,
we only deduce the derivation process of the detection
probability of the FDA-C radar, and the detection proba-
bility of the remaining radars is given directly.

With the aid of (26), the probability of false alarm can be
expressed as

Pfa � P T> δ|H0( 􏼁 � P
Nσ2n
2

χ2(2) > δ􏼠 􏼡 � P χ2(2) >
2δ

Nσ2n
􏼠 􏼡.

(42)

&e detection threshold in (42) can be obtained as

δ �
Nσ2n
2

F
− 1
χ2

(2)
1 − Pfa􏼐 􏼑, (43)

where F− 1
χ2

(L)

is the inverse cumulative distribution function of
a chi-square random variable with L degrees of freedom.

&e probability of detection is given by

P
(FDA− C)
d � P T> δ|H1( 􏼁

� P
N

2
M

2
E

2M
+

Nσ2n
2

􏼠 􏼡χ2(2) > δ􏼠 􏼡

� 1 − Fχ2
(2)

1
1 + MNρ

F
− 1
χ2

(2)
1 − Pfa􏼐 􏼑􏼠 􏼡,

(44)

where ρ � E/σ2n is defined as the SNR that is the ratio be-
tween the total transmitted energy and the noise level per
receive element.

&en, the detection probability of the remaining radar
system is given directly as follows:

P
(FDA− D)
d � 1 − Fχ2

(2N)

1
1 + Mρ

F
− 1
χ2

(2N)
1 − Pfa􏼐 􏼑􏼠 􏼡, (45)

P
(FDA− MIMO− C)
d � 1 − Fχ2

(2)

1
1 + Nρ

F
− 1
χ2

(2)
1 − Pfa􏼐 􏼑􏼠 􏼡, (46)

P
(FDA− MIMO− D)
d � 1 − Fχ2

(2N)

1
1 + ρ

F
− 1
χ2

(2N)
1 − Pfa􏼐 􏼑􏼠 􏼡. (47)
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Here, we present the detection probabilities of the
phased-array (PHA) and MIMO radar for comparison, as
follows [12]:

P
(PHA)
d � 1 − Fχ2

(2)

1
1 + MNρ

F
− 1
(2) 1 − Pfa􏼐 􏼑􏼠 􏼡, (48)

P
(MIMO)
d � 1 − F

− 1
(2MN)

M

M + ρ
F

− 1
χ2

(2MN)
1 − Pfa􏼐 􏼑􏼠 􏼡. (49)

Besides the detection probability, we also employ an-
other performance measure that is the detector’s SNR (also
referred to as divergence) [12]. It, denoted by β, is defined as
follows:

β �
E T|H0( 􏼁 − E T|H1( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2

(1/2) Var T|H0( 􏼁 + Var T|H1( 􏼁􏼂 􏼃
. (50)

Here, we also only deduce the derivation process of the
detector’s SNR of the FDA-C radar, and the detector’s SNR
of the remaining radars is given directly.

Based on (26), directly using E(χ2(L)) � L and
Var(χ2(L)) � 2L, we can get

E TFDA− C|H0( 􏼁 � Nσ2n, (51)

E TFDA− C|H1( 􏼁 � N
2
ME + Nσ2n, (52)

Var TFDA− C|H0( 􏼁 � N
4 σ2n􏼐 􏼑

2
, (53)

Var TFDA− C|H1( 􏼁 � N
2
ME + Nσ2n􏼐 􏼑

2
. (54)

Substituting (51)–(54) into (50), the detector’s SNR can
be obtained as follows:

β(FDA− C)
�

M
2
N

2ρ2

1 + MNρ + M
2
N

2ρ2/2
. (55)

&e detector’s SNR of the remaining radars is given
directly as follows:

β(FDA− D)
�

M
N

2ρ2

1 + Nρ + N
2ρ2/2

, (56)

β(FDA− MIMO− C)
�

N
2ρ2

1 + Nρ + N
2ρ2/2

, (57)

β(FDA− MIMO− D)
�

Nρ2

1 + ρ + ρ2/2
, (58)

β(MIMO)
�

ρ2M
N 1 + ρ2/ 2N

2
􏼐 􏼑 + ρ/N􏼐 􏼑

. (59)

5. Numerical Simulations

In this section, several numerical examples are presented to
compare the performance of various radar systems,

especially for the low SNR environment. From (44), (48),
and (55), it can be seen that the PHA and FDA-C have the
same performance. &erefore, we only use FDA-C for
comparison in the following examples.

Figure 3 depicts the performance of the detector’s SNR of
various radar systems.&e radar parameters are set as M � 5
and N � 5. &e probability of false alarm is fixed at
Pfa � 1 × 10− 5. &e horizontal axis represents the signal-to-
noise ratio ρ, and the vertical axis is the detector’s SNR.

At high SNR, it can be seen that the MIMO radar has
superior detection performance than that of others. High
SNR ensures that each transceiver channel can detect target
signals. Meanwhile, it sees a different aspect of the target and
can exploit spatial diversity to overcome target fading. By
comparison, FDA-C and FDA-MIMO-C radars have the
worst performance. &ese two radars can realize a coherent
processing gain, but they have no spatial diversity gain.
When the reflection coefficient α in a special aspect of the
target is small, they will suffer considerable performance
degradation. For the other two FDA-D and FDA-MIMO-D,
their performances are between MIMO and FDA-C and
FDA-MIMO-C.

At low SNR, all channels of the MIMO radar cannot
effectively detect the target signal, and spatial diversity gain
cannot be used, resulting in that its performance is worse,
whereas the performances of PHA and FDA-C are optimal
due to their coherent gain ensuring effective detection for a
small value of α. &e performance of others is between
MIMO and PHA and FDA-C.

&e detection probability of various radar systems is
shown in Figure 4. It can be seen that FDA-C and FDA-D
have a good performance at lower SNR.&e performances of
MIMO and FDA-MIMO-D improve rapidly with the in-
crease of SNR. &ese numerical results are for M � 5 and
N � 5. However, their performance will change with the
number of array elements.

Generally, people pay much attention to the detection
performance under the low SNR condition. Here, we con-
tinue to study how the number of array elements influences
the detection performance of various radar systems in a low
SNR environment. In Figures 5(a)–5(c), the number of
receive elements changes from 1 to 100, and the number of
transmit elements is set as 2, 5, and 10 from Figures 5(a) to
5(c), respectively. &e probability of false alarm and SNR are
set as Pfa � 1 × 10− 5 and ρ � 0dB, respectively. It can be
seen that the detection probability will be improved with the
increase of the number of receive elements for all radar
systems mentioned above. Meanwhile, the performances of
FDA-C and FDA-D are further improved with the increase
of the number of transmit elements. However, the perfor-
mance of FDA-MIMO-C and FDA-MIMO-D will not be
improved with the increase of the number of transmit el-
ements, and the performance of MIMO has even showed the
trend of deterioration. We will try to explain this phe-
nomenon below. When the total power of the radar is
constant, less power is radiated by each transmitting channel
due to the more transmitting array elements.&is results in a
reduction in the signal-to-noise ratio of the signal received
by the virtual channel, which in turn degrades the detection
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performance. About the above problems, longer transmis-
sion/integration times will be needed to improve the de-
tection performance.

Figure 6 shows the simulation results with the SNR of
10 dB, 0 dB, − 10 dB, and − 20 dB, where the value range of the
horizontal axis is adjusted adaptively according to the curve.
&e number of transmit elements in the figure is set to be 2.
It can be seen that the configuration of distributed arrays,
i.e., FDA-D, FDA-MIMO-D, and MIMO, can use fewer
elements to rapidly achieve the best performance for
ρ � 10dB, whereas the configuration of collocated arrays, i.e.,
FDA-C and FDA-MIMO-C, has suboptimal performance.
From Figures 6(b)–6(d), we can see that more elements are

needed to ensure the detection performance as the SNR
continues to decline. Especially at lower SNR ρ � − 20dB, the
performance of collocated configurations, i.e., FDA-C and
FDA-MIMO-C, is relatively optimal, whereas the distributed
configurations, i.e., FDA-D, FDA-MIMO-D, and MIMO,
are the worst.

&erefore, when detecting low RCS targets, to use the
advantages of the distributed radar effectively, i.e., FDA-D,
FDA-MIMO-D, and MIMO, it is necessary to ensure that
each transceiver channel or at least most of the transceiver
channels can detect the effective target signal, that is, to
ensure sufficient signal-to-noise ratio of most of the
transceiver channels.

20

10

0

-10

-20

-30

-40
-20 -10 0 10 20

ρ (dB)
β 
(d
B)

FDA-C
FDA-D
FDA-MIMO-C

FDA-MIMO-D
MIMO

Figure 3: Detector’s SNR of various systems. M�N� 5.
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Figure 4: Illustration of target detection probability of various radar systems.
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Figure 5: &e influence of the array element number on detection probability at the SNR of 0 dB. (a) M � 2. (b) M � 5. (c) M � 10.
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Figure 6: Continued.
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6. Conclusions

In this paper, the target detection performance of several radars
with different array configurations is comparatively analyzed in
Gaussian clutter and noise. We mainly focus on the design of
the receiver structure of FDA and FDA-MIMO radars and
their array signal processing scheme. &e likelihood ratio test
statistics and the test statistic distributions are derived in the
Neyman–Pearson sense for the two array configurations,
namely, collocated transmit-receive and collocated transmit
distributed receive. &e numerical results show that the de-
tection probability of FDA-C and FDA-D will be improved
with the increase of the number of transmit and receive ele-
ments, whereas the detection probability of FDA-MIMO-C
and FDA-MIMO-D can improve their performances only by
increasing the number of receive elements. For the configu-
ration of distributed arrays, i.e., FDA-D, FDA-MIMO-D, and
MIMO, it can use fewer elements to rapidly achieve the best
performance at high SNR. As the SNR continues to decline,
FDA-C and FDA-MIMO-C are relatively optimal, which needs
more elements to ensure their detection performance. By
comprehensive analysis, in the case of low SNR, FDA-C and
FDA-MIMO-C are the best choice for target detection, while in
the case of high SNR, FDA-D, FDA-MIMO-D, andMIMO can
be the optimal choice. All conclusions of the paper are drawn
under the condition of a single snapshot. For multiple snap-
shots using long-term accumulation, a conclusion different
from this papermay be drawn, which is the subsequent focus of
this paper.
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