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In this work, an internal combustion (IC) engine air-fuel ratio (AFR) control system is presented and evaluated by simulation.Te
control scheme aims to regulate the overall air-fuel ratio (AFRoverall) in an IC engine fueled with a hydrogen-enriched ethanol-
gasoline blend (E10) as fast as possible. Te control scheme designed and developed in this work considers two control laws, a
feedback control law to regulate the hydrogen and adaptive nonlinear control law for controlling the E10 mass fow injection.Te
main contribution of this work is the reduction of the number of controllers used for controlling the overall air-fuel ratio since
other control strategies use two controllers for controlling the E10 mass fow injection. Simulation results have shown the
efectiveness of the new control scheme.

1. Introduction

Due to IC engines’ ability to be fueled with alternative fuels,
such as ethanol, keeping the IC engine’s air-fuel ratio at the
optimum stoichiometric value becomes a complex problem
to solve. In the automatic control area in the last decades,
diferent control strategies have been developed and
implemented by various authors to deal with this problem,
e.g., observer-based control, intelligent control [1], and
model-based control [2, 3].

Concerning the design of observer-based controllers,
in [4], two types of nonlinear observers were developed
and tested to solve the problem of the mass airfow esti-
mation. A constant gain extended Kalman flter (CGEKF)

and sliding mode observer (SMO) were the two observers
used in this work. Te experimental results have shown
that the extended Kalman flter performance was superior
to the SMO. Te authors in [5] developed an observer-
based control for the IC engine AFR control. Te results
showed the efectiveness of the proposed strategy. Te
authors concluded that designing the AFR control by using
state observers aids in providing improved control. On the
other hand, in [6], a nonlinear observer-based control
scheme incorporating the hybrid extended Kalman flter
(HEKF) and a dynamic sliding mode control (DSMC) was
designed and simulated. Te simulation results showed a
superior regulation of the air-fuel ratio control using the
sliding mode plus the extended Kalman flter. Te authors
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in [7] proposed an active disturbance rejection control
(ADRC) with an adaptive extended state observer (AESO)
to deal with the uncertainties of the plant and the sensors.
Experimental results have shown that the proposed con-
troller ensures accuracy despite the plant uncertainties and
the measurement noise.

Intelligent control is another technique used for con-
trolling the AFR. In [8], an air-fuel ratio control based on
artifcial intelligence was designed and simulated to reduce
exhaust emissions. Te simulation results showed that the
AFR allows keeping within 0.5% of the set stoichiometric
value. Based on a Takagi–Sugeno model, authors in [9]
designed an AFR nonlinear control law for an IC engine
fueled with gasoline. Te simulation results showed the
efectiveness of the control law. Te authors in [10] devel-
oped an online sequential extreme learning machine
(OEMPC), comparing its performance with the diagonal
recurrent neural network MPC and a conventional PID
controller. Te authors mentioned that experimental results
showed superior performance of the OEMPC over the other
two controllers.

Te model-based control technique, as the other two
control techniques previously mentioned, has been an-
other option for researchers to design controllers. Authors
in [11] developed an adaptive AFR control scheme. Te
authors presented a static AFR calculation model based on
in-cylinder pressure data and the adaptive AFR control
strategy. Te experimental results showed the efectiveness
of the control technique. Authors in [12] implemented an
internal model controller (IMC) combined with a discrete
adaptive controller for controlling the AFR with para-
metric uncertainties. Te simulation results showed the
efectiveness of the proposed method. In [13], two adaptive
controllers for the AFR control were developed and ex-
perimentally tested. Te frst adaptive controller was based
on a feedforward control adaptation, while the second
design consisted of feedback control and feedforward
adaptation incorporating the adaptive posicast controller
(APC). Experimental results showed the efectiveness of
the APC to solve the AFR problem. Authors in [14] de-
veloped a model-reference adaptive control for controlling
the AFR. Since the system dynamics exhibit nonlinearities,
the authors used an extended Kalman flter for parameter
identifcation. Te experimental results showed the ef-
fectiveness of the method.

Regarding the AFR control of IC engine fueled with
multiple fuels (gasoline-ethanol-hydrogen), authors in [15]
presented a control scheme for an IC engine feed with a
hydrogen-enriched E10 blend, and the aim of the control
scheme was for controlling the AFR.Te authors showed the
efectiveness of the control scheme based on PI controllers
by simulation results. Afterwards, the authors in [16] vali-
date the same control scheme experimentally.

Recently, the authors in [17] proposed a unifed fault-
tolerant control system (UFTCS) based on advanced
analytical and hardware redundancies for air-fuel ratio
(AFR) control of spark ignition (SI) internal combustion
(IC) engines. Te authors proposed a new methodology
based on active and passive fault-tolerant control. Te

authors carried out a comparison with the existing AFR
control systems to show the performances of the con-
trollers. Te authors in [18] presented a novel passive
fault tolerant control system (PFTCS) for the air-fuel
ratio (AFR) control system of an IC gasoline engine to
prevent its shutdown. Te authors in [19] developed an
AFR control strategy in lean-burn spark-ignition engines
by proposing a genetic algorithm (GA)-based propor-
tional-integral (PI) control technique. Te results dem-
onstrated the accurate regulation of the AFR under
various operating conditions of the IC engines. Te au-
thors in [20] have shown the advantages of employing the
sliding mode controller for AFR control over compari-
sons to the proportional-integral-derivative (PID) con-
troller. Finally, in [21], a composite predictive control
method based on a wavelet network was proposed to
achieve accurate control of the transient air-fuel ratio for
gasoline engines. Te control strategy had high perfor-
mances and could improve the control precision of the
AFR during transience.

In this work, an adaptive controller is developed for
controlling the stoichiometric ratio in an IC engine fueled
with an ethanol-gasoline hydrogen-enriched blend due to
the importance of keeping the AFR regulated despite dis-
turbances. Te controller’s goal is to control the AFR of an
IC engine fed with multiple fuels considering constant
disturbances. Te design of an adaptive nonlinear control
law was performed by the Lyapunov analysis ensuring the
system stability. Te purpose of the adaptive nonlinear
controller is to replace the feedforward and feedback con-
troller developed in [16] to regulate the IC engine AFR
taking into account the cylinder port fuel fow, speed, and
pressure disturbances.

Tis manuscript is organized as follows: Section 2 de-
scribed the internal combustion engine model. Experimental
polynomials are shown to calculate the discharge coefcient,
the volumetric efciency, and the combustion efciency.
Section 3 presents the adaptive control strategy. Sections 4
and 5 show the results and conclusions of this work.

2. Internal Combustion Engine

Figure 1 shows the IC engine benchmark, and model pa-
rametrization was carried out by using the IC engine’s ex-
perimental data. Te IC engine is 1.6 l, 78 kW. Table 1 shows
the parameters of the IC engine, and Table 2 shows the
nomenclature used to develop this work.

2.1. Internal Combustion Engine Model. Five submodels of
the IC engine were used to develop the control law: fuel
dynamic, airfow dynamic, air mass into the cylinder, air-fuel
ratio, and work exercised by the gas.

2.2. Fuel Injection System. For calculating the entering fuel
fow into the combustion chamber, it is necessary to cal-
culate the fuel flm fow injected into the cylinder as a liquid
( _mfl) and vapor ( _mfv) [22].
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_mfl � X _mfi −
1
τfl

mfl,

_mfv � (1 − X) _mfi,

_mf � _mfv +
1
τfl

mfl,

(1)

where X denotes a fraction, _mfi is the injected fuel mass
fow, _mf is the fuel fow feed into the cylinders, and 1/τfl

is
the fuel flm evaporation time constant (s) [22].

2.3.Air FlowDynamic. According to [23], the mass fow rate
( _mat) of air entering through the throttle valve is calculated
as follows:

_mat(α,ϕ) �
APa����
RTa

􏽰 CdF(α)F(ϕ),

ϕ �
Pa

Pm

,

F(ϕ)

Pm ≥Pc,
Pm

Pa

􏼠 􏼡

1/k

������������������������������������

2k

k − 1
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Pm

Pa

􏼠 􏼡

(k− 1)/k
⎡⎣ ⎤⎦Pc �

2
k + 1

􏼒 􏼓
k/(k− 1)

Pa

􏽶
􏽴

,

otherwise,
1
�
2

√ .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

Figure 1: IC engine and electrolyzer.

Table 1: IC engine parameters.

Number of cylinders 4
Cylinder displacement volumetric 1.595 m3

Maximum power 78 kW/6000 rpm
Maximum torque 138Nm/4000 rpm
Compression ratio 9.5:1
Ratio of cylinder bore to piston stroke 0.863
Valves 4 valves/cylinder
Minimum regime 625 rpm
Maximum regime 6000 rpm
Trottle radio 50mm
Manifold volume 0.00148 m3

Stoichiometric air-fuel ratio (gasoline) 14.6

Table 2: Nomenclature.

Symbols

A Trottle fow area, m2

H2(g) Hydrogen gas
H2O(l) Liquid water

J Current, A

j Current density, Am2

mf

·
Cylinder port fuel fow, %kg/s

mr Residual mass, kg

nc Number of cells in series per stack
O2 Oxygen gas
Ta Atmosphere temperature, K

Constants

F Faraday constant, 96487Cmol− 1

k Ratio of specifc heats, k � 1.4
Pa Atmosphere pressure, 101.315kPa

R Constant air, 0.287kJ/kgK

τfl Fuel evaporation time constant (0.25s)

z 2 number of electrons
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where A is the transversal area of the throttle valve, R is the
air constant, Pa, Pc, are the atmosphere and critical pres-
sures, respectively, and Pm is the pressure in the manifold.
Te specifc heat ratio is represented by k � cp/cv, Ta is the
atmosphere temperature, Cd is the discharge coefcient, and

F(α) and F(φ) are the section factor and the pressure factor,
respectively.

A polynomial function based on experimental data to
calculate Cd and F(α) is proposed in

CdF(α) � − 6.659 × 10− 14α5 + 1.197 × 10− 2α4 − 43.219α3 + 5.794α2 − 34.102α + 74.395. (3)

Equation (4) is applied to calculate the mass fow rate
( _macyl) of air entering into the cylinders [24].

_macyl �
30V

3600RTm

nPmηvol, (4)

where V is the cylinder displacement volume, n is engine
speed, and ηvol is the cylinder volumetric efciency.

Te volumetric efciency (ηvol) for an engine without
load is calculated by the polynomial function.

ηvol(n) � a5n
5

+ a4n
4

+ a3n
3

+ a2n
2

+ a1n + a0, (5)

where a5 � 1.378 × 10− 17, a4 � − 1.039 × 10− 13, a3 �

3.096 × 10− 10, a2 � − 4.718 × 10− 07, and a1 � 3.515 × 10− 04,

a0 � 3.526 × 10− 01

2.4. Intake Manifold Temperature and Pressure. Te intake
manifold temperature (Tm) and pressure (Pm) are calcu-
lated by equations (6) and (7), respectively [25].

dTm

dt
�

R

Vm

Tm

Pm

_mat kTa − Tm( 􏼁 − _macyl(k − 1)Ta􏽨 􏽩, (6)

dPm

dt
�

RTm

Vm

_mat − _macyl􏼐 􏼑, (7)

where Vm is the volume in the intake manifold, _mat is the
mass fow rate of air entering through the throttle valve, and
_macyl is the mass fow rate of air entering into the cylinders.

2.5. Air and Hydrogen Volume and Mass Calculations.
For estimating the hydrogen feed to the IC engine, it is
necessary to consider the efect of ethanol and hydrogen
percentage in the fuel blend, and thus, the following as-
sumptions are considered:

(i) Te air and hydrogen volume cannot overpass the
cylinder displacement volume.

(ii) Te AFR ratio should be considered.

To estimate the volumes, the ideal gases’ equation is
considered.

mair �
PmVair

RairTm

, (8)

where mair, Vair, and Rair are the air mass, the air volume,
and the air constant, respectively.

mH �
PmVH

RHTm

, (9)

where mH, VH, and RH are the hydrogen mass, the hydrogen
volume, and the hydrogen constant, respectively.

mair

mH

� AFRH,

VairRH

VHRair

� AFRH.

(10)

Te air and hydrogen volumes are calculated as follows:

Vair �
AFRHRair

RH

VH, (11)

VH �
RHVair

AFRHRair

. (12)

From the inequality Vair + VH ≤ ηvolV, it is possible to
estimate the maximum amount of hydrogen to be fed into
the IC engine, maintaining an adequate AFR without ex-
ceeding the product between ηvolV.

Ten, the inequality previously mentioned is formulated
to calculateVair � ηvolV − VH and VH � ηvolV − Vair, and by
substituting, Vair and VH from Equations (11) and (12),
respectively, equations (13) and (14) are obtained.

Vair �
ηvolV AFRH( 􏼁Rair

AFRH( 􏼁Rair + RH

, (13)

VH �
ηvolVRH

AFRH( 􏼁Rair + RH

. (14)

From Equations (13) and (14), and from the ideal gas
equation, the hydrogen and the air mass are calculated as
follows:

mair �
ηvolPmV AFRH( 􏼁

Tm AFRHRair( 􏼁 + RH

,

mH �
ηvolPmV

Tm AFRH( 􏼁Rair + RH

.

(15)

2.6. Termal Efciency. Considering the optimum ignition
angle, the thermal efciency of the engine ηt was calculated
as follows [26]:
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ηt � ηtoηt Pm( 􏼁ηt(λ, n)ηt(n),

ηt Pm( 􏼁 � ηtp0 + ηtp1Pm + ηtp2P
2
m,

ηt(λ, n) � ηtλ0 + ηtλ1λ + ηtλ2λ
2

+ ηtλ3n,

ηt(n) � ηtn0 + ηtn1e
n/ηtn2 ,

(16)

where ηt0 � 0.4593, ηtp0 � 0.474, ηtp1 � 0.01664,
ηtp2 � − 0.0001315, ηtλ0 � − 1.34, ηtλ1 � 5.3906,
ηtλ2 � − 3.1043, ηtλ3 � 1.43 × 10− 6, ηtn0 � − 0.8243,
ηtn1 � 1.577, and ηtn2 � 42740

2.7. Combustion Efciency. In [27,28], the authors reported
that using a gasoline-ethanol blend as fuel, the combustion
efciency of the IC engine can be improved because of the
oxygen present in the ethanol molecular structure. Equation
(17) was proposed in [29] to calculate the combustion ef-
fciency of the gasoline-ethanol blend.

ηc � Cburnηac(λ)ηηv ηv( 􏼁. (17)

In this work, to calculate the combustion efciency of the
IC engine, the polynomial Equation (18) is proposed, which
considers the hydrogen infuence [16].

ηH2 � 3.040 × 10− 5
Hm

5
− 4.393 × 10− 4

Hm
4

+ 1.846 × 10− 3
Hm

3
− 6.801 × 10− 4

Hm
2

+ 1.859 × 10− 5
Hm + 1.

(18)

Ten, combustion efciency is calculated as follows :

ηc � Cburn · ηac(λ) · ηηv ηv( 􏼁 · ηH2. (19)

2.8. Air-Fuel Ratio. According to [15], Equation (20) is used
to calculate the air-fuel ratio of the hydrogen-enriched E10
blend.

AFR � 9Em + 14.6[1 − (Em + Hm)] + 34.33Hm, (20)

where Hm is the known hydrogen fraction added to the
blend and Em is the ethanol fraction contained in the
ethanol-gasoline blend.

Equation (21) is applied to verify that the combustion
performs adequately, determining if the AFR is lean or rich.

λ �
macyl

14.6mg + 9mE + 34.3mH

, (21)

where mg, mE, and mH are the mass of gasoline, the mass of
ethanol, and the mass of hydrogen, respectively.

3. Control Strategy

In previous work [16], a control scheme based on two
feedback PIs controllers and a feedforward control was
presented to control the overall AFR of an IC engine. Te
frst feedback PI controller was used to control hydrogen

production, while the feedback and feedforward controllers
were used to estimate the E10 blend fow rate and the in-
jection time based on the mass fow rate of the air, re-
spectively. To reduce the number of controllers used for
controlling the AFR of an IC engine fueled with a hydrogen-
enriched E10 blend and considering constant disturbances,
this work presents the design of an adaptive nonlinear
control law. Te purpose of the nonlinear controller is to
replace the feedforward and feedback controller developed
in [16] to regulate the internal combustion engine AFR
considering the disturbances caused by the use of a fuel
blend.

Te frst step to design the control law is to defne the
state variables as follows: (x1, x2, x3) � ( _mf, n, Pm), where
mf

·
is the cylinder port fuel fow, n is the engine speed, and

Pm is the pressure in the manifold. Ten, the fuel fow
dynamic is defned by

· x1 �
d. mf

dt
�

1
τfl

− _mf + _mfi􏼐 􏼑 +(1 − X)
d _mfi

dt
,

· x1 �
1
τfl

− x1 + u( 􏼁 +(1 − X)
d _mfi

dt
.

(22)

Now, to let the crankshaft speed be a state variable, we
consider the following equations to determine the engine
acceleration:

Wnet � mtηtηc

QLHV

AFRe + 1
1 −

mr

mt

􏼠 􏼡, (23)

where the total mass in the cylinder is defned as mt,

mt � mf + macyl. (24)

So, to calculate the total mass per cycle, we started
calculating the mass fow rate in the cylinder and the vol-
umetric efciency in function of the engine speed.

_macyl �
30V

3600RTm

Pmn􏼠 􏼡ηvol, (25)

ηvol(n) � a5n
5

+ a4n
4

+ a3n
3

+ a2n
2

+ a1n + a0. (26)

Substituting the state variables into equation (25) and
renaming the variables, we have the following equation:

_macyl � z a5x
5
2 + a4x

4
2 + a3x

3
2 + a2x

2
2 + a1x2 + a0􏼐 􏼑, (27)

where z � (30V/3600RTm)x3x2 and ai are the polynomial
coefcients

Now, to get the total mass per cycle we have the following
equation:

mt �
x1 + z a5x

5
2 + a4x

4
2 + a3x

3
2 + a2x

2
2 + a1x2 + a0􏼐 􏼑

(n/120)
. (28)

Te losses due to friction torque and pumping are
represented by Ltp in the following equation:
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Ltp � 2.029 × 10− 21
x
7
2 − 2.871 × 10− 17

x
6
2 + 1.706 × 10− 13

x
5
2 − 5.514 × 10− 10

x
4
2

+ 1.045 × 106x3
2 − 1.162 × 10− 3

x
2
2 + 6.982 × 10− 1

x2 − 1.535 × 102.
(29)

So, we can represent the crankshaft acceleration by

· x2 �
dn

dt
�

mtηtηcηm QLHV/AFRe + 1( 􏼁 1 − mr/mt( 􏼁( 􏼁(0.25/π)( 􏼁 − Ltp x2( 􏼁􏽨 􏽩

I
. (30)

Te intake manifold pressure is represented by the
following equation considering that CdF(α) � f(α).

· x3 �
dPm

dt
�

RTmPaA

Vm

����
RTa

􏽰

ϕ1/k
��������������������

(2k/k − 1) 1 − ϕ(k− 1/k)
􏼐 􏼑

􏽱

, x3≧Pc

���������������

k
2

k + 1
􏼒 􏼓

(k+1)/(k− 1)

􏽳

, x3 <Pc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

f(α) −
_macyl

3600
􏼢 􏼣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

CdF(α) � f(α) � − 6.66 × 10− 14α5 + 1.19 × 10− 2α4 − 4.32 × 10− 01α3 + +5.79α2 − 34.1α + 74.4.

(31)

Te nonlinear model is described in the general form by
equation (32).

x
·
(t) � f(x(t)) + G􏽥u(t),

y(t) � 􏽢h(x(t)).
(32)

To design the control law, the model consists of three
state variables (x1, x2, x3) � ( _mf, n, Pm), variables, one
manipulated variable (u � _mfi), and one output (y � λ),
assuming that Tm � Ta.Defning the nonlinear system
presented in (32),

_x �

− x1

τfl

mtηtηcηm QLHV/ AFRe + 1( 􏼁( 􏼁 1 − mr/mt( 􏼁( 􏼁(0.25/π)( 􏼁 − Ltp x2( 􏼁􏽨 􏽩

I

RTmPaA

Vm

����
RTa

􏽰

φ1/k

��������������
2k

k − 1
1 − φk− 1/k

􏼐 􏼑

􏽲

,x3≧Pc

������������

k
2

k + 1
􏼒 􏼓

k + 1
k − 1

􏽶
􏽴

,x3 <Pc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

f(α) − _macyl/3600􏽨 􏽩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

􏽼√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√􏽻􏽺√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√􏽽
f(x)

+

1 0 0

0 1 0

0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

􏽼√√√􏽻􏽺√√√􏽽
G

u

τfl

+(1 − X)
d _mfi

dt

0

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

􏽼√√√√√√√√√􏽻􏽺√√√√√√√√√􏽽

􏽥u,
(33)

where 􏽥u � [ 􏽥u1, 0, 0]T, so the term that depends of the
control input to be designed is 􏽥u1. Since � h(x) , then h(x) �

λ is the controlled variable, which is expressed as follows:

􏽢h(x) �

λ

x2

x3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (34)
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For designing the control law, a constant uncertainty for
each state is assumed as follows:

· x1(t)

· x2(t)

· x3(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

f1(x(t)) + g1 􏽥u1 + d1

f2(x(t)) + d2

f3(x(t)) + d3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (35)

Te system output is defned as y1 � λ. So, the error can
be defned as e1 � y1 − r, where r is the set point, so the
dynamic error due to the state variable variations is defned
as follows:

Considering that e1
.

� y1
.

− _r, then e1
.

� y1
.
.

· y1 � . e1 �
zh

zx
x
·

�
zh

zx1

· x1 +
zh

zx2

· x2 +
zh

zx3

· x3

�
zh

zx1
f1 +

zh

zx2
f2 +

zh

zx3
f3􏼠 􏼡 +

zh

zx1
g1􏽥u1􏼠 􏼡 +

zh

zx1
d1 +

zh

zx2
d2 +

zh

zx3
d3􏼠 􏼡.

(36)

Equation (36) is rewritten as follows:
· e1 � Lhf + Lhg1􏽥u1 + Lhθ, (37)

where Lh � [Lh1
Lh2

Lh3
] � [zh/zx1zh/zx2zh/zx3] and

f � [f1f2f3]
T, θ � [d1d2d3]

T.
Each one of the values of Ligi depends on the state

variables x. It could be supposed that Lhigi and gi are not
zero for the range of the state variables. Tus, the inverse
functions of Lhj

gi and gi exist for this range.

· e1 � Lh1
g1 Lh1

g1􏼐 􏼑
− 1

Lhf + Lh1
g1􏼐 􏼑

− 1
Lhθ􏼒 􏼓. (38)

Considering that θ is the unknown parameter, as well as
considering Barbalat’s theorem, the close-loop error

dynamics for an adaptive control law with an unknown
parameter are calculated as follows [30]:

_e � − e +Θ · ψ, (39)

where Θ is the parameter error and ψ is a bounded
function of time t, in such a way that our system is rep-
resented as follows:

. e1 � − Ce1 +(θ − 􏽢θ)
T

· L
T
h , (40)

where C> 0 represents a constant.
Once the close-loop error dynamics for an adaptive

control law with an unknown parameter have been pro-
posed, it is substituted in Equation (38) as follows:

− Ce1 +(θ − 􏽢θ)
T

· L
T
h � Lh1

g1 Lh1
g1􏼐 􏼑

− 1
Lhf + 􏽥u1 + Lh1

g1􏼐 􏼑
− 1

Lhθ􏼒 􏼓. (41)

Ten, isolating 􏽥u1 in Equation (41), the control signal is
represented by Equation (42) since there is only one control
input 􏽥u1.

􏽥u1 � − C Lh1
g1􏼐 􏼑

− 1
e1 − Lh1

g1􏼐 􏼑
− 1

Lhf − Lh1
g1􏼐 􏼑

− 1
Lh

􏽢θ, (42)

With the purpose of estimating parameter θ, an adaptive
law is obtained from the Lyapunov analysis as is presented in
[31].

V �
1
2
e
2

+
1
2q

(θ − 􏽢θ)
T
(θ − 􏽢θ), (43)

_V � e _e +
1
q
(θ − 􏽢θ)

T
(− 􏽢θ), (44)

_V � e1 − Ce1 +(θ − 􏽢θ)
T

· L
T
h􏼐 􏼑 +

1
q
(θ − 􏽢θ)

T
(− 􏽢θ), (45)

_V � − Ce
2
1 + e1(θ − 􏽢θ)

T
· L

T
h +

1
q
(θ − 􏽢θ)

T
(− 􏽢θ), (46)

_V � − Ce
2
1 +

1
q
(θ − 􏽢θ)

T
q · L

T
h e1 − 􏽢θ).􏼐 (47)

Based in Equation (47), with the aim to _V≤ 0, the
parametric update law is as follows:

q · L
T
h e1 − 􏽢θ)􏽢θ � qL

T
h e1,􏼐 (48)

where the adaptation rate is q> 0. Substituting and carrying
out the corresponding operations, we have
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zh

zx1
�

30Vx3x2

3600RTmx
2
1

􏼠 􏼡 − a5x
5
2 + a4x

4
2 − a3x

3
2 + a2x

2
2 − a1x2 − a0􏼐 􏼑,

zh

zx2
�

30Vx3

3600RTmx1
􏼠 􏼡 6a5x

5
2 − 5a4x

4
2 + 4a3x

3
2 − 3a2x

2
2 + 2a1x2 + a0􏼐 􏼑,

zh

zx3
�

30Vx2

3600RTmx1
􏼠 􏼡 a5x

5
2 − a4x

4
2 + a3x

3
2 − a2x

2
2 + a1x2 + a0􏼐 􏼑,

Lhf �
30Vx3x2

3600RTmx
2
1

􏼠 􏼡 − a5x
5
2 + a4x

4
2 − a3x

3
2 + a2x

2
2 − a1x2 − a0􏼐 􏼑􏼢 􏼣

− x1

τfl

+
30Vx3

3600RTmx1
􏼠 􏼡 6a5x

5
2 − 5a4x

4
2 + 4a3x

3
2 − 3a2x

2
2 + 2a1x2 + a0􏼐 􏼑· x2

+
30Vx2

3600RTmx1
􏼠 􏼡 a5x

5
2 − a4x

4
2 + a3x

3
2 − a2x

2
2 + a1x2 + a0􏼐 􏼑· x3.

(49)

So, the control input 􏽥u1 can be expressed as follows:

􏽥u1 � − C
30Vx3x2

3600RTmx2
1

􏼠 􏼡 − a5x
5
2 + a4x

4
2 − a3x

3
2 + a2x

2
2 − a1x2 − a0􏼐 􏼑g1􏼢 􏼣

− 1

e1

−
30Vx3x2

3600RTmx2
1

􏼠 􏼡 − a5x
5
2 + a4x

4
2 − a3x

3
2 + a2x

2
2 − a1x2 − a0􏼐 􏼑g1􏼢 􏼣

− 1

·

30Vx3x2

3600RTmx
2
1

􏼠 􏼡 − a5x
5
2 + a4x

4
2 − a3x

3
2 + a2x

2
2 − a1x2 − a0􏼐 􏼑

− x1

τfl

+
30Vx3

3600RTmx1
􏼠 􏼡 6a5x

5
2 − 5a4x

4
2 + 4a3x

3
2 − 3a2x

2
2 + 2a1x2 + a0􏼐 􏼑· x2

+
30Vx2

3600RTmx1
􏼠 􏼡 a5x

5
2 − a4x

4
2 + a3x

3
2 − a2x

2
2 + a1x2 + a0􏼐 􏼑· x3

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

−
30Vx3x2

3600RTmx2
1

􏼠 􏼡 − a5x
5
2 + a4x

4
2 − a3x

3
2 + a2x

2
2 − a1x2 − a0􏼐 􏼑g1􏼢 􏼣

− 1

· Lh
􏽢θ.

(50)

Te proposed control law will allow reducing the errors
caused by using two control signals as was formulated
previously in the literature by [16] improving the dosage of
the E10 blend to the IC engine and considering constant
disturbances in the cylinder port fuel fow, speed, and
pressure. To ensure the system stability, the control law was
obtained from the Lyapunov analysis. Te control scheme
aims to ensure the correct fuel dosage (hydrogen-enriched
E10 blend) into the IC engine since the hydrogen mass

induced into the cylinders is 3.5%, corresponding to the 8%
of the air-feed into the cylinders/cycle. Figure 2 shows the
proposed control scheme for the overall AFR control.

4. Results

Tis section presents the simulation results of an adaptive
controller used for controlling the E10 blend fow rate in an
IC engine fueled with a hydrogen-enriched E10 blend. Te
controller aims to keep the AFR operating adequately. Te
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simulations results are compared to those obtained with a PI
controller presented in [15,16].

Te crankshaft speed of the IC engine is shown in
Figure 3. During this test, the crankshaft speed was varied
between 1500 rpm and 2900 rpm to evaluate the perfor-
mance of the adaptive controller.

Te results of the AFR regarding the E10 blend are
presented in Figure 4. Te results showed that the adaptive
controller adjusts the E10 blend injection into the cylinders
rapidly to keep the AFR at the setpoint at each operating
point. Moreover, the adaptive controller overshoots were
lower in magnitude than those generated by the PI. It is due
to the fast action of the adaptive controller.

Te performance of the adaptive controller was evalu-
ated and compared with a PI controller performance. Table 3
shows the performance evaluation of both controllers using
the root mean square error (RMSE) and (mean square error)
MSE errors.

For complementing the evaluation of the adaptive
controller, an AFR error analysis is shown in Figure 5. Te
AFRE10ref setpoint is 14.04, and the system error is the
diference between the controlled signal AFRE10 and the
setpoint. Te fgure shows that the adaptive control action is
faster than the PI control response. Moreover, it is shown
how the AFR error obtained with the adaptive controller
converges to zero before that obtained with the PI.

Figure 6 shows the overall AFRoverall control for the
hydrogen-enriched E10 blend using two diferent controllers
(a PI controller and an adaptive controller) (the AFRoverall
represents the air-fuel ratio using a hydrogen-enriched E10
blend); also, Figure 6 shows that the adaptive control action
is faster than the PI control action since the signal estab-
lishment time is lower for the adaptive control, and in
addition, the adaptive controller overshoots were lower in
magnitude in comparison to the PI controller overshoots. In
consequence, the PI error will converge to zero more slowly
than the adaptive control error.

Te performance of the adaptive controller for con-
trolling the overall AFRoverall was evaluated and compared
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Figure 3: Crank shaft speed of the IC engine.
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Table 3: AFRE10 and AFRoverall control errors.

RMS MSE
AFRE10

PI control 0.0196 0.0757
AFRE10

Adaptive control 0.008 0.0126
AFRoverall PI control 0.0214 0.0983
AFRoverall Adaptive control 0.0079 0.0133
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Figure 2: AFR control scheme.
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with a PI controller performance by using the mean squared
error and the root mean square error. Te results are shown
in Table 3.

Te adaptive controller evaluation for controlling the
overall AFRoverall is complemented in Figure 7. Figure 7
shows the AFR-o error analysis using a hydrogen-enriched
E10 blend to feed the IC engine, and the error is the dif-
ference between the setpoint and the controlled signal of
AFRoverall. As is shown in the fgure, the AFRoverall error
tends to zero because the controlled signal reaches the
setpoint. Note that the adaptive control action is faster than
the PI control action since the adaptive control error con-
verges to zero before the PI error.

Te mass fow rate of the E10 blend supplied to the IC
engine is shown in Figure 8. Te fgure shows that the
overshoots reduced in magnitude using the adaptive con-
troller compared with the overshoots generated by the PI
controller. Tus, by using the proposed adaptive control, the
engine performance is improved due to its rapid control
action. On the other hand, the fuel consumption remains
equal for both control strategies because they are bounded to
use the same hydrogen amount.

Figure 9 shows the hydrogen mass fow rate production.
In the red line is shown the hydrogen production using a PI
control scheme. In the blue line is represented the hydrogen
production using an adaptive control scheme. Te hydrogen
production depends on the air mass fow rate entering into
the IC engine so that the adaptive controller does not afect

the performance of the hydrogen production since the
adaptive controller only afects the E10 blend fuel injection.
Te hydrogen mass fow rate varies from 4.059 × 10− 6 to
1.088 × 10− 5 according to the IC engine operating point.

Figure 10 shows the IC engine thermal efciencies.
According to the authors in [16],by using the hydrogen-
enriched E10 blend, the thermal efciency increases by 7.8%
with respect to the use of pure gasoline. Te IC engine ef-
ciency was evaluated using the hydrogen-enriched E10 blend
by applying a PI controller and adaptive controller.Te results
showed that applying the adaptive control law, the thermal
efciency’s overshoots decreased in a considerable form
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compared with the PI controller. Te simulation was carried
out in three diferent operating points of the IC engine (at
1500 rpm, at 2000 rpm, and 2900 rpm).

Figure 11 shows the IC engine combustion efciency using
a hydrogen-enriched E10 blend. According to the authors in
[16], the combustion efciency increases when it is used with
the hydrogen-enriched E10 blend due to the ethanol burning
velocity and hydrogen. Another reason is the high difusibility
of hydrogen. Te fgure shows that in the steady-state, both
controllers had similar performances using the hydrogen-
enriched E10 blend as a fuel. However, the adaptive controller
had a better performance in the transient state since its control
action is faster than the PI controller.

Figure 12 shows the brake power of the IC engine using
the hydrogen-enriched E10 blend and applying a PI con-
troller and the adaptive controller. In the steady state, the
behavior of both signals was very similar. However, in the
transient state, there were slight diferences.

5. Conclusions

In conclusion, the adaptive controller presented a fast re-
sponse to the operating point changes. Te overshoot
magnitudes in the AFR control were smaller than those
obtained by the PI controller. Te burning process in the
internal combustion engine could be improved at any op-
erating point due to the rapid control action of the adaptive
controller. Te AFR control improvement could reduce
gasoline consumption and pollutant gas emission. Note that
the control law could not have optimal behavior in an in-
ternal combustion engine implementation. It could happen
due to structural and measurement uncertainties. In this
case, the model should be reparametrized. For future works,
to test the IC engine performance fueled with the hydrogen-
enriched E10 blend, the adaptive controller will be experi-
mentally implemented, as well as a timed ignition control.
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Aguilar, J. Garćıa-Morales, and A. C. Téllez-Anguiano,
“Modelling and control of the spark timing of an internal
combustion engine based on an ann,” CombustionTeory and
Modelling, vol. 24, no. 3, pp. 510–529, 2020.

[2] D. A. Carbot-Rojas, R. F. Escobar-Jiménez, J. F. Gómez-
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[16] J. Garćıa-Morales, M. Cervantes-Bobadilla, R. F. Escobar-
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