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In this article, the inverse difraction parabolic equation (IDPE) model based on the fnite diference method is proposed, which is
frst applied in the multiple nonradiation targets orientation technology. In principle, the electromagnetic signal propagating in
the transmission path will produce a refected signal back to the source end while encountering the discontinuous objects. Te
distribution of the refection or refraction intensity is directly associated with the distances and heights of the objects, so the
location can be determined by means of analyzing the distribution. Here, according to the profle data of feld intensity at the
source end, the distribution of backward propagating electromagnetic waves are calculated rapidly by the IDPE. Ten, the local
extreme searching method is applied to search the coordinate of the convergence point of feld intensity and the positions of
multiple objects are fnally determined. Te piecewise linear function is used to model the irregular terrain. Te infuence of
discontinuous terrain slopes on the false alarm probability of objects localization is also analyzed. Te results show that the
localization accuracy of the IDPE algorithm is afected by multiple factors, such as the radio frequency and sampling interval of
feld intensity. It is proved that the IDPE is a novel and efcient algorithm for multiple nonradiation targets orientation technology
in long-range complicated terrain environment.

1. Introduction

In recent years, with the rapid progress of the electromagnetic
theory and digital technology, the targets’ orientation based
on wireless electromagnetic waves (EWs) is currently widely
used in many areas, such as global positioning systems, au-
tonomous driving machines, and radar systems. However, the
EW propagation process is very complex; thus, the multiple
targets’ location in long-range complicated terrain environ-
ment has always been a challenge.

At present, some full-wave algorithms, such as physical
optics (PO) [1] and ray tracing (RT) [2], were already quite
mature. Te shooting and bouncing ray (SBR) [3] method is
usually used in radar cross-section computation of cavity
scattering. Te fnite-diference time-domain (FDTD)
method is applied to the antenna design and electromagnetic
scattering analysis [4]. However, the traditional geometric

algorithms are only suitable for simple scenarios. Te FDTD
method requires to fnely mesh the calculation region, which
causes the lower computational efciency. Tus, the above
methods cannot satisfy the requirements of the accuracy and
efciency of large-scale EW propagation prediction in
complicated scenarios.

Te parabolic equation (PE) is a forward iterative al-
gorithm under paraxial approximation, which has the ad-
vantages of greater accuracy and efciency than traditional
geometric algorithms [5, 6]. Te hybrid method of FDTD
and PE has emerged [7]. Te conventional PE can be solved
by the split-step Fourier transform (SSFT) [8–10]. But SSFT
has a lack of fexibility for boundary modeling, which is not
suitable for irregular terrain. Te fnite diference method
(FDM) is attractive and convenient because of their fexi-
bility for boundary modeling and greater propagation angle
limits [11].
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Te inverse difraction parabolic equation (IDPE) is an
inverse iterative algorithm based on PE [12]. Te main idea is
to fast-search radiation sources by backward deduction
according to the distribution of the forward-propagating
EWs. Te studies have shown that the IDPE method is
a useful tool to apply in the radiation sources orientation [13].
However, conventional IDPE is based on the SSFT method,
which has lower localization accuracy for irregular terrain.
Furthermore, there are few studies about the application of
the IDPE algorithm in nonradiation targets orientation.

In this article, the IDPE based on the FDM is proposed,
which is frst applied in the multiple nonradiation targets
orientation. In principle, the electromagnetic signal prop-
agating in the transmission path will produce a refected
signal back to the source end while encountering the dis-
continuous objects. Te distribution of the refection or
refraction intensity is directly associated with the distances
and heights of the objects, so the position can be determined
by means of analyzing the distribution. Here, according to
the profle data of feld intensity at the source end, the
distribution of backward propagating EWs is calculated
rapidly by the IDPE. Ten, the local extreme searching
method is applied to search the coordinate of the conver-
gence point of the feld intensity, and the positions of
multiple objects are fnally determined. Te piecewise linear
function is used to model the irregular terrain.Te infuence
of discontinuous terrain slopes on the false alarm probability
of objects location is also analyzed. Te results show that the
positioning accuracy is afected by multiple factors, such as
EWs frequency and sampling intervals of feld intensity. Te
lower the frequency and sampling intervals, the higher the
position accuracy. It is proved that the IDPE is a novel and
fast technique for multiple nonradiation targets orientation
in an irregular terrain environment.

2. Inverse Diffraction Parabolic Equation
Based on the Finite Difference Method

A detailed description of the inverse difraction parabolic
equation (IDPE) based on the fnite diference method will
be proposed in this section [14].

Assuming the two-dimensional Cartesian coordinates
(x, z), the electric or magnetic felds are independent of the
horizontal range y direction, where x represents the hori-
zontal distance, z represents vertical height, and exp−iωt

represents time dependence of the felds.
Te electric feld E only has one nonzero componentEy for

horizontal polarization, the feld component ψ is defned by

ψ(x, z) � Ey(x, z). (1)

Te magnetic feld H only has one nonzero component
Hy for vertical polarization, and the feld component ψ is
defned by

ψ(x, z) � Hy(x, z). (2)

Te two-dimensional vector wave equation is given as
follows:
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where n is the refractive index for free space and k is the
radio wave number. Assuming the reduced functions as-
sociated with the paraxial direction x is introduced,

u(x, z) � e
− ikzψ(x, z). (4)

Ten, the two-dimensional scalar wave equation is given
as follows:
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where u represents a scalar component of the electric feld E
for horizontal polarization, or the magnetic feld H for
vertical polarization, and m is the modifed refractive index
defned as follows:

m(x, z) � n(x, z) − 1 +
z

ae

  × 106, (6)

where ae is the radius of the earth. Te scalar wave equation
can be split into the two terms, including the forward feld u+
and the backward feld u−. Also, equation (5) can be formally
written as follows:

zu+

zx
+ ik(1 − Q)u+ � 0, (7a)

zu−

zx
+ ik(1 + Q)u− � 0. (7b)

Equation (7a) represents the forward PE, and the
equation (7b) represents the backward PE.

Te pseudodiferential operator Q is given as follows:

Q �
�����
1 + Z

√
. (8)

Te symbol Z can be defned as follows:
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2
− 1. (9)

Te pseudodiferential operator Q can be approximated
using the rational form as follows:

Q �
�����
1 + Z

√
≈
χ1 + χ2Z
χ3 + χ4Z

. (10)

Here, the Greene approximation coefcients are
χ1 � 0.99987, χ2 � 0.79624, χ3 �1.00, and χ4 � 0.30102. Te
Claerbout approximation coefcients are χ1 � 1, χ2 � 0.75,
χ3 �1.00, and χ4 � 0.25 [15].

Ten, the forward PE based on the rational form ap-
proximation equation (10) is defned by
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Also, the backward PE based on the rational form ap-
proximation equation (10) is defned by
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(12)

How to efciently calculate the above PE is essential to the
EWs prediction precision. Te common numerical computing
methods are the split-step Fourier transform (SSFT) method
and the fnite diference method (FDM). Te FDM is superior
in the accuracy and convenience and has greater angles limits,
which is better suited for the irregular terrain environment.

In Figure 1, the three-point FDM scheme is proposed to
calculate the PE model. Supposing um−1 represents the feld
at the previous horizontal step, um represents the feld at the
next horizontal step, and the virtual coordinate point (xκ, zj)
is the middle point in the horizontal x direction defned by

u xκ, zj  �
u

m
j + u

m−1
j

2
. (13)

For the forward PE, the frst-order diference in the
positive x direction is as follows:
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. (14)

For the backward PE, the frst-order diference in the
negative x direction is as follows:
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Te second-order diference forms in the z direction are
as follows:
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Te frst-order diference in the positive x direction and
second-order diference in the z direction are as follows:
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(17)

and the frst-order diference in the negative x direction and
second-order diference in the z direction are as follows:
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where j� 1, . . ., Z.
Using the above diference scheme in (14), (16), and (17)

for (11), the forward rational approximation PE model can
be expressed by a matrix as follows:
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where A � A(−x), B � B(−x), and C
m

j � Cm
j (−x). Te co-

efcients in equation (19) are shown in the following:
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We use the Leontovich lower boundary condition on the
surface as follows:

z xκ, 0( 

zz
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where the surface impedance η is given by
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(22)

Te piecewise linear function is adopted to model the
irregular terrain. Assuming the old coordinate system (v, w),
the new coordinate system is defned by (x, z) as follows:

x � v, z � w − f(v), (23)

where f (v) represents the terrain function correlated with
the terrain slope S.

Ten, the tridiagonal structure matrix of forward PE
model is obtained as follows:
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Figure 1: Te three-point fnite diference scheme for PE model.
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Te coefcient of boundary G is given by
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where ξ � ikηΔz. Equation (24) is the forward PE based on
the three-point scheme FDM.

Using the diference scheme in (15), (16), (18), for (12),
the inverse rational approximation PE model can be written
as follows:
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Te coefcients in equation (26) are shown in the
following:
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Also, the tridiagonal structure matrix of backward PE
model is obtained as follows:
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Te coefcient of boundary H is given by
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Te above tridiagonal matrix equation (28) is the IDPE
based on the three-point scheme FDM.

In Figure 2, supposing the emitter located at a distance of
0m, the forward EWs propagate in the positive x direction at
step 1 and step 2. It occurs the refection EWs when meets
the frst obstacle at a distance of x1, the backward EWs start
propagating along with the negative x direction, and the
forward EWs continue to propagate on its way at step 3 and
step 4. Te backward initial feld is given as follows [16]:
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When the forward EWs meets the second obstacle at
a distance of x2, it produce the refection EWs again and
backward EWs propagate along with the negative x direction
at step 5–8. Te backward initial feld is given as follows:

u− x2, zj  �
−u+ x2, zj e

2ikx2 , for 0< zj < z2,

0, for zj > z2.

⎧⎨

⎩ (31)

Te forward difraction EWs appear and propagate along
with the positive x direction at steps 5 and 6.

Te total backward EWs is the sum of forward EWs and
all the backward EWs as follows:

u(x, z) � 
m

n�1
e

− ikx
u

n
−(x, z) + e

ikx
u+(x, z). (32)

Te radio propagation prediction can be achieved by the
forward PEmodel.Te distribution characteristic of EWs for
the entire space can be calculated from step 1 to step 8.

Te target location is based on the distribution of re-
fection EWs. According to the profle sampling data of feld
intensity at the source end, the refection distribution of
backward EWs can be efectively predicted using the IDPE
model from step 9 to step 14.

3. Numerical Results and Discussion

In this section, the comparison between the PE model and
the traditional geometric algorithms is frstly carried out in
order to verify the efciency and superiority of the PEmodel.
Ten, the numerous simulation experiments for single and
multiple rectangles objects localization on fat or irregular
terrain are conducted. Finally, the infuence of discontin-
uous terrain slopes on the false alarm probability of objects
location is analyzed. Also, the efects of EWs frequency and
sampling intervals of feld intensity on the position accuracy
are investigated.

First, the PE model is compared with the dual-ray model
and Miller–Brown model in Figure 3. Te simulation
conditions are set as follows: In the standard atmosphere, the
transmitter is a Gaussian horizontally polarized (HP) an-
tenna at a height of 30m.Te frequency is 400MHz, and the
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half-power beam width is 10° with the inclination angle of 0°.
Te maximum distance and height are set to be 4 km and
1 km, respectively. Te horizontal step ∆x and vertical step
∆z are both set to be one-half of the wavelengths. Te Tukey
window function is designed to be the 30% of total height to
eliminate the refected EWs coming from the upper
boundary. Te terrain is set to be Sine structure with an
angular frequency of 0.0109° and amplitude of 3.0783m.Te
relative permittivity is εg = 30, the conductivity is σg = 0.01 S/
m [17].

Te results show that the curves of the three models are
basically consistent in Figure 3. But the curve of the PE
model shows the slight oscillation. Tis is because the
geometric structure of rough ground surface will generate
strong refection and refraction efects on EWs.Te dual-ray
model and Miller–Brown model cannot simulate accurately
the distribution of EWs on complicated terrain. Further-
more, the time for each simulation experiments based on the
PE is within 5min in this section, which is signifcantly faster
than the FDTD method. In general, the accuracy and ef-
ciency of the proposed method based on the PE model are
better than those of other algorithms.

Second, supposing the single rectangle object is located
at a distance of 5 km, which is 100meters wide and 15meters
high. Te simulation results based on IDPE are shown in
Figures 4–7. Te frequency is 0.9GHz at a height of 20m,
and the half-power beam width is 3°. Te maximum distance
and height are set to be 10 km and 600m.Te surface ground
is set to be the fat ground or irregular piecewise linear
terrain. Other simulation conditions are unchanged.

In Figure 4, the distribution of the forward EWs are
calculated by the positive PE model and it is shown that the
irregular terrain causes more refection and difraction EWs
in Figure 4(b). Te refection EWs afects the forward EWs
distribution for the whole region.

In Figure 5, using the reverse-phase values of forward
feld intensity at the distance of 5 km as the electromagnetic
profle data of the initial feld of backward EWs, the

backward EWs distribution is also calculated along with the
negative x direction by the positive PE model. Because of the
diference of initial feld of backward EWs, combined with
the irregular terrain in front of the obstacle, the backward
EWs distribution characteristic appears to have an obvious
diference.

In Figure 6, supposing the receiver located at a distance
of 0m, and the sampling intervals of received feld intensity
are set to be one wavelength. Using the received feld in-
tensity values as the electromagnetic profle data of initial
feld of IDPEmodel, the inverse difraction EWs distribution
is calculated along with the positive x direction based on the
IDPE rapidly. Te total computing time is 212. 6 seconds. It
is found that the IDPEmethod can accurately and fast model
the refection characteristic of backward EWs for whole
calculation region. Also, the distribution of the inverse
difraction EWs presents the symmetrical distributed situ-
ation. Te horizontal position of the axis of symmetry is the
target location.

In Figure 7, the maximum value of inverse difraction
EWs at every marching step is computed frst, and the
maximum feld values curve along with the horizontal x
direction is shown. We found that the normalized feld
intensity of inverse difraction EWs on fat ground is greater
than random terrain. Tat is because the irregular surface
ground produces the strong refection efect on the total
EWs, which reduce the normalized feld intensity. Te single
extreme point in cyan triangle for fat ground and in red
circle for random terrain on maximum feld values curves
can be seen clearly. Ten, the location of single target on the
fat ground can be fast determined at 5002.7m distance and
14.3m height. Te results show that the horizontal position
error is 2.7m and the vertical position error is 0.7m for fat
ground. Furthermore, it is shown that the same target on the
random terrain is located at 5098.3m distance and 10.3m
height. While the horizontal position error is 98.3m, and the
vertical position error is 4.7m for random ground. It is

Step 14
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Step 7
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Figure 2: Te positive and inverse PE models for multiple objects
on terrain.
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Figure 4: Forward EWs distribution based on the positive PE model for single rectangular target. (a) Flat ground. (b) Piecewise linear
terrain.
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Figure 5: Backward EWs distribution based on the positive PE model for single rectangular target. (a) Flat ground. (b) Piecewise linear
terrain.
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Figure 6: Inverse difraction EWs distribution based on the IDPE model for single rectangular target. (a) Flat ground. (b) Piecewise linear
terrain.
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obvious that the precision of location on fat ground is
greater than on random terrain.

Tird, the double targets are set on the fat ground or
random piecewise linear terrain, and the simulation results
based on the positive PE and IDPE are shown in Figures 8–11.
Supposing the frst rectangle object is located at a distance of
3 km, which are 100meters wide and 10meters high. Te
second rectangle object located at a distance of 7 km, which
are 100meters wide and 30meters high. Other simulation
conditions are the same as those in Figure 4 to 6.

In Figure 8, the forward EWs propagate along with the
positive x direction. It is obvious that there are many in-
terference stripes scattered in the whole calculation region.
Te interference efects are generated from the interaction
between the direct EWs and refected EWs from ground and
targets.

In Figure 9, the backward propagating EWs distribution
is shown. When the front surface of target receives con-
structive interference waves, it produces the relative strong
backward EWs. Conversely, when the front surface of target
receives destructive interference waves, it produces the
relative weak backward EWs. Tus, the maximum of
backward EWs appear at diferent positions on the front
surface of targets.

In Figure 10, the inverse difraction EWs distribution
based on the IDPE is shown. Te results show that IPDE
method can accurately model the scattering efect from the
irregular terrain and targets, and the position of maximum
fled intensity is that of the targets. It is obvious that two
vertical axis of symmetry appeared, which means the two
targets are located.

In Figure 11, the maximum fled intensity curves of
inverse difraction EWs at every horizontal step are shown.
Te total computing time is 296.9 seconds. Te location of
the frst target on the fat terrain can be fast determined in
green triangle on the maximum value curves, which is at
2993.7m distance and 9m height. While the frst target is

located in pink circle on maximum values curves, which is at
3021m distance and 8m height on the irregular terrain. Te
results show that the horizontal position error is 6.3m, and
the vertical position error is 1m for the frst target on fat
ground. While the horizontal position error is 21m and the
vertical position error is 2m for the frst target on random
fractal terrain. Ten, the location of the second target on the
fat terrain can also be fast determined in red triangle on
maximum values curves, which is at 7009m distance and
28.7m height. While the second target is located in a cyan
circle on a maximum values curves, which is at 7112.3m
distance and 26m height on the irregular terrain. Te results
show that the horizontal position error is 9m, and the
vertical position error is 1.3m for the second target on fat
ground. While the horizontal position error is 112.3m and
the vertical position error is 4m for the second target on
random terrain. It is found that the farther the targets away
from the transmitter, the less the backward EWs from the
surface targets, and the lower the location precision is.

Furthermore, the analysis of the infuence of the sam-
pling interval of backward feld intensity at source end on the
position accuracy is shown in Figure 12. Te EWs frequency
is set to be 300MHz, 1.5 GHz, and 2.5GHz, respectively.Te
single target is located at a distance of 5 kmwith the height of
10m.Te sampling interval of backward feld intensity from
the receiver at initial position is set to be 0.2m, 0.5m, 1m,
2m, 3m, 4m, 5m, and 6m. Te position error curves show
that the horizontal position errors is increased withing the
increasing of sampling interval of the received feld intensity.
When the sampling interval is less than 0.5, the horizontal
position error is less than 15m at diferent frequencies.
Furthermore, it is found that as the radio frequency de-
creases, the efect of sampling interval of received feld in-
tensity on the position accuracy decreases. Based on a large
amount of statistical data, we have also observed that the
range of vertical position error is relatively large. Tis is
because the convergence point of inverse difraction feld
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Figure 7: Te local extreme searching curves for the single target location.
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Figure 8: Forward EWs distribution based on the positive PE model for multiple rectangular targets. (a) Flat ground. (b) Piecewise linear
terrain.
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Figure 9: Backward EWs distribution based on the positive PE for multiple rectangular targets. (a) Flat ground. (b) Piecewise linear terrain.
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Figure 10: Inverse difraction EWs distribution based on the IDPE model for multiple rectangular targets. (a) Flat ground. (b) Piecewise
linear terrain.
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located in the most radioactive areas of constructive in-
terference waves, which afected by many factors, such as
frequency, beam width, inclination angle, and terrain. Tus,
the error of height identifcation for multiple targets is
comparatively large.

Finally, the infuence of piecewise linear terrain slopes on
the false alarm probability of objects localization is also
analyzed in Table 1. Supposing the discontinuous terrain
slope S is set to be from 0° to 15°. It is found that with the
discontinuous terrain slope increasing, the mean value and
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Table 1: False alarm probability for piecewise linear terrain.

Parameters of piecewise linear terrain False alarm probability
Discontinuous terrain slope
(°)

Mean of terrain heights
(m)

STD of the terrain
heights (m) Single object Multiple objects

0∼5 0∼1.8 0∼1.1 <0.01% <0.01%
5∼10 0.9∼3.5 0.4∼1.6 <1% <2%
10∼15 1.4∼7.3 0.7∼2.7 <3% <5%
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standard deviation of the terrain heights increases signif-
cantly. Te results show that the higher the discontinuous
terrain slope, the higher the false alarm probability. Fur-
thermore, the false alarm probability increases with in-
creasing the numbers of location objects.

4. Conclusions

Tis article presented the inverse difraction parabolic
equation (IDPE) based on FDM. It is frst applied to study
multiple nonradiation targets orientation technology for
large-scale irregular terrain environment. Te piecewise
linear function is used to model the irregular terrain.
According to the sampled profle data of feld intensity at
source position, the distribution of refection and refraction
waves for whole space can be calculated efciently by IDPE.
Ten, the distance and heights of the multiple targets can be
determined using the local extreme search method rapidly.
Te results show that horizontal position errors is increased
withing the increasing of the radio frequency and sampling
interval of feld intensity. Furthermore, with the increasing
of the discontinuous terrain slope and the numbers of lo-
cation objects, the location accuracy decreases. In general,
these studies provide a novel and fast orientation method for
multiple nonradiation targets in large-scale complicated
terrain environment.
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