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We consider the nonlinear eigenvalue problem u" (¢) + Af(u(®)) = 0,u(t) > 0,t € I =: (=1,1),u(1) = u(-1) = 0, where f(u)isa
cubic-like nonlinear term and A > 0 is a parameter. It is known by Korman et al. (2005) that, under the suitable conditions on f (1),
there exist exactly three bifurcation branches A = A j(f ) (j = 1,2,3), and these curves are parameterized by the maximum norm &
of the solution u, corresponding to A. In this paper, we establish the precise global structures for A;(§) (j = 1,2,3), which can be
applied to the inverse bifurcation problems. The precise local structures for A j(E) (j = 1,2, 3) are also discussed. Furthermore, we

establish the asymptotic shape of the spike layer solution u,(A, t), which corresponds to A = 1,(§), as A — oo.

1. Introduction

We consider the following nonlinear eigenvalue problem:

WO+ A ) =0, tel=(-1,1), 1)
ut)>0, tel, (2)
u(l)=u(-1)=0, (3)

where f(u) is a cubic-like nonlinear term and A > 0O is a
parameter. We assume the following conditions (A.1)-(A.3),
which have been introduced in [1].

(Al) f(u)isa C*-function on [0, 0o) and has three positive
rootsat0 < a < b <c,and

fw)>0 on [0,a)U(bc),
4
fw) <0 on (a,b)U(c,00), @
JC F(s)ds >0, 5)

(A.2) There exists a constant a < 8 < ¢ such that

f"w)>0 foro<u<p,

f" () <0 foru>p.

(A.3) Let 7 € (b, c) satisty f'(T) = 0. Then

JT F(s)ds<o. %

The typical example of f(u) which satisfies (A.1)-(A.3) is
f(u) = (u—a)(u—>b)(c—u) with ¢ > 2b—a and the area of the
negative hump of f(u) is nearly equal to that of the positive
hump. For example, if we choose b < (a + ¢)/2 appropriately,
then f(u) = (u — a)(u — b)(c — u) satisfies (A.1)-(A.3).

Nonlinear elliptic eigenvalue problems have been studied
by many authors. We refer to [2-8] and the references therein.
Among other things, (1)-(3) have been investigated by many
authors. We refer to [1, 9-12] and the references therein.
In particular, the following basic properties of the structure
of bifurcation diagram for (1)-(3) have been proved in [1,
Theorem 3.1].

Theorem 1 (see [1, Theorem 3.1]). Assume (A.1)-(A.3). Then
there exists a critical A, such that (1)-(3) have exactly one
positive solution for 0 < A < A, exactly two positive solutions
for A = A, and exactly three positive solutions for A > A,.
Furthermore, all solutions lie on two smooth solution curves,
and A is parameterized by & :=|| u, |, as A = M&). One of the
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curves, referred to as the lower curve A, (&), satisfies A,(0) = 0
and increases in 0 < & < a, and

A (@) — o0 as§—a, (8)
u (A,t) —a fortelas A — oo, 9)

where u, (A, t) is a solution of (1)-(3) corresponding to A =
A (E). (Note that A — oo is equivalent to & — a.) The
upper curve, which consists of two branches )Lj(E) (G = 2,3),
is a parabola-like curve with exactly one turn to the right at
& =&, € (b,c). Furthermore,

AL (&) — o0 asl— 06, (10)
u,(A,0) — 6y, u,(A,t) —a
(11)
(teI\{0}) asA— oo,
A () — o0 asé—yq (12)
us; (A,t) — ¢ (tel) as A — oo, 13)

where uj()t, t) is a solution of (1)-(3) corresponding to A =
/\j(E) (j =2,3)and 0, € (b,c) is a constant which satisfies

0y
J f(s)ds=0. (14)

(See Figure 1 for the bifurcation diagram.)

As we see from (9), (11), and (13), one of the most
interesting facts in Theorem 1 is the difference between the
asymptotic shapes of uj()t, t) (j = 1,3) and u,(A,t) for A
sufficiently large (see Figures 2 and 3). This difference comes
from the fact that uj()t, t) (j = 1,3) is stable and u,(A,t)
is unstable. This drives us to the question whether these
facts give effect on the asymptotic behavior of the bifurcation
branches or not.

The purpose of this paper is to establish the precise
asymptotic formulas for /\j(«f) (j = 1,2,3)as & — a,0,,¢,
respectively, to clarify how the difference of the asymptotic
shapes of solutions corresponding to these three curves gives
effect to the asymptotic formulas for A j(E) (j = 1,3) and
A,(&). Furthermore, we establish the asymptotic widths ¢, ,
and t;, of the spike layer of solution u,(A,t) as& — 0.
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Finally, we establish the precise asymptotic formulas for
AM@E)as& — 0and Aj(E) as & — & (j = 2,3). By
using the asymptotic formulas above, we propose new inverse
bifurcation problems.

Now we state our main result. Let F(u) := _[Ou f(s)ds.

Theorem 2. Assume that0 < & < a. Let 8 > 0 satisfylog &; =
8¢ log(a —&). Thenas§ — a,

Ay (€)= (~loga-&+0(logd))’.  (5)

If’( )|
Theorem 3. Assume that § > 6. Let §; > 0 satisfy log6; =
8¢ log(§ - 6,).

(i) As& — 90,

Ay (8) = (~log (& - 6,) +O(log5g))2- (16)

If’( )|

(ii) Let t, , € (0, 1) satisfy u,(A,t,,) = a. ThenasA — oo
(namely, & — 0,),

1, of €-0)"
tu)/\—5+o<m . (17)

(iii) Let d € (a,0,) be an arbitrary fixed constant.
Furthermore, let t;; € (0,1) satisfy u,(A,t;,) = d. Then as
A — oo (namely, & — 6,),

tar = \/% (Cd +0 ((f - 90)1/2») (18)
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where

0, 1
Cyi= j —df. 19)

4 \[F(6,) - F(6)

Theorem 4. Assume that § < c. Let §; > 0 satisfy log&; =
8¢ log(c — &). Thenas§ — c,

A3 (§) = ( log(c-&)+0O (log 85))2 ) (20)

|f’( )

Now, we establish the local asymptotic behavior of A, ()
and /\j(ﬁ) (j =2,3) near £ = 0 and & = &, respectively, where
&, € (6,, 1) satisty

1

2 1—ds
JO F (&) - F (&9)

=& [ (F(E) - F&) (@) - of (o) ds
(1)

Theorem 5. (i) As& — 0,

A (€)= 2f(€) <z+ YL )& ) (22)

where {L,(§)} (k =
determined explicitly.
(ii) Assume that f(u) is analytic near u = 0. Then as & —

2,...) are bounded functions of &

0,

A @) = f(o)s ZMk &) &, (23)
where {M(§)} (k = 1,2,...) are bounded functions of &
determined explicitly.

Theorem 6. Let j = 2,3. Then as& — &,
AE =2+ YT ®E-&), (24)
k=1

where {J,(§)} (k=1,2,..
explicitly.

.) are bounded functions determined

Finally, we apply our results above to the inverse bifurca-
tion problems.

Theorem 7. Let k = 1,2. Assume that fi.(u) = (u — ap)(u -
b) (g — u) satisfy (A.1)-(A.3), where 0 < a; < b, < ¢ are
unknown constants. Let A ;(k, &) (j = 1,3) be the bifurcation
branches corresponding to f;.(u). Further, let 0, , be the number
defined in (14) for f,.(u). Finally, forn:=a, -& =a,-&,>0
and{:=c, —-& =¢-& >0, let

t (k1) = Ay (k&) s (,Q) = A5 (k& ). (25)

(i) Suppose that

i 1 (L)
1m
1=0p, (2,7)

M LE -1 @28)=0(8) as&—o. (27)

=1, (26)

Then, a, = a,, b, = by, and ¢, = c,.
(ii) Suppose that
. Ml(l”’l) us (1,0)
| =1, 28
0o () T 20) )
AL -21,(2,8=0@) as&—0. (29)

Then, a, = a,, b, = b,, and ¢; = ¢,.
(iii) Suppose that (28) and 0, , = 6,y hold. Then, a, = a,,
b =b,andc =c,

Theorem 7(i) implies that if we assume that the unknown
nonlinear term f(u) is a cubic, then the precise information
about the local asymptotic behavior along with the rough
global asymptotics of one branch determines the unknown
f(u). Theorem 7(ii) implies that the unknown f(u) is deter-
mined by only the asymptotic behavior of two branches.

Our methods to prove Theorems 2-4 are based on the
precise calculation of the time map. We prove Theorems 5 and
6 by the method developed in [13]. By using Theorems 2, 4,
and 5, we prove Theorem 7.

2. Proof of Theorem 2

In this section, let & < a and let & — a. In what follows, C
denotes various positive constants independent of A > 1. We
know that if (A, u) € R, x C?(1) satisfies (1)-(3), then

u(t)=u(-t), 0<t<l, (30)
u(0) = max u ), (31)
W (t)<0, 0<t<l. (32)

We parameterize the solution pair by using the L norm of
the solution & = [ty I, such as (A, u) = (A,(8),ug) (0 < & <

a).By (1), fort € 1,

[ (&) + Af (ug ()] g (1) = 0. (33)
This implies that, for t € T,
% (56t 0 + 28 (. 0)] = 0. (34)

By this, (31), and putting t = 0, for —1 < t < 1, we obtain
ué (t)* + 2AF (ug (t)) = constant = 2AF (§).  (35)
This implies that

up (t)* = 2A(F (&) = F (u (1)) (36)



By this and (32), for 0 < t < 1, we obtain

(1) = \2A (F©) - F (e (1)) ). (37)
By this, for 0 <t < 1,
R ~uy (t)
VA = 5 L dt

F (&) -F(ug(®) 8)

_ L f R S
V2 Jo VFE -F ()

By mean value theorem, for 0 < 8 < &, we have

FO-FO=fOC-0-5f E)E-07 (9

where 0 < &, < &. We know that f'(£,) < 0, since, by (A.2),
f'(O) < f'(y) < f'(a) <0for0< y<a.Lletd:=0d >0
defined in Theorem 2. We easily see that §; — 0as§ — a.
Furthermore, by Taylor expansion, as§ — a,

f®=f@E-a+0(E-a7),
(40)
a—Ez&é/ag < &

By (38) and (39), we obtain

vi= L r ! d6
V@ E-0)~ f (&) (E-0)

1

1 r 1
V2 r -0 -

(&) E-0)° /2

do

JE(S ! do
+
O @O E-0)- (&) E-07 /2

= % (Z,+2,).
(41)

We write &(t) := §_, (0 < t < ). Then,

o 1
- J dt
NGITAGIE

o 1
+ J dt
O @t E@)]| 2 (42)

o 1
- J dt
NG AGIIE

=2, +Z,.
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Then,

Zy = [\/|f' (f)|log

TRGIEAG)

|qt=0

+ \/If’ @ +2|f (E)If(f)tl]

t=0

\]|f, (E)I( log f (§) + D),

(43)
where
D= log|[f ©|8+ £ &+ | @& +2|f @ f ©0
=0 (logd)
(44)
by (40). We put
X=\f @ Lol
(45)
1
Y= \/f O+ [ GO
We note that £ — § < &(¢) < &. Then by (41) and (43),
hp(FO-fem)r
[212] = 2] XY (X +Y)
8 " _
_ CJ RGO
0 X (46)
8
< caj ! dt
NGIRTAG L
<C8(-log f (&) + D).
We next calculate Z,. We have
¢ 1 &1
ij dtst Yt < Clogs.
o \F@rt+|f @2 ot
(47)
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By (40)-(44), (46), (47), and Taylor expansion, we obtain

(-log f(§) + D) (1 + O (8)) + O (-logd)
lf" @l

1
|f' (@)
x (—log(a—&) + O (logd)) + O (logd)

(1+0(a-8)(1+0(5)

" (~log(a—&)+0(3log(a— )+ O (logd))
W@I

(~log(a—&) + 0O (log?)).
|f’(a)|

(48)
This implies (15). Thus, the proof is complete.
3. Proof of Theorem 3

In this section, let § — 6, with 6, < §. We write § := J;
defined in the statement in Theorem 3. By (38), we have

&
\/Xzi ;dg
ZL VF (&) - F(0)

:i(r;d(9+160; a6
2\Jo VF(&)-F(©O) a F()-F(0)

N S
+LW@4@ )

1
= — (I+II+1I).
V2

(49)
Lemma 8. As& — 6,,
V2 1
I= —>log(§-6,) +O(logd) ). (50)
Proof. We have
a 1
I= —————=db
j VE()-F(©0) -

do =W, + W,.

a—8 1
+ e —
Jo VE (&) - F(6)

We first calculate W,. Fora — 6 < 0 < g, by (14) and Taylor
expansion, we have

F (&) -F(0)
& 6,
=J f(s)ds=J f(s)ds
G a
4 a &

+ Jeof(s) ds + L f(s)ds= Jeof(s) ds (52)
+ [ Feds=r6)E-0)(1+0(E-6)
+%|f’ @] (1+0()@-6).

By (51) and (52), we obtain

wo- [ (re6-000o6-a)

’ 00) @-0?2\"
+wanzum )) P

=Jj<f(%)@-e@(1+0(5—%»

IF @a+o@)y\ "
+ 5 dy

(53)
where

D,y = f(0)(§-6,) (1+0(§-6,)),

o (54)
:E'f @|(1+0()).

Then we obtain

Wi

log

2D,y + 24D, (D,y* + D)

2D,8 +2

|

- logZ\lD1D2>

=Uﬁ

75 (s
A

D, (D,8% + Dy)

~log(§ - 0,) + O(log8)>



6

= V2 (1+O(5))<—%10g(5—90)+O(10g8)>
|f' (@)
V2 1

= ——log (£ -6,) + O(logd) ).
|f’(a)|< 2 0 )

(55)

We next calculate W,. For 0 < 6 < a—38, by (A.2) and (14), we
have

£
F(E)-F(6) = L £ (s)ds
a £
= J f(s)ds+J f(s)ds (56)
[} a

> rf(s)d52C|f'(a).(a—6).
0

By this, we obtain

a-8 1
|W2| < J — ds<C. (57)
0 |f" (@)](a-6)

This along with (55) implies (50). Thus the proof is complete.
O

Lemma9. As& — 6,
V2 1

—~log(§-6) +O(logd) ).  (s8)
|fl ((1)|< 2 0 )

II =

Proof. We have

—db
L VF (&) - F(0)

a+d 1
= ———do (59
L VF (&) - F(0) )

do =V, +V,.

6, 1
i Lﬂs JEO-FO

We first calculate V. By (14) and Taylor expansion, for a <
0 < a+ 3§, we obtain

F(§)-F ()

= LE f(s)ds = J: f(s)ds+ Leo f(s)ds

0

] (60)
- [ f@ds= r@)E-0)a+0E-0)

i

S @1 +0@)@-07.
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By this and (55), we obtain

a+d 1
Vi [
"o VF®-F (9
=W, = L <—§ log (& - 6,) + O(log6)>.
' (@)
We next calculate V. Let an arbitrary 0 < € <« 1 be fixed.
Then,

(61)

Vv, =

J —db
F(§)-F(©0)

0y 1
= ———do
Jeo—e VE(§) - F(0)

(62)
¥ Jm S ST
VE (&) - F(6)
6,—€ 1
+ Ju+€ F—W(Jle = V21 + V22 + V23.
We calculate V,;. For 6, — € < 6 < 6,, we obtain
14
FO-FO) = [ fo)ds
0
14 6o
= J f(s)ds+ J f(s)ds (63)
6, 0

6,
z L f(s)ds > Cf (6,) (6, - 6).

By this,

0y
V, £ J ! do < C+/e. (64)

bo-e \/Cf (65) (8, - 0)

We next calculate V,,. Fora+d < 0 < a+¢,

0
F(E)-F () = Jf(s)ds—J F(s)ds
! (65)

—J F©ds>C|f @|0-a).

By this, we obtain

a+te

< CH/e. (66)

s

até VO —a

Finally, we calculate V,;. Fora + € < 0 < 0, — €, by (14), we
obtain

&
F(E)-F (@) = L F(s)ds
’ (67)
6, 6,
+J f(s)dszj f(s)ds=C.
0 0
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By this, we obtain

90—6 1
Vy, < ——————df<C. (68)
> L+e VF@) - F(0)

By (62), (64), (66), and (68), we obtain
Vv, <C. (69)

By this, (59), and (61), we obtain (58). Thus, the proof is
complete. O

Lemma10. Asé — 6,
11 =0((5-6,)"). (70)

Proof. By (A.3) and (14), we know that 7 < 6, < &. Then for
0, < 0 < &, we have

F(E)-F () = If(s)ds>Cf( ) E-6). (D

By this, for A > 1, we obtain

d 1 s
III < CJ —_— 6, (72)
%\ f(60) € - 9) \/f (9
Thus, the proof is complete. 0

Proof of Theorem 3(i). Theorem 3(i) follows directly from
Lemmas 8-10. Thus, the proof is complete. O

Proof of Theorem 3(ii). By (37) and (49), we have

- [ i, (1)

dt
\2A (F ) - F (1, (A,1)))

_ 1 r 1 40
V2 Ja \F(E) = F(0)

J~90 1 d9+ J£ ;de)
a \/F(E) F(G 6o \/F(g)_F(G)

1
= —— (I +1II).
_u( )

1
:m(

(73)

By this, Lemmas 8-10, and direct calculation, we obtain
Theorem 3(ii). Thus, the proof is complete. O

Proof of Theorem 3(iii). By (37) and (49), we have

1 r 1 50
V22X Ja \JF(E) = F(0)
1

V22

6, 1 14 1
do —df
L VF (&) -F(6) +J60 VF (&) - F(0) }

0y 1 g 1
a0+ | —————=df
Jd F(GO) - F (9) J@U VF (f) - F(6)

N j“’o 1 _ ! do
¢ \VEFQ-F® \[F(6,)-F(®)

1
:=E(Cd+lll+l).

(74)

We have only to calculate J. We fix a constant e > 0 sufficiently
small. Then we have

]3:]1'*']2

-[* ) -r @)

% (VF©-F@F @) -F ©)

x (\/F © - F©O) +\F(6,) - F(0)>>_1 46
[ e @)
x(VF®-

x (\/F & - FO) +\F(6) - F(G))) do.

F(O)\F (6)) - F (0)

(75)
By (A.2), for 6, < &, we have
0 <F(@§)=F ()< f(60) (&~ 60)- (76)
Further, since d < 0 < 6, — € < 6, < &, we have
FE-F@®)=C, F(6,)-F@®)>C. (77)
By this and (76), we obtain
L] <C(E-6,). (78)

We next calculate ;. For 6, — € < 0 < 6,, we obtain
Zf(eo)(g_e),
F(6,) - F(6) > £ (6,) (6, - 0).

F(§)-F () 9)



By (76) and (79), we obtain

|]1| < JGO F(E) _F(GO)
% (F(§) - F(0)) \[F (6,) - F (0)

do

0, 1
60, o a=”
€ 1
—C(E-6,) L o (80)

1

\E
<CE-0) | o™

=C E—@Otan_l\jg 6 < CHE-6,.

By Lemmal0O, (74), (75), (78), and (80), we obtain
Theorem 3(iii). Thus, the proof is complete. O

4, Proof of Theorem 4

Let £ < candlet{& — ¢ in this section. The proof of
Theorem 4 is similar to that of Theorem 2. Let § := & defined
in the statement of Theorem 4. By (38), we have

€
ﬁ:i ;dg
ﬁLVHan>

1 (¢ 1 §-e 1
- - do ——d6
VE{stF@>—Fw) +L VE® -F©) }

= % (K, +K;).
(81)

By the same argument as that to obtain Z, in (41), if € is close
to ¢, we obtain

Kr:J[ﬁ%ﬂ(-mgf@)+o(bg&)ﬂ*436»- (82)

Now, we calculate K,. We have

1 [ (¢ 1 % 1
Kz_ﬁ(lo NAGENC) d9+L Fo o

&6 1
—df
+L VEQ -FO) )
1
= @ (Kyy + Ky + Ky3).
(83)

We calculate K;. Since § — ¢, by (4) and (5), for 0 < 0 < g,
we have F(§) — F(6) > C. By this, we obtain

41
K, < | —=ds<C. 84
21 JO \/E S ( )
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We calculate K,,. Since & — ¢, by (4), fora < 0 < 6,, we
have

14
FO-FO- [ fods
0y ¢
=J f(s)ds+J Fo)ds (85)
0 0,

13
ZJ f(s)ds>C.
0

0

This implies that K,, < C. Flnally, we calculate K,5. Let 6, <

6 < & - 8. By (6), we have | f'(0)] < |f'(WI < |f'(0)] for
0 < y < c. By this and Taylor expansion, we obtain

F(§)-F ()

S FOE-0+5|f E)|€-0'=CE-07,
(86)

where 0 < &, < &. By this, we obtain

&6 1
Ky < J —df

% \CE-0 (&)

&0 1
SJ —d(9<C( logd).
o, &-0

By (81), (82), (83), (87), and the same calculation as that in
(48), we obtain Theorem 4. Thus, the proof is complete.

5. Proofs of Theorems 5 and 6

We first characterize & = &;. Let A(§) be the curve consisting of
A, (&) and A5(&). We know that &, is determined by A&, =o0.
By this and (38), we obtain

1
(ho) -5l T

E (1 F®-sFE)
ST A 2 A
2ﬁLWF@—F®W”S

By this, we see that 0 < &, < 1 satisfies the following equation:

: 1 L&) - sf (&)
pJ] [—— Py A R LA R
L F@&—F@&)s L(F@)l%&ﬁ”

(89)
Proof of Theorem 6. We study the asymptotic behavior of

/\j(E) (j =23)asé& — &. Weputy =& - & and consider
the case where || < 1. For 0 < s < 1, we put

G(&5):=F (&) —F (&) - (F (&) — F (§9)) - (90)
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Then,

F(§) - F (&)
=F (&) -F(§s)+G(&s)
G(&,s)

(91)
= (F(&) ~ F(&9)) (1 + m)
= (F (&)~ F(&9)) (1+H (& s)n).

We show that, for 0 < s < 1 and # sufficiently small,
|H (&) < C. (92)

Let an arbitrary 0 < € <« 1 be fixed. First, we consider the
case 1 —e€ < s < 1. By (A.2), we have

)
F @) ~F )| = || r0ds 2 f E)E -9 ©3

We put K(&, s) = F(§) — F(s). By mean value theorem,

G (&.9)] = K (& 5) = K (. )]
|( ( ) sf 51 )) |
- ~ (94)
<|(f (&)~ £ @Eus))n +|f (Eis)n 1 =)
<uf E)na-9)+|f (Es)na-9),
where &, ~ & ~ &, ~ & By this and (93), we obtain (92). Next,

let0 < s < 1 —e. Since &, > 6, (cf. Figure 1), we have

|F (&) - F(&s)|=C. >0. (95)

Furthermore,

G (& 9)] < [F () —F(&)| +[F &)~ F (&s)| < Clnl. (96)

By this and (95), we obtain (92). For |x| < 1, we know that

(1+x) "2 = Mk, (o)

2k —
Z k|2k

where 2k - D)!' = 2k-1)(2k-3)---
(38), and (91), for j = 2, 3, we obtain

3-1for k > 1. By this,

A (

Nass

)

—.

1
IO F(f) F(ﬁS)

—

Sl Bl

J ——————— (1+H(,s) 11)71/2 ds

0 \/F(go ~ F (&9)
J-O F

(2k - 1!
><<1+}§i ok

—_

e

— F (&9)

(l)H(fS)ﬂ>

if; 1
V2o R (g,) -

+1JI—
F(&s) V290 \[F(5)-

F(Eos)
Eo+f7 J 1 (2k - 1!
V2 G B () -F(gs) K2
x (-1)FH (&, 5)" " ds
= \//\j (&) + ZHk ©) ’7k-
k=1
(98)

By this, we obtain Theorem 6. Thus, the proof is complete.
O

Proof of Theorem 5. We write A = A,(§). For 0 < s < 1 and
0 <& < 1,weput

F(§)—F(&s)-&f (§)(1-5)
D(&,s) := . 99
(69 £ (19 ©9)
By Taylor expansion,
2 p1
FO-FE - ©0-9- L Qa g w0

By (99) and (100), for 0 < s < 1 and 0 < & < 1, we obtain

VE©) - F (&) = \Ef OVI—s\1+ D(E5)E(1 - s),

|D (&, s)| <C.
(101)
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By this, (97), and (98), we obtain

0
e
VEL)VF@)—FQQ )

B b 12
= .[0\/1_—5(1+D(E’S)E(1 s)) ' ds

L |
<|, 7=
0o V1-s

+ i—@k_kl)” DD )" (1-9)E" ) ds
& k2

(2 S 0),
NTIGA=

—

X

(102)
where

1 —
u@=L9%§EeND@#u—&”m&uw

Thus, we obtain Theorem 5(i). Theorem 5(ii) is obtained by
Theorem 5(i) and Taylor expansion of f(u) near u = 0. Thus,
the proof is complete. O

6. Proof of Theorem 7

Proof of Theorem 7(i). Let f(u) = (u — a)(u — b)(c — u) with
a= aj,b = bj,c =¢; (j = 1,2). By (26) and Theorem 2, we
obtain f'(al) = f'(a2). This implies that

(c-a) by -a)=(-a)(b-ay). (104)

By direct calculation,

F(§) - F(&s)

:—:1154(1—5)(1+s+52+s3)
+§(a+b+c)§3(1—s)(1+s+52)

—%(ab+bc+ca)€2(1 —s)(1+s)+abck(1-5).
(105)
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Let A := (ab + bc + ca)/(2abc). By using (38), (105), and the
calculation in Section 5, we obtain

COVE (P _ 2\\"1/2
\/AI(E)—MLE(I AQ+9E+0(8)) " ds

=0 )
1+ -AE(1+s)+0O ds
2abc Jo V1 -5 2 5 ) (E)
V& < 5 2
= 2+ -AE+O(¢& > .
V2abc 3 ( )
(106)
This implies that
A (8) = if(1+§A§+o(52)> (107)
! abc 3 '
By this, (27), (28), and Theorem 2, we obtain
abe = a,bycy, (108)
ab, + by, + qa, = a,b, + bye, + ga,. (109)

By (104), (108), (109), and direct calculation, we easily obtain
a, = a,, b, = by, and ¢; = ¢,. Thus, the proof is complete. [

Proof of Theorem 7(ii). By Theorem 2 and (28), we obtain
f'(al) = f’(az) and f'(cl) = f’(cz). By this, we obtain (104)
and

(q-a)(q-b)=(a-a)(-b)>0. (110)

By this and (104), we obtain (¢, — al)2 =(g- az)z. By this and
(104), we have

p=b-a =b-a, g=q-a=g-a. (1)

By (29) and (107), we obtain (108). By (108) and (111), we
obtain

a(a+p)(am+q=a@+p)(arq. 112

By this, we obtain a, = a,. By this and (111), we obtain b, = b,
and ¢; = ¢,. Thus, the proof is complete. O

Proof of Theorem 7(iii). Let 6, := 60, , = 0, ,. We put

t
G(t) = L y(y-p)(a-y)dy. (113)

For j = 1,2, by (14) and (111), we obtain

0= [ (x-a) (xb5) (5~ )

aj

[ ) (o) () ) )

aj

= J:Mj y(y-p)(g-y)dy.
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We study the shape of G(t) for t > 0. Since ¢ + a > 2b by
(5), we have 2p < gq. By this and direct calculation, we see
that G(0) = 0 and it decreases for 0 < t < p and attains
its minimum at t = p, and G(p) < 0. Then G(¢t) increases for
p < t < gand attains its maximum at t = g,and G(q) = > (q—
2p)/12 > 0. Then, G(t) decreases for t > g and G(t) — —oo
ast — o0. Therefore, there exists p < t; < q < t, such that
G(t;) = G(t,) = 0. We assume that a; < a, and we derive a
contradiction. In this case, by (114), we obtain 6, —a, = t, and
0, —a, = t,. Thisimplies that 6, = a, +t, > a, +q = ¢,. This is
a contradiction, since b; < 0, < ¢,. If we assume that a, < a,,
we obtain the same contradiction as above. Consequently, we
obtain g, = a,. By this and (111), we obtain b, = b, and ¢, = c,.
Thus, the proof is complete. O
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