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In this paper, we investigate the problem of the heavy computational burden of the direction-of-arrival (DoA) estimation for the
noncircular (NC) signals. A novel low-complexity direction-of-arrival estimation algorithm for NC signals via subspace rotation
technique (SRT) is proposed. Te proposed algorithm divides the noise subspace matrix along its row direction into two
submatrices, and the SRT is performed to get a new reduced-dimension noise subspace. Ten, utilizing the separation of variables
and the orthogonality between the reduced-dimension noise subspace and the space spanned by the columns of the extended
manifold matrix, a new one-dimensional spectral search function is derived to estimate DoAs. As the size of the block matrices of
the noise subspace matrix has a great impact on the computational complexity of the spectral search, the optimal number of rows
of the block matrices is determined. Te proposed algorithm not only avoids the two-dimensional spectral search but also
efciently removes the redundancy computations in the one-dimensional spectral search. Teoretical analysis and simulation
results show that the proposed algorithm can signifcantly improve the computational efciency on the premise of ensuring the
accuracy of DoA estimation for the NC signals, especially in scenarios where large numbers of sensors are applied.

1. Introduction

Direction-of-arrival (DoA) estimation has been widely used
in various communication applications such as radar, sonar,
target location, and wireless communication, which is an
extremely important topic in the feld of array signal pro-
cessing [1–9]. High resolution methods for DoA estimation
include multiple signal classifcation (MUSIC) [10], root-
multiple signal classifcation (Root-MUSIC) [11], estimating
signal parameters via rotational invariance techniques
(ESPRIT) [12], and so forth. However, these traditional
algorithms based on the premise of the narrow-band or
wide-band sources have not exploited the properties of the
incoming sources [13–16]. As the noncircular (NC) signals
such as binary phase shift keying (BPSK) signals, amplitude
modulation (AM) signals, and multiple amplitude shift
keying (MASK) signals have been more and more widely

utilized in practical communication, the NC property of
incoming sources has been considered in DOA estimation
[17–20]. Te knowledge of the elliptic covariance matrix,
which is not equal to zero, can be used to improve the
estimation performance by increasing the dimension of the
received signal matrix and extending the array aperture. A
two-dimensional noncircular MUSIC (2D-NC-MUSIC)
algorithm exploiting the NC property of the incoming
sources was proposed in [21], which needs a two-
dimensional spectral search, bringing huge computational
complexity. In order to decrease the computational com-
plexity of the 2D-NC-MUSIC algorithm, the noncircular
MUSIC (NC-MUSIC) algorithm was also presented in [21]
to convert the two-dimensional spectral search into the one-
dimensional spectral search. A polynomial rooting NC-
MUSIC algorithm proposed in [22] can replace the two-
dimensional spectral search with the polynomial rooting so
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as to reduce the computational complexity of the 2D-NC-
MUSIC algorithm to some extent. In [23–25], convex op-
timization was utilized to avoid the two-dimensional
spectral search and greatly improves the computational
efectively. However, the required one-dimensional spectral
search still has the high computational cost. A SRTRD-NC-
MUSIC algorithmwas presented in [26], which enhances the
computational efciency by means of the conversion of the
two-dimensional peak searching into the one-dimensional
peak searching and the removal of some redundancy
computations of the one-dimensional peak searching, but
still remains redundancy computations in peak searching.
Based on the sparsity of target azimuth information in the
spatial domain, the methods proposed in [27, 28] use the
spatial dictionary and the sparse signal reconstruction to
fnish the DoA estimation, which can reduce the compu-
tational complexity only on the premise of precisely com-
pensating for the NC phase caused by transmission delay.

In order to reduce the computational complexity of the
2D-NC-MUSIC algorithm, we improve the SRTRD-NC-
MUSIC algorithm and propose a novel low-complexity DoA
estimation algorithm called the SRTRD-p-NC-MUSIC al-
gorithm, which can further avoid redundancy computations
in spectral search. In this paper, we divide the noise subspace
matrix along its row direction into two submatrices and the
subspace rotation technique (SRT) [29] is used to construct
a new reduced-dimension noise subspace. As the new
reduced-dimension noise subspace is also orthogonal to the
space spanned by the columns of the extended manifold
matrix, a new one-dimensional spectral search function is
fnally derived to estimate DOAs by means of the separation
of variables. Considering that the size of the block matrices
of the noise subspace matrix has a great impact on the
dimensions of the new reduced-dimension noise subspace
and the computational complexity of the spectral search, we
have a discussion about the numbers of rows of the block
matrices, and the optimal number of rows of the block
matrices is derived. Te SRTRD-p-NC-MUSIC algorithm
can reduce the computational complexity to less than 3% as
compared to the 2D-NC-MUSIC algorithm on the premise
of ensuring the accuracy of DOA estimation. Especially, the
efciency advantage of the new algorithm is more obvious
for the case that large numbers of sensors are required.

1.1. Notation. Troughout the paper, we utilize upper-case
bold letters to denotematrices (e.g.,A), lower-case bold letters
for vectors (e.g., a) and upper-case double-line characters for
sets (e.g., C). (·)∗, (·)T, (·)H, and (·)† represent complex
conjugate, transpose, conjugate transpose, and pseu-
doinverse, respectively. E {·} is used to represent the statistical
expectation. ‖.‖ and det (·), respectively, indicate the norm of
a vector and the determinant of a matrix. diag {.} stands for
a diagonal matrix composed of the embraced elements. Span
(·) is the space spanned by the columns of a matrix, dim (·) is
the dimension of a linear space and rank (·) is the rank of
a matrix. IM represents a M×M identity matrix and 0M×N
denotes a M×N matrix with all zero elements.

2. Data Model and 2D-NC-MUSIC Algorithm

2.1. Data Model. Te noncircular signals have been exten-
sively used in various modern communication systems. As
the noncircular signals have the property that the pseudo-
covariance is nonzero, the efective array aperture can be
extended by means of increasing the number of virtual
sensors [17–20]. Considering the impact of the actual
transmission channel, the received signals can be repre-
sented as

S(t) � SR(t)e
jφ

, (1)

where SR (t) is the real signal, and the phase φ is the sum of
the initial phase of the signal and the additional phase of
the transmission channel. Consider an M-element uni-
form linear array (ULA) with the interelement spacing
d and select the leftmost sensor of the ULA as the reference
one. K independent narrow-band far-feld noncircular
signals Sk (t) (k � 1, 2, . . . , K) are impinging on the ULA
from the diferent directions θk (k � 1, 2, . . . , K), as shown
in Figure 1. Te received signals of the ULA can be
expressed as

X(t) � AS(t) + N(t) � AΨSR(t) + N(t), (2)

where S(t) � [S1(t), S2(t), · · · , SK(t)]T ∈ CK×1 is the non-
circular incident signal vector, A � [a(θ1), a(θ2),
· · · , a(θK)] ∈ CM×K is the manifold matrix with the steering
vector a(θk) � [1, ej2πd sin θk/λ, · · · , ej2π(M− 1)d sin θk/λ]T (k� 1,
2, . . . , K) and λ is the wavelength of the carrier wave.N(t) �

[n1(t), n2(t), · · · , nM(t)]T ∈ CM×1 represents the white
Gaussian noise vector with zero mean and variance σ2.
SR(t) � [SR,1(t), SR,2(t), · · · , SR,K(t)]T ∈ RK×1 and Ψ � di ag
ejφ1 , ejφ2 , · · · , ejφK  with φk (k � 1, 2, · · · , K) being the
noncircular phase of the kth incident signal.

Considering that a noncircular signal has the charac-
teristics of E {S (t) ST (t)}≠ 0 and E {S∗ (t) SH (t)}≠ 0, we
concatenate the array output and its conjugation to increase
the number of available sensors [13–20]. So a new extended
vector is obtained, as shown in the following:

Y(t) �
X(t)

X∗(t)
 

�
AΨ

A∗Ψ∗
 SR(t) +

N(t)

N∗(t)
 

� BSR(t) + N0(t),

(3)

where B � (AΨ)T (AΨ)H 
T

� [b(θ1,φ1), b(θ2,φ2), · · · ,

b(θK,φK)] and N0(t) � NT(t) NH(t) 
T.

2.2. 2D-NC-MUSIC Algorithm. Te extended covariance
matrix RY is expressed as

RY � E Y(t)Y
H

(t) . (4)

According to the eigenvalue decomposition (EVD) of
the matrix RY, the label (4) can be further rewritten as
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RY � 

K

i�1
λiviv

H
i + 

2M

i�K+1
λiviv

H
i � VSΛSV

H
S + VNΛNV

H
N, (5)

where λ1 ≥ λ2 ≥ · · · ≥ λK > λK+1 � λK+2 � · · · � λ2M, ΛS �

diag λ1, λ2, · · · , λK , ΛS � diag λK+1, λK+2, · · · , λ2M , and Vi

(i� 1, 2, . . ., 2M) is the eigenvector corresponding to the
eigenvalue λi (i� 1, 2, . . ., 2M). VS � v1, v2, · · · , vK  and
VN � vK+1, vK+2, · · · , v2M  are the signal subspace and the
noise subspace, respectively. In practice, we usually use the L
snapshots of the received signal X (t) to estimate the ex-
tended covariance matrix RY as follows:

RY �
1
L



L

t�1
Y(t)Y

H
(t). (6)

Based on the orthogonality property between the signal
subspace and the noise subspace, the two-dimensional NC-
MUSIC function can be constructed to estimate the DOAs of
the noncircular signals as follows [21]:

P2D− NC− MUSIC(θ,φ) �
1

bH(θ,φ)VN
VH

Nb(θ,φ)
, (7)

where

b(θ, φ) � e
jφ

, e
(j(φ+2πdsin θ)/λ)

, · · · , e
(j(φ+2π(M− 1)dsin θ)/λ)

 , e
− jφ

, e
− (j(φ+2πdsin θ)/λ)

, · · · , e
− (j(φ+2π(M− 1)dsin θ)/λ)


T
. (8)

Te Kmaxima referring to source DoAs can be obtained
by the two-dimensional spectral search. It is observed that
although the 2D-NC-MUSIC algorithm can extend the ef-
fective array aperture and greatly improve the resolution of
the DoA estimation, the expensive computation cost of two-
dimension spectral search limits the practical application of
the 2D-NC-MUSIC algorithm in the high-real-time pro-
cessing scenarios [30–32].

3. SRTRD-p-NC-MUSIC Algorithm

In this section, we propose a new algorithm to reduce the
computational complexity of the 2D-NC-MUSIC algorithm.
We frst use the block matrix method and SRT to construct
a reduced-dimensional noise space. Ten, based on the
orthogonality between the reduced-dimensional noise space
and the space spanned by the columns of the extended
manifold matrix, the separation of variables is utilized to
convert the two-dimensional spectral search into the one-
dimensional spectral search. Finally, because the number of
rows in the block matrices has a great impact on the
computational complexity of the proposed algorithm, we
discuss about the selection of the number of rows in the
block matrices and give the optimum value.

3.1. SRTand Reconstruction of the Noise Subspace. Te noise
subspace VN ∈ C2M×(2M− K) can be divided along its row
direction into two block matrices, as shown in the following:

VN �

VN,1
2M− K

M − p

VN,2
2M− K

M + p

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (9)

where VN,1 ∈ C(M− p)×(2M− K) and VN,2 ∈ C(M+p)×(2M− K).
Obviously, rank(VN) � dim (span(VN)) � 2M − K, and if
1≤ p≤M − K, the matrix VN,2 is row full rank. According to
the matrix theory [33], we know that the matrix VN,2 has
a right inverse matrix V†

N,2 satisfying V†
N,2V

†
N,2 � IM+p. In

order to construct the new noise space span (Vnew), we use
the matrix V†

N,2 to weight the column vectors of the noise
space VN with the following form:

Vnew � VNV
†
N,2. (10)

Te abovementioned label (10) means we rotate the
space span (VN) by an angle in the 2M-dimensional space.
Consider rank(Vnew)≤min [rank(VN), rank(V†

N,2)], then
the new constructed space span (Vnew) is a subset of the
space span (VN):

span Vnew( ⊆ span VN( . (11)

As we know, span(VN)⊥span(VS) and
span(VS) � span(B), so the space span (B) is orthogonal to
the reconstructed space span (Vnew):

VH
newb θi,φi(  � 0(M+p)×1, (12)

where i� 1,2, . . ., K.

d

θi

x

y

Si (t)

O

Figure 1: Array signal model.
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3.2. Construction of the Reduced-Dimension Spectrum
Function. Based on the orthogonality property between the
reconstructed noise subspace Vnew and the column space
spanned by the matrix B, the two-dimensional spectrum
function is defned according to label (13) [27]:

P2D(θ, φ) �
1

f(θ, φ)

�
1

bH
(θ, φ)VnewV

H
newb(θ, φ)

.

(13)

Te estimation of two-dimensional DOAs of noncircular
signals can be acquired by searching the minimum of
f(θ, φ). Based on the separation of variables, b(θ, φ) is
represented as

b(θ,φ) �
a(θ)e

jφ

a∗(θ)e
− jφ

⎡⎣ ⎤⎦

� A(θ)E(φ),

(14)

where

A(θ) �
a(θ) 0M×1

0M×1 a∗(θ)
 ,

E(φ) � ejφ e− jφ 
T
.

(15)

Te label (13) can be further rewritten as

P2D(θ,φ) �
1

f(θ, φ)

�
1

EH
(φ) AH

(θ)VnewV
H
new

A(θ) E(φ)
.

(16)

Since AH
(θ)VnewVH

new
A(θ) is a Hermitian matrix and

f(θ, φ) is a nonnegative-defnite quadratic form, the min-
imum of f(θ, φ) can be determined by the minimum ei-
genvalue of the matrix AH

(θ)VnewVH
new

A(θ). When θ is one
of the real DOAs of the received signals, the minimum
eigenvalue of the matrix AH

(θ)VnewVH
new

A(θ) is zero. Ten
the minimum of the determinant of the matrix
AH

(θ)VnewVH
new

A(θ) is also zero [31]:

det AH θi( VnewV
H
new

A θi(   � 0. (17)

We construct a new reduced-dimension spectrum
function as follows:

PSRTRD− p− NC− MUSIC(θ) �
1

det AH
(θ)VnewV

H
new

A(θ) 

.
(18)

By only one-dimensional peak searching, the DOAs of
the noncircular signals can be obtained by searching K
minimum values of (18).

Compared with the 2D-NC-MUSIC algorithm, the pro-
posed algorithm can not only reduce the dimension of the
noise subspace, but also need only one-dimensional peak
searching to obtain the estimation of the DOAs of the received
signals. Te following analysis will show that the proposed
SRTRD-p-NC-MUSIC algorithm can signifcantly reduce the
computational complexity of the 2D-NC-MUSIC algorithm
and dramatically improve the computational efciency on the
premise of ensuring the accuracy of DoA estimation.

3.3. Simplifcation of the SRTRD-p-NC-MUSIC Algorithm.
Substituting label (9) into label (10), label (10) can be further
represented as

Vnew � VNV
†
N,2

�
VN,1

VN,2
 V†

N,2

�
VN,1V

†
N,2

IM+p

⎡⎢⎣ ⎤⎥⎦

�

Vrot
M+p

M − p

IM+p

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦,

(19)

with Vnew ∈C
(M− P)×(M+P). Ten, we can divide the matrix

AH
(θ) ∈ C2×2M into block matrices as follows:

(20)

where

a(θ) � 1, e
j2πd sin θ/λ

, · · · , e
j2π(M− p− 1)dsin θ/λ

 
T
∈ C(M− p)×1

,

e0(θ) � e
j2π(M− p)dsin θ/λ

, · · · , e
j2π(M− 1)dsin θ/λ

 
T
∈ Cp×1

,

e1(θ) � eH
0 (θ) 01×M  ∈ C1×(M+p)

,

e2(θ) � 01×p aT
(θ)  ∈ C1×(M+p)

.

(21)

Based on label (19) and label (20), we can obtain

AH
(θ)Vnew �

aH
(θ) e1(θ)

01×(M− p) e2(θ)
⎡⎢⎣ ⎤⎥⎦

Vrot

IM+p

⎡⎣ ⎤⎦

�
aH

(θ)Vrot + e1(θ)

e2(θ)

⎡⎣ ⎤⎦.

(22)

Furthermore, we substitute label (22) into label (18) to get
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AHVnewV
H
new

A �
aHVrot + e1

e2
⎡⎣ ⎤⎦ VH

rota + eH
1 eH

2 

�
aHVrot

����
����
2

+ 2Re aHVrote
H
1  + e1

����
����
2

aHVrote
H
2 + e1e

H
2

e2V
H
rota + e2e

H
1 e2

����
����
2

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

�
aHVrot

����
����
2

+ 2Re aHVrote
H
1  + p aHVrote

H
2

e2V
H
rota M

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

(23)

where the tag θ representing the angle is omitted for no-
tational convenience. Ten, the proposed SRTRD-NC-

MUSIC algorithm can be further simplifed, as shown in the
following:

PSRTRD− p− NC− MUSIC(θ) �
1

M ‖η(θ)‖
2

+ 2Re η(θ)eH
1 (θ)  + p  − η(θ)eH

2 (θ)
����

����
2 , (24)

where η(θ) � aH(θ)Vrot. From label (24), we can see that the
computational complexity of the proposed SRTRD-NC-
MUSIC algorithm is greatly afected by the selection of p

because of the relation between the value of p and the di-
mensions of η(θ), a(θ), Vrot, and e1(θ). Te following
analysis shows that when the value of p is optimal, the
proposed SRTRD-NC-MUSIC algorithm can dramatically
improve the computational efciency as compared to the
2D-NC-MUSIC algorithm.

3.4.Optimal Selection ofp. In this section, we further discuss
about the selection of the value of p to dramatically improve
the computational efciency. Note that the complexities are
given in terms of complex-valued fops [26–29]. For the 2D-
NC-MUSIC and the SRTRD-p-NC-MUSIC, the EVD of the
covariance matrix RY can use the fast subspace de-
composition (FSD) technique [34], and O (4M2K) fops are
required to use the FSD technique of the covariance matrix
RY. Compared with the 2D-NC-MUSIC, we need to addi-
tionally construct the new noise subspace Vnew and calculate
the matrix V†

N,2 for the SRTRD-p-NC-MUSIC. As we know,

the dimensions of the matrix Vnew and the matrix V†
N,2 are

2M× (2M − K) and (M+ p)× (2M − K), respectively. Ten,
the construction of the matrixVnew needsΟ [(M − p) (M+ p)
(2M − K)] +O [2M (2M − K)] fops [29].

For the 2D-NC-MUSIC and the SRTRD-p-NC-MUSIC,
the spectral search step is needed to estimate the DOAs of
the received signals. Assuming there are J points within the
search range [− 90° and 90°] of the incident angle θ and the
search range [0, 2π] of the noncircular phase φ, respectively,
the 2D-NC-MUSIC requires O [J2 (2M+ 1) (2M − K)] fops
to fnish the spectral search. For the SRTRD-p-NC-MUSIC,
it has to compute ‖η‖2, η(θ)eH

1 (θ), and ‖η(θ)eH
2 (θ)‖2 for

each search point. Ten, the cost of computing ‖η‖2,
η(θ)eH

1 (θ), and ‖η(θ)eH
2 (θ)‖2 are O [(M − p+ 1) (M+ p)]

fops, O ((M − p+ 1) p) fops, and O ((M − p+ 1) M+ 1)
fops, respectively. Consequently, the spectral search of the
SRTRD-p-NC-MUSIC costs O [J
(− 2p2 + 2p+ 2M2 + 2M+ 1)] fops.

Above all, we can obtain the number of total fops of the
2D-NC-MUSIC and the SRTRD-p-NC-MUSIC with the
following form:

C2D− NC− MUSIC � Ο 4M
2
K  + Ο J

2
(2M + 1)(2M − K) ,

CSRTRD− p− NC− MUSIC(p) � Ο 4M
2
K  + Ο((M − p)(M + p)(2M − K)) + Ο(2M(2M − K)) + Ο J − 2p

2
+ 2p + 2M

2
+ 2M + 1  .

⎧⎪⎨

⎪⎩
(25)

As it usually satisfes J>>M>K in practice, the label (25)
can be further approximated as follows:

C2D− NC− MUSIC ≈ Ο J
2
(2M + 1)(2M − K) ,

CSRTRD− p− NC− MUSIC(p) ≈ Ο J − 2p
2

+ 2p + 2M
2

+ 2M + 1  .

⎧⎪⎨

⎪⎩
(26)
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Obviously, the selection of the value of p depends on the
following optimization problem:

min
p

CSRTRD− p− NC− MUSIC(p), s.t.1≤p≤M − K, (27)

As shown in Figure 2, the label (26) is a quadratic
function of p which is monotone decreasing if p> 0.5.
Considering that p satisfes 1≤ p≤M − K, we can get
CSRTRD− p− NC− MUSIC(M − K)≤CSRTRD− p− NC− MUSIC(1) since
the number of sensors and the number of sources usually
satisfy M>K. Terefore, we can further get the optimal
choice of p, which is represented as

popt � M − K. (28)

3.5. Analysis of Computational Complexity. When p � popt,
we substitute label (28) into label (26) and the computational
complexity of the proposed SRTRD-p-NC-MUSIC can be
further written, as shown in the following:

CSRTRD− p− NC− MUSIC(p) � Ο J 4MK + 4M + 1 − 2K
2

− 2K  .

(29)

Figure 3 illustrates the computational complexity
comparison among the proposed SRTRD-p-NC-MUSIC,
2D-NC-MUSIC [21], RD-NC-MUSIC [23], and SRTRD-
NC-MUSIC [26] with diferent numbers of sensors and
diferent numbers of sources, where J� 1000 is considered.
Te RD-NC-MUSIC and the SRTRD-NC-MUSIC require
Ο[J((2M − K)(4M + 2) + M + 2)] fops [23] and
Ο(J(2M2 + 2M + 1)) fops [26], respectively.

From Figure 3, we can see that the computational
complexities of diferent algorithms increase with the
number of sensors. Compared with the 2D-NC-MUSIC, the
proposed SRTRD-p-NC-MUSIC can reduce the computa-
tional cost dramatically. Especially, the efciency advantage
of the proposed SRTRD-p-NC-MUSIC is more obvious in
scenarios where the large numbers of sensors are applied.
Moreover, the proposed SRTRD-p-NC-MUSIC can reduce
the computational complexity to about 20% as compared to
the RD-NC-MUSIC. Compared with the SRTRD-NC-
MUSIC, the proposed SRTRD-p-NC-MUSIC can enhance
the computational efciency signifcantly when the large
numbers of sensors are applied. In addition, unlike the 2D-
NC-MUSIC and the RD-NC-MUSIC, the computational
complexity of the proposed SRTRD-NC-MUSIC increases
as the number of sources increases.

3.6. Summary of the Proposed Algorithm. Te main steps of
the proposed SRTRD-p-NC-MUSIC are shown as follows:

Step 1. Estimate the extended covariance matrix RY
according to label (6).
Step 2. Perform the eigenvalue decomposition of the
matrix RY according to label (5) to acquire the noise
subspace VN.

Step 3. Obtain the optimal choice of P according to
label (28). Divide the matrix VN according to label (9)
to obtain VN,2.
Step 4. Construct the new noise subspace Vnew
according to label (19). Divide the matrix AH

(θ)

according to label (20).
Step 5. Construct the one-dimensional spectral search
function PSRTRD− p− NC− MUSIC(θ) according to label (24).
Estimate the DoAs of the noncircular signals by
searching K minimum values of label (24).

4. Simulation Results

In this section, we will demonstrate the efectiveness of the
proposed SRTRD-p-NC-MUSIC, compared with the 2D-
NC-MUSIC, RD-NC-MUSIC, and SRTRD-NC-MUSIC. For
all simulations, a ULA with spacing d= 0.5λ is used. In all
experiments except for Figure 4, we set the number of
sensorsM= 8. We assume that the sources are narrow-band
BPSK signals with equal power in the presence of the ad-
ditive white Gaussian noise. All the simulation results are
averaged via 3000 Monte Carlo runs. Te Root Mean Square
Error (RMSE) is defned as

RMSE �

��������������������

1
KNm



K

k�1


Nm

i�1
θk,i − θk,i 

2




, (30)

where Nm is the total number of the Monte Carlo simula-
tions, and θk,i, θk,i are the real value and estimated result of
the kth source in the ith simulation, respectively. For the
signals incoming from two similar directions, it is consid-
ered as the successful estimation when satisfying

P θ1(  + P θ2( 

2
>P

θ1 + θ2
2

 , (31)

where P (·) is the spectrum function, and θ1, θ2 are the
incoming directions of the signals, respectively [29].

Figure 5 shows the DoA estimation results of the pro-
posed SRTRD-p-NC-MUSIC and the 2D-NC-MUSIC,
where K� 3 with θ� {− 45°, − 15°, 5°} and the snapshots

0.5 M-K
p
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D
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U
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C 
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)
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Figure 2: Analysis of the value of CSRTRD− p− NC− MUSIC(p).
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L� 1000.Te signal-to-noise ratio (SNR) is set to 5 dB. From
Figure 5, the proposed SRTRD-p-NC-MUSIC can resolve all
sources sufciently well. Compared with the 2D-NC-MU-
SIC, the spatial spectrum of the SRTRD-p-NC-MUSIC has
a sharper peak. In addition, the SRTRD-p-NC-MUSIC
performs close to the 2D-NC-MUSIC and improves the
computational efciency signifcantly.

Figures 4, 6, and 7 indicate the RMSE performance
comparison among the proposed SRTRD-p-NC-MUSIC,
2D-NC-MUSIC, RD-NC-MUSIC, and SRTRD-NC-MUSIC,
where K� 2 sources with θ� {− 15°, 20°}. In Figure 6, the
number of snapshots is fxed at 500, and the SNR is varied
from − 10 dB to 20 dB. It is clearly shown that the RMSEs of
all algorithms in Figure 6 decrease as the SNR increases.
Furthermore, the SRTRD-p-NC-MUSIC shows close
RMSEs to the 2D-NC-MUSIC, and it has the better RMSE
performance than the other three algorithms. In Figure 7,
the SNR is fxed at 10 dB, and the number of snapshots is
varied. From Figure 7, when the number of snapshots in-
creases, the extended covariance matrix can be estimated
more accurately, and the RMSEs of all algorithms in Figure 7
decrease. At the same time, the SRTRD-p-NC-MUSIC can
achieve a better RMSE performance, close to that of the 2D-
NC-MUSIC, than the other three algorithms. In Figure 4, the
number of sensors is varied from 5 to 15, where SNR� 10 dB
and L� 500. It is indicated that the RMSE performance of all
algorithms in Figure 4 becomes better with increasing the
number of sensors because the increasing number of sensors
expands the aperture of the ULA. In addition, the SRTRD-p-
NC-MUSIC still has a closer RMSE performance to the 2D-
NC-MUSIC in comparison with the other three algorithms.
Obviously, it can be seen clearly that the computational
efciency of the SRTRD-p-NC-MUSIC is improved without
sacrifcing too much estimation accuracy.

In Sections 3.4 and 3.5, we have analysed how the choice
of the value of p afects the computational complexity of the
proposed SRTRD-p-NC-MUSIC. In order to investigate the
estimation accuracy of the proposed SRTRD-p-NC-MUSIC,
in Figure 8, we further compare the RMSE performance of
the proposed algorithm with diferent choices of the value of
p, where K� 2 sources with θ � {− 15°, 20°}. In Figure 8(a), we
set the number of snapshots to be 500 and the SNRs from
− 10 dB to 20 dB. It can be seen that as the SNR increases, the
RMSEs of all choices of the value of p decrease. In
Figure 8(b), we set the SNR to be 10 dB, and the number of
snapshots is varied. It is observed that the RMSEs of all
choices of the value of p decrease with increasing the number
of snapshots. In addition, from Figure 8(a) and Figure 8(b),
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Figure 3: Comparison of computational complexities with a dif-
ferent number of sensors and a diferent number of sources.

SRTRD-NC-MUSIC
RD-NC-MUSIC

9 13 157 115
Number of Sensors

10-3

10-2

10-1

100

RM
SE

 (d
eg

re
e)

SRTRD-p-NC-MUSIC
2D-NC-MUSIC

Figure 4: Performance comparison with a diferent number of
sensors, SNR� 10 dB and L� 500.

-90 -60 -45 -30 -15 0 30 60 90
Angle (degree)

-40

-35

-30

-25

-20

-15

-10

-5

0

Sp
at

ia
l S

pe
ct

ru
m

 (d
B)

SRTRD-p-NC-MUSIC
2D-NC-MUSIC

5

Figure 5: Spatial spectrum of the proposed SRTRD-p-NC-MUSIC
and the 2D-NC-MUSIC, SNR� 5 dB and L� 1000.
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we can see that when the choice of the value of p is closer to
the optimum popt, the RMSE performance of the proposed
algorithm is much better. Tis is because as the value of p is
closer to the optimum popt, the orthogonality between the
reconstructed noise subspace and the space spanned by the
columns of the extended manifold matrix is more improved
[29, 35].

In Figures 9 and 10, there are two signals impinging
upon the ULA from the directions θ1 � 10° and θ2 �11°.
Here, the number of the snapshots is 500. Figure 9 illustrates
the DoA resolution performance versus diferent SNRs,
where two sources are located at similar directions. It is can
be observed that these four algorithms in Figure 9 have
a 100% resolution probability to distinguish the two sources
when the SNR is higher than 5 dB. However, the SRTRD-p-
NC-MUSIC can obtain much better spatial resolution than
the other three algorithms when the SNR is lower than 0 dB.
Tis is because the reconstruction of the noise subspace
improves the orthogonality between the signal subspace and
the noise subspace and the dimension of the reconstructed
noise subspace is reduced signifcantly, which leads to
a sharper peak of the spatial spectrum [29, 35]. In Figure 10,
the DoA estimation results of the proposed SRTRD-p-NC-
MUSIC and the 2D-NC-MUSIC are depicted for 10 sim-
ulations, where SNR� 5 dB. We can see that the spectral
peak of the SRTRD-p-NC-MUSIC is sharper than that of the
2D-NC-MUSIC, and the SRTRD-p-NC-MUSIC achieves
a better performance than the 2D-NC-MUSIC when dis-
tinguishing two signals from similar directions. Te simu-
lation results in Figure 10 also verify the experimental results
in Figure 9.

Figure 11 depicts the resolution probability comparison
versus diferent intersource spacing ∆θ among the proposed
SRTRD-p-NC-MUSIC, 2D-NC-MUSIC, RD-NC-MUSIC,
and SRTRD-NC-MUSIC, where SNR� 0 dB and the snap-
shots L� 500. It is considered that two sources are located at
20° and (20+Δθ)°, where Δθ represents the intersource

spacing. We can see that when the intersource spacing Δθ is
not less than 1.8°, these four algorithms have a 100% res-
olution probability to identify the two sources. Especially,
the proposed SRTRD-p-NC-MUSIC can distinguish the two
sources accurately when the intersource spacing Δθ is
greater than 1°. Compared with the other three algorithms,
the SRTRD-p-NC-MUSIC can achieve much better spatial
resolution when the intersource spacing is less than 1° due to
the better orthogonality between the signal subspace and the
noise subspace and the sharper peak of the spatial spectrum
[29, 35], which is also verifed by the simulation results in
Figure 10.

Figure 12 indicates the running time comparison
among the proposed SRTRD-p-NC-MUSIC, 2D-NC-
MUSIC, RD-NC-MUSIC, and SRTRD-NC-MUSIC versus
diferent number of sensors. Te simulation parameters are
set as SNR � 10 dB, L � 500, K� 2 and θ� {− 10°, 25°}. Te
searching interval is fxed at 0.05°. Te running times in
Figure 12 are given by running the MATLAB codes on a PC
with an Intel (R) Core (TM) i5-5300U processor, a 2.3 GHz
CPU, and 2GB RAM in the same environment. It can be
observed that the SRTRD-p-NC-MUSIC costs much lower
running time than the other three algorithms. Specifcally,
as the number of sensors increases, the running times of all
algorithms in Figure 12 increase. Simultaneously, the ef-
fciency advantage of the SRTRD-p-NC-MUSIC is more
obvious with increasing the number of sensors, which are
consistent with the aforementioned computational com-
plexity analysis. In Figure 12(a), compared with the 2D-
NC-MUSIC, the SRTRD-p-NC-MUSIC only needs a one-
dimensional peak searching, and furthermore, the re-
construction of the noise space efciently avoids the re-
dundancy computations in the one-dimensional peak
searching due to the rank defciency of the noise subspace.
Terefore, the SRTRD-p-NC-MUSIC can reduce the
computational complexity to less than 3% as compared to
the 2D-NC-MUSIC. In Figure 12(b), the dimension of the
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reconstructed noise space of the SRTRD-p-NC-MUSIC is
descended and the redundancy computations of the one-
dimensional peak searching of the SRTRD-p-NC-MUSIC
are removed, and so, the computational complexity of the
SRTRD-p-NC-MUSIC is reduced to less than 20% as
compared to the RD-NC-MUSIC. In Figure 12(c), com-
pared with the SRTRD-NC-MUSIC, the SRTRD-p-NC-

MUSIC can more completely remove the redundancy
computations in the one-dimensional peak searching
according to a novel block matrix method. Consequently,
from Figure 12(c), we can see that the computational
complexity of the SRTRD-p-NC-MUSIC is lower than that
of the SRTRD-NC-MUSIC.
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SNRs, L� 500. (b) RMSEs with a diferent number of snapshots, SNR� 10 dB.
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5. Conclusions

In this paper, we have proposed the SRTRD-p-NC-MUSIC
algorithm for the DoA estimation of NC signals in order to
reduce the computational complexity of the conventional 2D-
NC-MUSIC algorithm. Te proposed SRTRD-p-NC-MUSIC
algorithm not only converts the two-dimensional peak
searching into the one-dimensional peak searching, but also

utilizes the block matrix method and SRT to efciently avoid
the redundancy computations in the one-dimensional peak
searching due to the rank defciency of the noise subspace.
Compared with the 2D-NC-MUSIC algorithm, the proposed
SRTRD-p-NC-MUSIC algorithm can dramatically improve
the computational efciency on the premise of ensuring the
accuracy of DOA estimation, especially in scenarios where
large numbers of sensors are applied.
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