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Tis paper addresses the issue of dynamic instability in quadrotor caused by changes in load mass during fight. To tackle this
problem, the Lyapunov exponent method is adopted to study the dynamics and motion stability of the system. Tis approach
resolves the challenge of constructing system eigenvalues due to the nonlinearity and high order of the quadrotor. To enhance the
reliability of stability analysis, a quantitative relationship between system dynamics parameters and motion stability is established
by combining the dynamicmodel with the Lyapunov exponent method.Tis approach compensates for inaccuracies in theoretical
modeling analysis caused by factors such as load mass changes. Te experiments demonstrate that changing the wheelbase and
load mass improves fight motion stability, ensuring the reliability of the quadrotor fight system. Overall, this paper provides an
in-depth analysis of the motion stability of a quadrotor and proposes a reliable method for stability analysis that accounts for
changes in load mass during fight.

1. Introduction

Te operating area of the quadrotor is primarily located in
the near-ground space with complex terrain and frequent
airfows, particularly in the felds of emergency response,
atmospheric exploration, and cargo transportation, making
the motion stability of the entire quadrotor system partic-
ularly important [1–4]. In general, quadrotors are required
to perform tasks such as hanging or releasing payloads, and
changes in structural parameters can alter the dynamic
characteristics and motion stability of the entire quadrotor
system, leading to dynamic instability problems such as
pendulum oscillation, decreased accuracy, and uncontrolled
crashes [5–7].

Te motion stability of the quadrotor during payload re-
lease is essentially a problem of motion stability under variable
structural parameters. Motion stability refers to the property of
a system to return to its motion state after being deviated from
that state by external disturbances [8]. For unstable systems, the
efects of disturbances are signifcant, such that even small

disturbance forces can cause large deviations from the intended
motion over time, resulting in oscillations, swaying, and loss of
control. Amiri et al. used the Newton-Euler formula to es-
tablish a dynamic model of a vertical takeof and landing
(VTOL) quadrotor with lateral and longitudinal rotor tilting
mechanisms to improve the pitch, yaw, and roll stability of the
system. However, it is inevitable that structural parameter
changes and atmospheric disturbances will occur during
quadrotor payload release, which requires the entire system to
be designed with high robust stability [9]. Terefore, estab-
lishing a quantitative relationship between quadrotor structural
parameter changes and their motion stability is of signifcant
engineering and practical signifcance for guiding mechanical
design and optimizing control systems to improve motion
stability. Liu and Amiri et al. used the concept of Lyapunov
indices to improve system reliability and stability from the
perspective of structural parameter design [10, 11].

Furthermore, during the payload delivery process of the
quadrotor, changes in parameters and uncertain aero-
dynamic loads can turn the entire system into a complex,
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high-order, strongly coupled, nonlinear system [12, 13].
However, when traditional direct solving of dynamic equa-
tions or the Lyapunov direct method is used for analysis, there
are often problems of complex equations difcult to solve and
Lyapunov function difcult to construct [14], and it is difcult
to give a quantitative relationship between structural pa-
rameter changes and system motion stability. Terefore, how
to quantitatively analyze the motion stability of a quadrotor
during payload delivery has become one of the urgent sci-
entifc issues to be solved currently [15–19].

Due to the ability of Lyapunov exponents to quantita-
tively describe the degree of divergence or convergence
between two trajectories, one perturbed and one un-
perturbed, over time, this can be used as a method for
quantitatively analyzing the motion stability of the quad-
rotor systems during payload delivery. Compared to direct
Lyapunov methods, the main advantage of the approach
presented in this paper is the ability to quantitatively de-
scribe the relationship between dynamic parameter changes
and system motion stability, providing reference design
criteria for improving stability and reducing control energy
consumption [20–24]. Trough comparative experiments,
this paper demonstrates that changes in the system’s me-
chanical design and mass parameters, specifcally the
wheelbase and payload mass, can improve fight stability.

2. Analysis of System Stability Based on
Lyapunov Exponents

Te Lyapunov exponent describes the average exponential
rate at which the trajectories of a system’s disturbed initial
value and original initial value converge or diverge over
time. When the Lyapunov exponent is less than 0, the phase
trajectories of the system converge to a stable fxed point,
and the entire system is stable. When the Lyapunov expo-
nent is greater than 0, the system is unstable or chaotic.
When the Lyapunov exponent is 0, the phase trajectories are
periodic [25].

Te Lyapunov exponent can be obtained by either the
kinetic equation or the time series of the state quantity, and
the calculation method based on the equation is used here,
expression is as follows:

λ � lim
n⟶∞

1
n



n−1

i�0
ln

df(X)

dX



Xi

. (1)

Equation of state (1) is obtained by the transformation of
the dynamic equations of a nonlinear system. Te size of the
Lyapunov exponent is determined by the Jacobian matrix
|df/ dX| of function f(X) at Xi, the whole calculation of
which is as follows.

First, modular kinematics and equations based on operators
are constructed, and their Euler–Poincare formula is as follows:

_q � V(q)p, (2)

M(q) _p + C(q, p)p + F(p, q, u) � 0. (3)

In equations (2) and (3), q represents the generalized
coordinate vector, and there exists a mapping relation-
ship between q and X, which is obtained by transforming
the transfer function into a state equation. Te dynamic
equations are then converted into state equations as
follows:

dX(t)

dt
� f(X(t)). (4)

Next, calculate the Jacobian matrix:

df(X)

dX



Xi

. (5)

Finally, according to (4), the Jacobian can be calculated
to get the Lyapunov index shown in (5).

3. System Modeling and Lyapunov
Exponent Computation

Establish a quadrotor model, as shown in Figure 1, the
quadrotor body coordinate B(Xb, Yb, Zb) and the geodetic
coordinate E(Xe, Ye, Ze).Te quadrotor is around a particle,
found in the center of the structure, with mass m, the
distance between the rotor and the center of the fuselage is L,
and the thrust U ∈ R is the vector sum of the 4 rotor lift is
Fn(n � 1, 2, 3, 4); ϕ is the roll angle of the around the x-axis;θ
is the pitch angle of the around the y-axis; and ψ is the yaw
angle of the around the z-axis.

3.1. Assumptions. (1) Te quadrotor is a rigid body and is
completely uniformly symmetrical, (2) the origin B of the
body coordinates coincides completely with the center of
mass of the unmanned aerial vehicle, and (3) the propellers
of the quadrotor are rigid bodies, and their structure and
elastic deformation are not considered.

Depending on the fuselage layout, drones can be divided
into type “+” and type “×.” Tis article adopts a “×” type,
which has higher maneuverability than the “+” type.
Newton’s second law and Euler equation are used to show
the model.

_q � V(q)p, (6)

M(q) _p + C(q, p)p + F(p, q, u) � 0, (7)

where V(q) in (6) is the kinematic matrix and M(q) and
C(q, p) in (7) are inertia matrix and gyroscope matrix,
respectively, that can be as follows:
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V(q) �

1 0 0

SϕTθ Cϕ SϕC
−1
θ

CϕTθ −Sϕ CϕC
−1
θ

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

CθCψ CθSψ −Sθ

SϕSθCψ − CϕSψ SϕSθSψ + CϕCψ SϕCθ

CϕSθCψ + SϕSψ CϕSθSψ − SϕCψ CϕCθ
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, (8)
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0 m 0
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, (9)

where IXb
, IYb

, and IZb
in (9) are the moment of inertia of the

Xb, Yb, andZb axes, respectively.

U1 � F1 + F2 + F3 + F4,

U2 � F2 + F4,

U3 � F1 + F3,

U4 � K F1 + F2 + F3 + F4( .

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(10)

In (10), K � (CQ/CT), CQ is the rotor torque coefcient;
Trust Un(n � 1, · · · , 4) ∈ R is the vector sum of four rotor
thrust Fn(n � 1, · · · , 4), U1 is the vertical speed control
quantity, U2 is the roll input control quantity, U3 is the pitch
control input quantity, and U4 is the yaw control quantity; F

is the pull force to each rotor.
F(p, q, u) contains the sum of aerodynamic, gravity, and

control inputs, which can be expressed as follows:

F(p, q, u) �

−LU2

−LU3

−U4

mgSθ − U1 CϕCψSθ + SϕSψ 

−mgCθSϕ − U1 −SϕCψ + CϕSθSψ 

−mgCθCϕ − U1CϕCθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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,

(11)

where Sϕ � sinϕ, Cϕ � cosϕ, Sθ � sin θ, Cθ � cos θ,
C−1
θ � sec θ, Tθ � tan θ, Sψ � sinψ, Cψ � cosψ; and the g is

the acceleration of gravity.

F �
1
2
ρACTR

2Ω2. (12)
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Figure 1: System diagram.
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In (12), A � πR2, R is the radius of the rotor; ρ is the air
density, CT is the rotor lift coefcient, and Ω is the rotor
speed.

p � (p, q, r, u, v, w)
T
,

q � ϕ, θ,ψ, Xb, Yb, Zb( 
T
.

(13)

Convert (4) and (5) into equations of state of the system:
_X � f(X). (14)

Equation (14):

X � [q p]
T

� ϕ, θ,ψ, Xb, Yb, Zb, u, v, w( 
T
.

(15)

Based on the showed dynamic model, the Lyapunov
exponent spectrum of the whole is obtained by combining
(6) and (1). To calculate the Lyapunov exponent, take the
time T � 0.6 and the number of iterations K � 100. Where
the T value is determined according to the sampling step,
and the K value is determined according to the empirical
value. Given the frst conditions, the vector is obtained by
integral after the K th iteration, and then GramSchm is
orthogonalized and normalized. Tis process is repeated
until the Lyapunov index reaches the maximum number of
iterations k, and the resulting index λ1, λ1 · · · λ6 forms the
Lyapunov exponent spectrum.

Based on the derivation process of equation (1),
a quantitative relationship can be established between the
main mechanical structural parameters of the quadrotor and
the stability of the system during motion, as shown in
Figure 2.

Figure 2: frst, the equation is established, then the
Jacobian matrix is calculated based on the equation, and
fnally the Lyapunov exponent is obtained. Where V is
kinematics matrix, M is inertial matrix, C is gyro matrix,
and F contains the sum of aerodynamic, gravity, and
control inputs. According to the relationship between
structural features and motion stability, the mass m of the
system, the center distance L of the body, and the moment
of inertia IXb

, IYb
, IZb

have infuence on the Lyapunov
exponent.

4. Simulation of Motion Stability

Quantitative analysis is of great signifcance in the feld of
multirotor quadrotor and is a theoretical prerequisite for
studying motion stability. In this paper, based on the modeling
of dynamic systems and the Lyapunov exponent method, load
motion stability analysis based on hovering state is achieved, and
on this basis, maximum load and hovering time are analyzed.

Te following features are wanted for quadrotor dynamics
modeling and estimation. Te features in Table 1 are mainly
obtained by direct measurement, empirical value estimation, and
indirect experimental measurement. Among them, the features
obtained by direct measurement are as follows: m, g, L, R, ρ, n,

Cb,Rb,Ub,Kb, where the tensile force coefcient CT and the
torque coefcient CQ are estimated by selecting the average

features with wide applicability through the experimental data of
the two-blade propeller provided by the APC website. In sum-
mary, the total features of the quadrotor are shown in Table 1.

Among them, the main moment of inertia IXb
, IYb

, and
IZb

is obtained by the double-line pendulum experiment.
First, measure the moment of inertia of X and Y axes by the
double-line pendulum experiment, then measure the mo-
ment of inertia of Z axis by the four-line pendulum ex-
periment, then consult the table of moment of inertia
measurement features to decide the ω value and bring it into
the moment of inertia calculation formula, and fnally cal-
culate the three-axis moment of inertia of the quadrotor.

4.1. Optimization of Load Mass features. Te impact of the
mass parameter L on the attitude Lyapunov exponent of the
quadrotor is shown in Figure 2. Te Lyapunov exponent
spectra of the system attitude are calculated separately when
the load mass changes. CASE 1: When the quadrotor fies at
an altitude of 10m and the load mass M � 0.56kg, the system
is in position mode. CASE 2: When the quadrotor fies at an
altitude of 10m and the load mass M � 1.02kg, the system is
in position mode, as shown in Figure 3.

Figures 3 and 4: Te variation of payload quality can
improve the motion stability of the quadrotor. It can be
concluded that when the quadrotor is in a stationary hovering
state, the stability of the system in CASE 1 is better than that in
CASE 2. In practical load fight processes, system stability can

lim
n→∞

1
n

n–1
∑

i=0
1n| df (X)

dX |Xi M (q) p+C (q,p)p+F (p,q,u)=0

|df (X)/dX|Xi V .. M ..C ..F= >

m..L..R..IXb
..IYb

..IZb

•

Figure 2:Te relationship between structural features and stability.

Table 1: System structures feature table.

Features Symbolss Numbers
System quality m 1.527 kg
Acceleration g 9.8m/s2

Wheelbase L 0.36m
Tension coefcient CT 1.0792E− 005N
Torque coefcient CQ 1.89E− 007N.m
Rotor radius R 0.12m
Air density ρ 1.293 kg/m3

Moment of inertia IXb
9.5065E− 003 kg∙m2

Moment of inertia IYb
1.00E− 002 kg m2

Moment of inertia IZb
1.658E− 002 kg∙m2

Blade n 4
Battery capacity Cb 5300mAh
Battery resistance Rb 0.01Ω
Battery voltage Ub 16.2V
Max discharge rate Kb 30C
Trottle command σ 0.8
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be improved by changing the load mass. Within a certain
range, the smaller the load mass, the better the motion stability
of the system in the stationary hovering state.

4.2. Optimization of Structure Features. It is known from
Figure 2, the mechanical feature L has an impact on the
Lyapunov exponent of the quadrotor. Next, the Lyapunov
exponent of the attitude when the wheelbase L changes is
calculated, respectively. In the CASE 1, when the load mass
and other features remain unchanged, only the wheelbase
L � 0.36, L � 0.55, L � 0.82 are changed, and the simulation
results are shown in Figures 5 and 6.

Figures 5 and 6: Changes in the mechanical structure can
improve the motion stability of the quadrotor. It can be
observed that when only the L parameter is varied for the
quadrotor, within a certain range, the larger the value of L,
the faster the Lyapunov exponent of the system’s attitude
converges to zero, indicating better stability of the quadrotor
in a stationary hovering state with a load. Terefore, by

adjusting the L parameter, the motion stability of the
quadrotor in load hovering can be improved.

4.3. Energy Consumption Optimization. For the payload
fight of a quadrotor, based on the above research, the in-
fuence of diferent system parameters on the total input
energy spectrum was established using Mathematica soft-
ware, as shown in Figure 7.

Figure 7:

(1) During the initial hovering phase of the quadrotor
with load, i.e., (0≦ t≦ 10s), the system is unstable
due to airfow disturbances, resulting in an increase
in energy consumption and the presence of an en-
ergy consumption peak.

(2) As the load mass decreases from 1.02 kg to 0.56 kg,
the system’s motion stability improves, and the
energy consumption decreases correspondingly as
the system does less work to overcome disturbances.
By calculation, at t � 50s, the energy consumption in
CASE 1 is 31.11% lower than in CASE 2.
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(3) Trough simulation analysis, the feasibility of using
the Lyapunov exponent method to analyze system
motion stability is verifed, and it is shown that
changing the structural parameters of the quadrotor
can solve the issues of energy consumption and
motion stability of the system.

5. Flight Experiment Testing and Analysis

Te experimental platform uses Pixhawk as the fight
control, a wheelbase L � 0.36, a fully enclosed four-axis rack,
2312A brush fewer motor, Hobbywing 20A ESC and 4S
5300mAh battery. Te quadrotor uses 3DR wireless data
transmission module to realize communication with MP
ground station, as shown in Figure 8.

5.1. System Attitude Stability Test. In the CASE 1, the op-
timization of diferent load features is used for experimental
confrmation, and the fight attitude stability under position
hovering state is analyzed.

Figure 9:

(1) Figure 9(a) shows the fight attitude information of
the quadrotor with no load. It can be seen from the
fgure that there is no change in PITCH and YAW,
and the error in ROLL angle is small, indicating good
hovering stability.

(2) Figure 9(b) shows the fight attitude information of
the quadrotor with a load of 0.56 kg. It can be seen
from the fgure that there is a relatively small change
in PITCH and YAW, and the error in ROLL angle is
between 25° and 40°, indicating relatively good
hovering stability.
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(3) Figure 9(c) shows the fight attitude information of
the quadrotor with a load of 1.02 kg. It can be seen
from the fgure that there is a relatively small change
in PITCH and YAW, but the error in ROLL angle is
between 30° and 70°, indicating a large error in
hovering angle.

In summary, the motion stability of the quadrotor can be
improved within a certain payload range. When unloaded,
the system structure parameters remain unchanged,
resulting in the best stability for the quadrotor. Te smaller
the negative load, the smaller the attitude angle changes of
the quadrotor, resulting in better payload fight stability.

5.2. System High Stability Test. In CASE 1, experimental
verifcation was conducted using fight log data to analyze
the stability of fight height during stationary hovering.

As shown in Figure 10 the observations are as follows:

(1) Figure 10(a) shows the fight height curve for
a negative load of M � 0.56 kg. According to the
requirements of the stationary fight mode, the target
height coincides with the actual height, and the

measured height by the barometer is basically con-
sistent with the actual height, indicating good sta-
bility of the load fight.

(2) Figure 10(b) shows the fight height curve for
a negative load of M � 1.02 kg. According to the
requirements of the stationary fight mode, there is
a deviation between the target height and the actual
height, and the measured height by the barometer
fuctuates signifcantly compared to the actual
height. Te stability of the load fight curve is worse
than that of Figure 10(a).

As shown in Figure 11 the observations are as follows:
Under the stationary fight mode with a negative load of

M � 1.02kg, at a fight height of h � 10m, the fight time
Tmax � 11 (min) in minutes of the quadrotor is calculated
based on battery life, given the load weight Gmaxload � 1.02kg
of the quadrotor.

In summary, the maximum payload capacity is a fun-
damental performance indicator of the quadrotor and is
closely related to safety. Te smaller the payload, the less
variation there will be in the height stability of the quadrotor,
resulting in better load fight stability.
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Figure 9: (a) No-load attitude curve, (b) m� 0.56 kg load attitude curve, and (c) m� 1.02 kg load attitude curve.
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Figure 10: (a) M� 0.56 kg load height curve. (b) M� 1.02 kg load height curve.
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6. Experimental Results

Tis paper investigates the motion stability of a quadrotor
during payload delivery using the Lyapunov exponent
method based on the dynamic equations. Te relationship
between the payload parameters and the system’s motion
stability is quantitatively established, and the efects of
changing structural and payload parameters on the quad-
rotor’s stability are analyzed through simulation experi-
ments. An experimental platform is also built to verify the
impact of diferent loads on the stability of the quadrotor.
Te results obtained are as follows:

(1) Te quantitative relationship between the payload
mass, structural parameters, and the system’s motion
stability is elucidated, providing a theoretical basis
for optimizing the control system. Te experimental
results show that within a certain range, smaller
payload mass and a larger wheelbase result in better
system stability.

(2) Te relationship between the fight altitude ex-
periment and the system’s motion stability is
also presented, which is signifcant for calculating
the payload size. Te experiment verifes that
changes in payload mass directly afect the fight
stability.

(3) Te maximum payload weight is a fundamental
performance indicator for quadrotor and is closely
related to safety.
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[9] O. Köse and T. Oktay, “Combined quadrotor autopilot system
and diferential morphing system design,” Journal of Aviation,
vol. 5, no. 2, pp. 64–71, 2021.

[10] N. Amiri, A. Ramirez-Serrano, and R. J. Davies, “Integral
backstepping control of an unconventional dual-fan un-
manned aerial vehicle,” Journal of Intelligent and Robotic
Systems, vol. 69, no. 1-4, pp. 147–159, 2013.

[11] Y. P. Liu, X. Y. Li, T. M. Wang, Y. H. Zhang, and P. Mei,
“Quantitative stability of quadrotor unmanned aerial vehi-
cles,” Nonlinear Dynamics, vol. 87, no. 3, pp. 1819–1833, 2017.

[12] Y. Hu, J. X. Qing, Z. H. Liu, Z. J. Conrad, J. N. Cao, and
X. P. Zhang, “Hovering efciency optimization of the ducted
propeller with weight penalty taken into account,” Aerospace
Science and Technology, vol. 117, Article ID 106937, 2021.

[13] G. Zhou, X. Bao, S. Ye, H. Wang, and H. Yan, “Selection of
optimal building facade texture images from UAV-based
multiple oblique image fows,” IEEE Transactions on Geo-
science and Remote Sensing, vol. 59, no. 2, pp. 1534–1552,
2021.

[14] C. Chen, T. T. Dong, W. J. Fu, and N. Liu, “On dynamic
characteristics and stability analysis of the ducted fan un-
manned aerial vehicles,” International Journal of Advanced
Robotic Systems, vol. 16, no. 4, Article ID 172988141986701,
2019.

[15] C. X. Yang and C. Q. Wu, “A robust method on estimation of
Lyapunov exponents from a noisy time series,” Nonlinear
Dynamics, vol. 64, no. 3, pp. 279–292, 2011.

[16] C. Chen, L. R. Zhang, C. Zhang,W. J. Fu, and N. Liu, “Stability
analysis and structural features optimization of quadrotor
unmanned aerial vehicles,” International Journal of Plant
Engineering and Management, vol. 24, no. 1, pp. 19–29, 2019.

[17] Y. P. Liu, C. Chen, H. T. Wu, Y. H. Zhang, and P. Mei,
“Structural stability analysis and optimization of the quad-
rotor unmanned aerial vehicles via the concept of Lyapunov
exponents,” Te International Journal of Advanced
Manufacturing Technology, vol. 94, no. 9-12, pp. 3217–3227,
2018.

[18] J. Awrejcewicz and G. Kudra, “Stability analysis and Lyapunov
exponents of a multi-body mechanical system with rigid
unilateral constraints,” Nonlinear Analysis: Teory, Methods
and Applications, vol. 63, no. 5-7, pp. e909–e918, 2005.

[19] S. Sadri and C. Q. Wu, “Modifed Lyapunov exponent, new
measure of dynamics,” Nonlinear Dynamics, vol. 78, no. 4,
pp. 2731–2750, 2014.

[20] C. X. Yang and Q. Wu, “On stability analysis via Lyapunov
exponents calculated from a time series using nonlinear
mapping—a case study,”Nonlinear Dynamics, vol. 59, no. 1-2,
pp. 239–257, 2010.

[21] Y. M. Sun and C. Q. Wu, “Stability analysis via the concept of
Lyapunov exponents―a case study in optimal con-
trolledbiped standing,” International Journal of Control,
vol. 85, no. 12, pp. 1952–1966, 2012.

[22] M. Polajnar, F. Kosel, and R. Drazumeric, “Structural opti-
mization using global stress-deviation objective function via
the level-set method,” Structural and Multidisciplinary Op-
timization, vol. 55, no. 1, pp. 91–104, 2017.

[23] Y. Gao, “New energy vehicle engine speed control method
based on vehicle networking technology,” Journal of

Computational Methods in Science and Engineering, vol. 22,
no. 6, pp. 2201–2215, 2022.

[24] A. J. McCall and R. J. Balling, “Structural analysis and op-
timization of tall buildings connected with skybridges and
atria,” Structural and Multidisciplinary Optimization, vol. 55,
no. 2, pp. 583–600, 2017.

[25] Y. P. Liu, X. Y. Li, T. M. Wang, Y. H. Zhang, and P. Mei,
“Quantitative stability of quadrotor unmanned aerial vechicle
during yawing,” Nanjing Li Gong Daxue Xuebao/Journal of
Nanjing University of Science and Technology, vol. 40, no. 5,
pp. 520–526, 2016.

10 International Journal of Antennas and Propagation




