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To improve frequency accuracy which is affected by two parameters in high-dynamic acquisition, we propose a two-step frequency
estimation method based on the mean frequency (MF) model for high-dynamic parameters estimation. The first step is based on
the discrete chirp-Fourier transform (DCFT) for coarse MF estimation, where the MF accuracy and frequency search step are
derived. In the second step, the maximum likelihood estimation process (MLEP) is adopted for fine MF estimation. Compared
with state-of-art methods, it is verified that the two-step method can improve the detection probability in coarse MF estimation
and improve the MF accuracy with low computational burdens under conditions with a moderate signal-to-noise ratio (SNR).

1. Introduction

In global navigation satellite system (GNSS) receiver tech-
niques, the acquisition is the most important process for
estimating code phase and carrier frequency [1]. For fast
acquisition with lower computational complexity, the
method [2-4] based on fast Fourier transform (FFT) was
proposed. Since the pull-in range of the tracking loop is only
a few hertz, the number of FFT points should be increased
[5]. Generally, the coarse-to-fine acquisition methods are
used to reduce the computation costs [6]. The code phase
and coarse carrier frequency parameters can be obtained
from the coarse acquisition, and the carrier frequency can be
refined in a specific fine acquisition process with the code
stripped off.

For low-dynamic acquisition, the carrier Doppler can be
estimated in the fine acquisition process. Tang et al. [7]
proposed an accurate estimation method for residual
Doppler. However, this method has a restriction on the
initial Doppler search step, and more computation is re-
quired to obtain an accurate Doppler. To reduce

computational load, a method [8] was proposed based on the
coarse Doppler and sampling frequency in moderate SNR.
However, to improve the Doppler accuracy in low SNR, a
long-time correlation process is typically needed, which
costs a lot of computations. To reduce the computations with
long integration, Mohamed and Aboelmagd [5] proposed
the Schmidt method which utilizes orthogonal searching. To
further reduce the computations, article [9] proposed the
zero-forcing and a double FFT-based method to improve
Doppler frequency accuracy without increasing the com-
putational load. However, because of the trade-off between
the Doppler frequency resolution and the computational
complexity, the maximum error of carrier frequency esti-
mation depends on the number of FFT points. To improve
the Doppler frequency accuracy, Nguyen et al. [10] proposed
a residual frequency estimation method with differential
processing. Due to the differential processing, it performs
not well in the low SNR.

Above all, the articles listed only focus on Doppler
frequency accuracy. However, both initial frequency and
chirping rate [11] affect the correlation peak in high-
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dynamic applications. Moreover, with a long integration
time, the influence of these two parameters cannot be ig-
nored. Among methods for initial frequency and chirping
rate estimation, the authors in [12, 13] proposed frequency
estimation methods based on Fractional Fourier transform
(FRFT) for high-dynamic applications. In addition, we
proposed a frequency estimation method based on discrete
chirp-Fourier transform (DCFT) [14]. However, in some
high-dynamic applications, more accurate frequency is
usually desired.

To further improve frequency accuracy for high-dy-
namic applications, a two-step frequency parameter esti-
mation method is proposed in this paper. An MF model has
been derived to improve the frequency accuracy. In the first
step for coarse MF estimation, the chirping rate and initial
frequency for MF estimation have been estimated based on
the DCFT. A maximum likelihood estimation process
(MLEP) has been proposed for the fine MF estimation in the
2nd step. With the two-step processing, the computational
burdens can be reduced when the peak value is smaller than
the configured threshold, and high-frequency accuracy can
be obtained when the signal is present. Simulation results
show that for coarse MF estimation, the proposed method
has a higher detection probability compared with conven-
tional methods, and for fine MF estimation, the two-step
method has a higher frequency accuracy and lower com-
putational burdens than the compared methods.

2. Signal Model

After correlating with a one-period local code and a coarse
Doppler bin [11], the postcorrelation signal can be obtained
and depicted as follows:

S(n) = Ab(nexp| jan( fonT, +un’T2) | + W (m), (1)

where f, represents residual Doppler frequency or initial
frequency, p represents the chirping rate or Doppler rate, T’
represents the sampling frequency, b (n) represents bit sign,
A represents signal amplitude, and W (n) denotes a zero-
mean additive white Gaussian noise (AWGN) process.
When the received signal is not aligned with local code or a
wrong Doppler bin is detected, signal amplitude A =0,
which is called the signal-absent situation in the following
analysis. Or, A# 0 is assumed as a constant 11. For GPS L1
CA signal with 1-ms code period, it is typical that f
=(-250, 250) Hz, and y =(-500, 500) Hz/s. It is assumed
that b(n) can be obtained by some auxiliary means 13, and
b(n) equals 1 in the following analysis.

3. Proposed Method

In this section, the process based on DCFT has been pro-
posed for coarse MF estimation. Then, MLEP has been
adopted for fine MF estimation. Finally, the two-step
method which combines the two processes has been pro-
posed. In this two-step method, signal detection and MF
accuracy improvement are realized through the first and
second steps respectively.
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3.1. Coarse Search of MF Based on DCFT. T transform of the
postcorrelation signal can be written as follows:

ATZb

T (kps o) exp{jZH[ATnTs + (STnsz]} + w,

(2)

wherek; =0, + 1, + 2, ... represents a searching range, and a-
represents transform factor. w = w; + jw,.w; and w, both obey
normal distribution N (0, 02). When T=f, it represents FRFT
[15]. Af = Aexp[ ]ﬂsgn(sm(x )4+ jar/2]/  |sina 03
exp[]1/2c0tocf(kF) ]. F= 27T/NT sescap. Ap = (fo— kgl
NT)). 8f = (u+ 1/471cot(xf) When T'=d, it represents DCFT.
Ay=A Ny = (fo—ky/NT,).8; = (u—ay/N*T?), where ay
represents the chirping rate factor. Based on (2), the correlation
peak of FRFT is an unilinear function with oy, which may
degrade the detection peak. Therefor DCFT is chosen in the
following discussion.

When the bit signs can be obtained by assisted means,
the formula above can be simplified into

N-1

Sa(kgag) = Ag Y expljonT,] +w

n=0
wNT, _N-1
> )exp<]w 3 TS> +w,

where N represents the integration time and @ = 27A; +
2n6p (N —1)/2T  represents the MF from 0T, to (N — 1)T..
Itis assumed that A; = A;N. Based on the derivations above
and Taylor expansion, the peak [A;Y N 'exp[j@nT,]| can be

approximated as
(T
A smc(wN7>‘

1 T2
-1y 2) ]
6 2

where IAdZnI\]:_O1 exp[jwnT ]| represents the amplitude of the

(3)

= Astinc<

N-1

Ay Z exp [ jonT ]| =

n=0

(4)

signal A, 'exp[jwnT,]. It is assumed that the unit
(kgp»g0) is  corresponding to the peak, and
|Ad2i51exp[ jonT ]| >yA,, where y is set based on the
criterion that one search bin contains mostly useful energy
[16]. Then, we can obtain

@<24/6(1-y)/(NT,). (5)

Based on the equations above, the search step of MF in
the first step is set to 2+/6 (1 — y)/ (NT). Due to the influence
between the initial frequency and chirping rate, the search
step of the initial frequency needs to be configured first.
Based on the influence of residual Doppler frequency on the
correlation peak value of the postcorrelation signal in low-
dynamic applications [4], the search step of initial frequency
is set to 1/(2NT,). Moreover, based on the relationship
between the initial frequency search step and the MF search
step in the first step, the search step of the chirping rate can
be obtained.
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Above all, in the coarse search, the coarse estimations of
both initial frequency and chirping rate can be obtained.
Based on the coarse estimation, the coarse MF estimation
can be obtained.

3.2. MLEP for Fine MF Estimation. In the MLEP, firstly, the
signal amplitude is estimated based on ML; then, due to the
fine MF range, the restricted search criteria for the fine MF
estimation are adopted. Finally, combining the criteria and
ML function, the fine MF is estimated based on the estimated
signal amplitude.

Based on (3), the observed peak can be written as follows:

min J (A, @y) = min (-In(f (w;, w,))) = min( 3

where min ] (A,, w,) represents the minimum of the ob-
jective function J(Aj,w,). It 1is assumed that
0] (Ay, wy)/0A, = 0. Then, we can obtain
4 Re (S4)cos (wyN — 1/2T ) — Im (S,)sin (@, N — 1/2T)
o sinc (wWyNT/2)cos (@, (N — 1)T)

>

)

Re(S wo N
S4 (A0c>ao) = e( d)COS(wO

- 1/2T,) - Im (S, )sin (wyN - 1/2T) .

w,NT N-1
S (Agwy) = Aosinc<w0 S>exp<j50 5 Ts> +w, (6)

where w, represents residual MF, which ranges from

—/6(1 —9)/(NT{)to +/6(1 —y)/ (NT,) based on Section 3.1

analysis. The joint probability density function of (w;, w,) of
(w;, w,) can be written as

1
f(wi’wr) = 2
27nay,

2

i rer)

exp[

Then, based on ML estimation, the optimized objective
function can be obtained as

@)+ o)) ©

20y,

where A, represents the optimized value of A, based on ML.
Then, substituting (9) into (6), we can obtain

where S; (A, @,) represents the correlation peak in presence
of noise. However, when cos (w, (N — 1)T,) = 0, @, = m(2k +
1)/(2(N - 1)T,) represents singular points of (10),
k=0, +1, +2,.. represents segmentation variable, L, rep-
resents the length of k. Consequently, the segmentation opti-
mization is taken based on the singular points. When
m(2k+1)/(2(N - 1)T,) <w, < (2k + 3)/ (2(N - 1)T,), the
segmentation optimization is based on the objective function as
follows:

w; (@, + Aw))” + (w

2
20y,

o s da) - & (@ + b))

_ (wi (wO) + ]iAw)z + (wr (wo) + ]rAw)z
- 20120

>

(11)

where ] represents the objective function. It is assumed that
0] (A, wy + Aw)/0Aw = 0, Aw can be obtained as follows:

T w. (@) - J w. (@
Aw = ]z wz;;v;')+]£r]wr(w0), (12)

where J; = [ow; (w,)/0w,]. ], = [0w, (w,)/dw,]. The several
simulations show that the number of iterations I, can be
chosen to be 10. The local optimal solution @, segmentation

cos (wy (N - 1)T)

xp(jEON T5> + w, (10)

variable k can be obtained based on the range of w,. The
restricted search criterion for choosing wj, ;. is given as follows:

min ](AOC, w, k),
i }

Wy NT
ko = sinc(bo’k2 s>>0.1, (13)

AOc |_

@Wok

>0,

where @, is the estimated frequency parameter in the 2nd
step. Above all, MF can be obtained from the fine MF es-
timation of the 2nd step.

3.3. Two-Step Frequency Estimation Method. The two-step
frequency parameters estimation method is shown in Fig-
ure 1. The method can be depicted in more detail as follows:

(a) Calculating the search step of the initial frequency
and chirping rate based on (5).

(b) In coarse search, the estimated value (&, fo) can be
obtained based on the threshold y.

(¢) In fine search, an iterative approach based on ML is
adopted:
With frequency error Aw, initialized, the amplitude
can be obtained after calculating the amplitude
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FIGURE 1: The two-step method’s flow diagram combining DCFT for coarse frequency estimation and MLEP for fine frequency estimation.

function (9). Moreover, based on (A, d;), the range Based on the amplitude and mean frequency error,
of w, can be obtained. the value of the differential functions J; and J, can be
obtained as follows:

J - (Tg* (TT1#Im(Sy) * T, + TT1%Re(Sy) * T,)) (TT1* T, * (Re(Sy) * T — Im(S,) * T,))

: TZC T2c
(2% TT1* T % Ty, * (Re(Sy) * T, —Im(S,) = T,)),
T3
(14)
J - (T.# (TT1*Im(S,) *T. + TT1 * Re(Sy) = T,)) . (TT1% T, (Re(Sy) * T, —Im(S,) * T))
T T2C T2c
(2% TT1* T, % Ty (Re(Sy) * T, —Im(Sy) = Ty))
T3 ’
where T, = cos(TT1), T, = sin(TT1), T, = N - 1/2T ;w,. The peak error functions w; (w,) and
cos(2TT1), T,, = sin(2TT1), and TT1 = w, (@) can be written as follows:
_ Re(S;)cos(@yN — 1/2T) — Im(S,)sin (@,N — 1/2T) . (_ N-1 )
. — I , _ S S 7’1—' ,
w; (wO) m(Sd (kO ‘xO)) cos (EO (N - 1)T5) sin| wo P s
(15)
_ Re(S;)cos(wyN - 1/2T) — Im (S, )sin (w N — 1/2T _N-1
(@) = Re(5 (o)) -~ 2L NS I G EN 2T o ),
_ @, = Wy — Aw. (16)
where the unit (k, &) is corresponding to (&, f)-
Based on differential functions, peak error function (d) Based on step (c), wy; can be obtained after 10 it-
and (11), feedback error Aw can be obtained. The erations. Then, based on (13), the final MF can be
feedback function in Figure 1 can be written as estimated. Above all, the frequency accuracy can be

follows: improved.
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4. Algorithm Performance

In this section, Cramér-Rao bound of the estimated MF of
the proposed method is derived. Then, computational
burdens and detection probability of the proposed method
are analyzed for performance evaluation.

1

4.1. Cramér-Rao Bound (CRB) of the Proposed Method.
Based on the theory [17], the CRB of w, can be written as
follows:

O B @ () + (w2 )a,) | E

where w; = Im(S,;) — Aysinc (W, NT,/2)sin (w,N — 1/2T,),
and  w, = Re(S,) — Aysinc(wyNT/2)cos (w,N — 1/2T).
When sinc (0 NT,/2) = 1,

207

CRg, = m (18)

where we can obtain the final CRB of w,. When A, = N,
5 =0.001s, N =200ms, 400 ms and 600 ms, the CRB of MF
is shown in Figure 2.

In Figure 2, CRB curves are shown with the integration
time being 100, 200, and 300 ms, respectively. Under the
same SNR, the longer the integration time is, the higher the
frequency estimation accuracy is. This is because based on
(19) the integration time is long, and the integration peak
value is large.

4.2. Computations Analysis. Based on (2) and (10), the
computations of the proposed method can be obtained.
Here, the BASIC [11] is chosen as the benchmark for the
coarse MF estimation. The method estimates the frequency
parameters based on the differential signal as follows:

S;(n) =S" (m)S(n+ M,)
= A’b(n)b(n+ M,)exp

(ot + gyt vniizs)]

= A’b(n)b(n+ M,)exp [j2ﬂ(2nyM0T§ + 00)],

where 0 = foM,T, + uM;T?. Based on the Fourier trans-
form, the frequency parameters can be estimated.

In Table 1, methods are chosen for coarse or fine MF
estimation. T', represents the number of chirping rate search
bins and Ty represents the number of initial frequency
search. Cp,, and Cp 4 can be calculated as follows.

Firstly, A is calculated from (9). Calculating (9) involves
12 multiplications and 1 addition. Moreover, the value of cos
() or sin () function can be realized by a look-up table, and
their computations can be ignored. Then, calculating dif-
ferential function costs 18 * 2 multiplications and 2 2
additions. Calculating the peak error function costs 5 * 2
multiplications and 1 * 2 additions. Hereafter, (12) costs 5
multiplications and 2 additions. Calculating the feedback
function costs 1 addition. In addition, calculating (13) costs
19 multiplications and 3 additions.

(17)

2 [aZ( ()’ + <wr>2)],

2
0w,

Above all, one complex multiplication equals two
multiplications  [4]. So, Cp, =L, (511;+19)/2 and
Cpa = L (91; + 3)/2, where I, represents the number of
iterations and L, represents the number of segmentations.
Besides, Table 1 shows that the frequency accuracy of the
Schmidt method is also dependent on the number of vectors.

Since the computations simulation needs to set lots of
simulation parameters, the simulation will be conducted in
Section 5.

4.3. Detection Performance. Since the signal is detected in
the first step of the proposed method, the section is to discuss
the detection probability of the first step in the proposed
method. The theoretical simulation will be conducted in
Section 5.1.

The detection variable |S, (k,, a,)|* obeys the chi-square
distribution. When the signal is absent or a wrong frequency
bin is searched, J; =[S, (ko ay)|* obeys the central chi-
square distribution with the variance 02, and the probability
density function can be written as follows:

1 J
po(Jg) = E“P(‘é)a (20)

where p, represents probability density function when a
wrong bin is searched. When the right frequency unit is
detected, J; = |S; (k> &,)|* obeys the noncentral chi-square
distribution with the variance 2, and the probability density
function can be written as follows:

1 Ja+2 2]
pUa)=—= exp(— — )Io ad |, (21)
20 20

w w w

where p, represents the probability density function when
the right frequency bin is detected. Under an incorrect
frequency hypothesis H, the false alarm probability P, can
be written as:

Vb TfTa—l
JO Po (y)dy>

S

Pg,=P{y2yplHo} =1~
(22)
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FIGURE 2: CRB of w, under different integration times.

TasLE 1: Computational burdens comparison.

Coarse MF estimation Complex multiplications Complex additions
BASIC (To) + (T,)/2log, (T,) (Tolog, (T,)
o +(Tf) +Tf/21082 (Tf) +(Tf)10g2 (Tf)
Proposed method (1% step) T,T/2log, (T () T, T log, (Ty)
Fine MF estimation Complex multiplications Complex additions
Proposed method(2™ step) N +Cpy Cpa
2N +1)(M+1)+
1+2(MD+ (N-1)(M +2)+
(M -1+ /2 M(N+1)+ (M-1)+
Schmidt method (appendix table 2) [5] M 0.5 M
(N+1) ) m! (M=2)l+N Y m!
m=1 m=1

TaBLE 2: computational burdens for the Schmidt method algorithm [5].

Multiplications Additions
R(1,1) = P? N N-1
R(k,1)=PP, k=1,...,.M 1+MN M (N -1)
C(1) = yP, N+1 N-1
fork=1,...,M
fori=1,...,k ~ M ml(N+1) M mIN
k> iR (ki) = PP, - Z;laj,-R(k.j)
. S5 k-l -
k =iR(k,k) = P;.P; — Zj=1“§kR(J'J)
fork=1,....M MN + (M -1)! MN + (M - 2)!
— k-1 .
C(k) = yPi = ) aixC ()
gk = C(K)/R(k, k) M 0
6,=g,— Y R(ki)/R(i,i)6; 200D (M1l + M
k=i+1
i=1,...M

M represents the number of vectors, and N represents the length of the vector. g, represents coeficients of Schmidt orthogonalization.
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where yp, represents the detection threshold. Under the
correct frequency hypothesis H, the detection probability
P}, can be written as follows:

P (@(J: Po ()’)d)’)TfTa_ 1dX,
(23)

+00

PD:P{xZYD|H1}:J
Yp

where T, represents the number of initial frequency search
bins in the first step of the proposed method and T, rep-
resents the number of chirping rate search bins. When the

configured P, is small, (Jéd po(J)d] )"« = 1, and the
detection probability Pj, can be simplified into

a
Psz{JdZYD/Hl}:Q(U_’%>’ (24)
where a equals to [S; (ky, ay)| in the absence of noise. Based
on the definition of miss detection probability [18], the miss
probability of the proposed method can be written as:

P = J Z P (")(J Z Po (y)dY)Tfo ax (25)

When the set Py, is small, (_[g” poUpd] ) et <1,
P, + Py, = 1. Above all, the detection probability of coarse
MF estimation of the proposed method can be obtained.
When the signal is detected, the second step of the proposed
method for fine MF estimation can be performed.

5. Simulation Results

In this section, BASIC [11] and FRFT [13] are chosen as the
benchmark for the Ist step of the proposed method, and
Schmidt [5] is chosen as the benchmark for the 2nd step. The
simulation parameters are listed in Table 3 where [#] rep-
resents the smallest integer that is larger than #.

5.1. Coarse Frequency Detection Performance Comparison.
Although complex multiplications of the proposed method
for coarse MF estimation are larger than that of BASIC in
Figure 3, when the SNR of the postcorrelation signal is larger
than —10dB, the detection probability of the proposed
method is almost 100%, which is larger than other FRFT and
BAISIC in Figure 4. This is because FRFT has a search bin «
and BAISIC adopts a differential process, which may de-
grade the correlation peak and lead to lower detection
probability.

52. Fine MF Accuracy and Complexity Comparison.
Based on the simulation above, the DCFT method, two-step
method, and Schmidt method are adopted for the fine MF
search. In Figure 5, the complex multiplications of Schmidt
vary greatly with the change of MF search step and post-
correlation signal length.

In Figure 6, even though 1rad/s of MF search step is
adopted for MF estimation, the two-step method based on

TaBLE 3: simulation parameters.

Value
(=250, 250) Hz
(=500, 500) Hz/s
1/(2T,) = 1/(2NT,)

Parameters

Initial frequency range
Chirping rate range
Initial frequency search step (A;)

Sampling time (T') 0.001s

Factor (y) 0.5
Number of iterations (I,) 10

Number of segmentation (L) [ (4(N = DT @)/ 7]
Monte Carlo simulation 5000

Max mean frequency (@,,,,)
False alarm probability (P,)

27‘[Ad + 27T8d (N - 1)/2Ts
2x 10710

10°

108

107

108

10%7

Complex multiplications

10*

i

103
200 300 400 500 600 700 800 900 1000

Integration time (ms)

—=— BASIC
—— st step of proposed method

Ficure 3: Complex multiplications comparison for coarse MF
estimation methods.
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FiGure 6: MF square error comparison. The SNR of the post-
correlation signal is 5dB. The MF search step is 1rad/s. The in-
tegration time is 200 ms in coarse MF estimation.

MLEP gains higher precision than MF search based on
Schmidt.

6. Conclusion

To improve frequency accuracy in high-dynamic acquisi-
tion, we propose a two-step frequency estimation method.
The proposed method combines a coarse frequency esti-
mation method based on DCFT and MLEP for fine fre-
quency estimation. In the Ist step, the search step of initial
frequency and chirping rate is configured based on Taylor
expansion, and coarse MF is obtained. In the 2nd step, due to
low-frequency error, fine MF is estimated by MLEP. Al-
though DCFT costs much more computation in Figure 3
compared with BASIC, it improves the detection probability

International Journal of Antennas and Propagation

in Figure 4. Moreover, the proposed MLEP obtains higher
mean frequency accuracy and lower complex multiplications
compared with the conventional method Schmidt. Fur-
thermore, in practice, the proposed two-step method can
provide a theoretical basis for open-loop frequency tracking.
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