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We consider the existence of nonlinear boundary layers and the typically nonlinear problem of existence of shock profiles for the
Broadwell model, which is a simplified discrete velocity model for the Boltzmann equation. We find explicit expressions for the
nonlinear boundary layers and the shock profiles. In spite of the few velocities used for the Broadwell model, the solutions are
(at least partly) in qualitatively good agreement with the results for the discrete Boltzmann equation, that is the general discrete

velocity model, and the full Boltzmann equation.

1. Introduction

The Boltzmann equation (BE) is a fundamental equation in
kinetic theory. Half-space problems for the BE are of great
importance in the study of the asymptotic behavior of the
solutions of boundary value problems of the BE for small
Knudsen numbers [1, 2] and have been extensively studied
both for the full BE [3, 4] and for the discrete Boltzmann
equation (DBE) [5-8]. The half-space problems provide the
boundary conditions for the fluid-dynamic-type equations
and Knudsen-layer corrections to the solution of the fluid-
dynamic-type equations in a neighborhood of the boundary.
In [8] nonlinear boundary layers for the DBE, the general
discrete velocity model (DVM) was considered. Existence
of weakly nonlinear boundary layers was proved. Here we
exemplify the theory in [8] for a simplified model, the
Broadwell model [9], where the whole machinery is actually
not really needed, even if it helps out. For the nonlinear
Broadwell model, we obtain explicit expressions for boundary
layers near a wall moving with a constant speed. The number
of conditions, on the assigned data for the outgoing particles
at the boundary, needed for the existence of a unique (in
a neighborhood of the assigned Maxwellian at infinity)
solution of the problem is in complete agreement with the
results in [8] for the DBE and [3] for the full BE. Here we also
want to mention a series of papers studying initial boundary

value problems for the Broadwell model using Green’s func-
tions [10-16].

We also consider the question of existence of shock
profiles [17, 18] for the same model [9, 19]. The shock
profiles can then be seen as heteroclinic orbits connecting
two singular points (Maxwellians) [20]. In [20] existence of
shock profiles for the DBE in the case of weak shocks was
proved. We exemplify the theory in [20] for the Broadwell
model, where again the whole machinery is not really needed,
even if it helps out. In this way we, in a new way, obtain
similar explicit solutions, not only for weak shocks, as the
ones obtained in [19] for the same problem.

The paper is organized as follows. In Section 2 we
introduce the Broadwell model and find explicit expressions
for the nonlinear boundary layers near a wall moving with a
constant speed, and in Section 3 we find explicit expressions
for the shock profiles for the Broadwell model.

2. Nonlinear Boundary Layers for the
Broadwell Model Near a Moving Wall

In this section we study boundary layers for the nonlinear
Broadwell model near a wall moving with a constant speed b.
In [8] the nonlinear boundary layers for the DBE, the general
discrete velocity model (DVM) was considered. Existence of
nonlinear boundary layers was proved. Here we exemplify



the theory in [8] in the case of a simplified model, where the
whole machinery is actually not really needed, even if it helps
out. The same problem was considered in [21] for a mixture
model, where one of the two species was modelled by the
Broadwell model.

We consider the classical Broadwell model [9] in space
(with velocities & = (1,0,0), &, = (-1,0,0), & = (0,1,0),
E4 = (0’ -1, 0)) 55 = (O’ 0, 1)’ and 56 = (0’ 0, _1))
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where o is the mutual collision cross section. For a flow axially
symmetric around the x-axis we can reduce system (1) to
E“}ithﬂ =foh=1fi=fs=fs=feoand f; = f,)
9

ofy ofi 4o 2
o tax 3 S Ah)

afz__S_U 2

SrTi 3(fz fif3)5 (2)
ofy 9fs

40 2
Frr ?(fz -fifs)-
The collision invariants are
¢=a(l,1,1)+B(1,0,- 1),

and the Maxwellians (equilibrium distributions) are

a,feR, (3)

M=s" (a4,a2,1),
(4)
with s=e® P50, a=ef* >0, a,feR.

The density, momentum, and internal energy can be obtained
by

p=fi+t4f,+ fr
pu= fi = fs ©)
2pe = fi + f5.
Let b, the speed of the wall, be a real number such that

b¢{-1,0,1}. (6)
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We define the projections R, : R® — R™ andR_: R® —
R",n =3 -n',by
Rh=h"=(h,....h:),
> h3) >

(7)
Rh=h =(hg ...

where

0 ifb>1
1 if0O<bz<l

nt = h = (hy, hy, hy). (8)
2 if —1<b<0

3 ifb< -1,

Consider the problem

0 0
Da—{ +BO£:Q(f,f), x>bt, t>0,

[Tt t) = Cf ™ (bt 1) + By, )
f (X, 0) = fo (x) >

folx) — M asx — oo,

Wheref = (f1>f2)f3)) D = (1;4, 1), BO = (1,0,—1), M =
s*a* a*1),Cis agivenn' xn matrix, @, € [R": and Q(f, f)
is defined by the bilinear expression:

Q(f.9) = 2?0(2f292_f193_91f3)(1’—2,1)- (10)

After the change of variables y = x — bt and the

transformation
f=M+ M"?h, with M = ¢* (a4,a2, 1) , 1
we obtain the new system

%+B% +Lh=S(hh),

0, t>0,
at oy y>ote

h* (0,t) = Ch™ (0,t) + ¢y,

h(y,0) =hy (y),

ho(y) —0 asy — oo,

(12)

where h = (h;,hy,h;), B = B, — bD, Cis an n" x n~ matrix,
@ € R, and

Lh = —2M""*Q (M, M"*h)

= % (h1 —2ah, + a2h3) (1,—2a,a2) ,

S(h,g) =M "?Q(M"*h, M g)

(13)

2s%0
T3 (2h,9, — hy g5 - 91h3) (1>_2‘1’ ‘12) .
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Similar initial boundary value problems have been stud-
ied in a series of papers using Green’s functions (with s* =
1/6,a = 1) for 1/4/3 < b < 1 in [10] (with C = (¢, ¢,)) and
[14],for-1 < b < -1/+/3in[11],for 0 < b < 1/+/3,withC = 0
in [12, 13, 15], and for diffuse boundary conditions in [16].

Here we consider the stationary nonlinear system

B@+Lh=8(h,h), h=h(y), y>0,
dy
k" (0) = Ch™ (0) + ¢y, a4)
h(y) —0 asy— co.
The linearized collision operator
. 1 -2a da°
L= 4530 —2a 4a* -24° (15)

is symmetric and semipositive and have the null-space
N(L) = span((az,a, 1) , (aZ,O,—l)) = span (e}, e,), (16)
for some e; and e,, such that
(eper)p =0y 6j=12 (17)
Note also that
(S(h,h),e) =0, Vee N(L). (18)

Here and below, (-,-) denotes the Euclidean scalar product
and we denote (-, ) = (-, B). Ifb # a*/(1+a*) we can choose

1
el = <a) _)0>$
2

. (19)
e, = (azb,%(l—b),az(l—b)—b),
and then
M :az—b(1+a2),
Yy = (az—b(1+a2)) (20)

-(—a2+(1—a4)b+(1+a2+a4)b2).

We let m* denote the number of the positive and negative
eigenvalues of the matrix B™'L. The numbers »n*, with n* +
n~ = 3, defined above, denote the numbers of the positive
and negative eigenvalues of the matrix B. Moreover, we let
k*,k™,and [ denote the number of positive, negative, and zero
eigenvalues of the 2 x 2-matrix

. <<y1,y1>3 <)’17)’2>B)’

(21)
<}’2’ )’1)3 <)’2> J’2>B

where y, = (a% a,1) and Y, = (a%,0,-1). Then m* = n* —

k* — 1 [22, 23]. The eigenvalues of K are

A, =0+ A\ - 4a’k, (22)

n=(1+a’)[a’-1-b(1+4d%)],

K:—a2+(1—a4)b+(1+a2+a4)b2.

where
(23)

We find that sgn(A,) = sgn(x) if « > 0,sgn(A,) = £1 if & <
0,A, =2n,and A_ =0 if x = 0, butx < 0if 5y = 0, sgn(y) =
—sgn(b) ifx > 0, and

k=0

a* =1+ V1 +4a? +2a* + 4a° + a®

b=b, = ,

= 2(1+a?+a%) (24)
k>0 ifb>b, orb<b,
k<0 ifb <b<yb,.

Hence, we obtain the following number of positive and
negative eigenvalues for different values of b

b -1 b 0 b 1

n |3 222 111 0

n |0 111 222 3

k™ |2 211 100 0

k|0 001 112 2 (25)
[ ]o 010 010 0

m*|1 001 001 O

m |0 100 100 1

for

b+:a4—li\/l+4a2+2a4+4a6+a8. (26)
* 2(1+a+a*)

Particularly, if a = 1 then b, = +1/+/3.
Explicitly, the eigenvalues of the matrix B™'L are 0 (of
multiplicity 2) and

B 4stox
3(b-b%) 27)

withK=—a2+(1—a4)b+(1+a2+a4)b2.

A

For b # b, an eigenvector corresponding to the nonzero ei-
genvalue A is

v= (b2 S (1-0). @ (B2 -0))s e

that is

B'Lv =My,
(29)
(v,e)p=0, Vee N(L).



Furthermore,

52a20

B'S(v,v) = kv, with k = (1 + 3b2) . (30)

Example I. If a = 1, corresponding to a nondrifting Maxwel-
lian M, then we get that

1

b, = i%,
4s'o (307 - 1)
3(b-b%) -
v = (b bz,l_—bz,bz—b>,
2
52 2
k= (1+30)

Note that if ¢, = 0, then we always have the trivial
solution h = 0, and if -1 < b < b_ (¢, = (@o>Py)> Where
both ¢, and ¢, must be zero, i.e., py; = ¢y, =0),0<b < b,
(@o € R, where ¢, must be zero, i.e,, ¢y = 0), or 1 < b (no
boundary conditions at all at the wall), then we have no other
solutions. Otherwise, we have solutions if and only if h; €
span(v" — Cv").

Below we consider the remaining different cases.

(i) Ifb, <b<1thenC = (g ¢)and ¢, € R. Hence, if
@, # 0 we obtain the unique solution

h(y)= —2 (6625 (1-87). (0 -1)), @)

~ k+ DeV
with
2 2 2 (1,2
D:2(b+b)—c1a(12—hb)—202a (b —b)A_k‘ 33
0

(ii) Ifb. < b < 0then C = (&) and @, = (g, Py,) € R*.
Hence, if ¢, # 0, ¢; # 2b/a(1 - b), and

a(l - bz) - 2¢,a® (b2 - b)

- , (34)
P2 = 56+ 02) — 2002 (17— b) P
then we obtain the unique solution (32) with
b+b’—cla(b>-b
D= ! ( )A —k, (35)

Po1

andif ¢, = 2b/a(1-b),c, + —(1+b)/2ab, ¢, =0, and
@y, # 0, then we obtain the unique solution (32) with

2 2 (12
Dza(l—b)—ZQa (b _b)}t—k. (36)
299,
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(iii) If b < 1 then C = 0 and ¢y = (@, Poa> Po3) € R°.
Hence, if ¢, # 0 and

_a(l-b)
Po2 = b Po1>
(37)
_a’(b-1)
Poz = 1+b Po1>
then we obtain the unique solution (32), where
2
p=Y"5 k. (38)
Po1

We note that in each of the above cases k™ conditions on
the assigned data ¢, are implied to have a unique solution.
This is in good agreement with the results for the DBE in [8]
and for the continuous BE in [3].

Remark 2. Similar results can be obtained for the (reduced)
plane Broadwell model

(1—b>fi—j;1=o(f§—f1f3),

df, 2
20 (f-5p),

—<1+b>‘;—f=o(f§—f1f3).

Particularly, with a = 1 we have

1
b, =+—,
V2
25'0 (267 - 1)
C3(b-b) (40)

v=(b+b’,1-b",b" -b),
2

T.

[}

k:

3. Shock Profiles

In this section we are concerned with the existence of shock
profiles [17, 18]

F=F(x"&1t) = f(x' - bt,8) (41)
for the Boltzmann equation
aa—1:+£-VxF:Q(F,F). (42)

Here x = (x',...,x%) € R*, & = (£',...,&%) ¢ R? and
t € R, denote position, velocity, and time, respectively.
Furthermore, b denotes the speed of the wave. The profiles
are assumed to approach two given Maxwellians

P+ e—If—uilz/(ZTi)

M =
S ()™

(43)
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(p, u, and T denote density, bulk velocity, and temperature,
resp.) as x — =00, which are related through the Rankine-
Hugoniot conditions.

The (shock wave) problem is to find a solution f = f(y,§)
(y = x' - bt) of the equation

(&' - )a§ Q(f f)» (44)

such that

f— M, asy— too. (45)

In [20] the shock wave problem (44), (45) for the DBE
was considered. Existence of shock profiles in the case of weak
shocks was proved. Here we exemplify the theory in [20] in
the case of a simplified model, where the whole machinery is
actually not really needed, even if it helps out. In this way we,
in a different way, obtain similar results as is obtained in [19]
for the same problem.

We study the reduced system (2) of the classical Broadwell
model in (1) [9] in space. The collision invariants are given by
(3) and the Maxwellians (equilibrium distributions) by (4).

The shock wave problem for the Broadwell model reads

BZ—f =Q(f, f), where f — M, as y — +00, (46)
Y
where B = B(b) = diag(1 — b,—-4b,—(1 + b)), f = (f1> f» f3)
and Q(f, f) is defined by the bilinear expression (10).

The density p, momentum pu, and internal energy 2pE
can be obtained by (5). The Maxwellians M_ = st@at,a%,1)

and M, = s’(a’,a’,1) must fulfill the Rankine-Hugoniot
conditions
p+(”+_b) :P—(”—_b),
(47)
P+ (2E+ - bu+) = pP- (2E— - bu—) >
with
Ps =si(1+4ai+ai),
pily = si (ai - 1) , (48)

2p,E, =s, (1+a)

After some manipulations we obtain that

1
2E¢:§(2\“+3“i_1>- (49)

We consider

df

Bd_ =Q(f, f), where f — M, as y — 00  (50)
Y
and denote
F=M+M"h,
(51)
with M =M, = si (ai,ai, 1) =gt (a4,a2, 1).

Then we obtain

dh

Bd—+Lh S(h,h), where h — 0as y — oo, (52)
Y

with the linearized operator L and the quadratic part S(h, h)
given by (13). The linearized collision operator is given by (15)
and then fulfills properties (16)-(20).

We assume that B is nonsingular; that is b ¢ {-1,0, 1}.
Then by (52) we obtain the system

dh g - B'S(hh). (53)
dy

In (25) we obtain that

b _(14—li\/1+4az+2a4+4as+a8
8 2(1+a?+a*)

2u +2+2E,

1+6E

(54)

and the eigenvalues of the matrix B™'L are 0 (of multiplicity
2) and

2= 4stox
3(b-0)

__ PO 2 55
—W(2E+—l—4u+b+(l+6E+)b), ( )
withK=—a2+(1—a4)b+(1+a2+a4)b2.

Let

h =9e, + xe, + uv, (56)

where e, and e, are eigenvectors (19) corresponding to the
zero eigenvalue and v is eigenvector (28) corresponding to the
nonzero eigenvalue A. Then

d9 d
WXy, (57)
dy dy
which implies that
9=yx=0, (58)
since lim,,_,,9 = lim,_,, x = 0. Therefore
du )
— + Au=ky’,
7y = (59)
where k is given in (30). We obtain that
A
=—F. 60
b= ki Dev (60)
Assume that D # 0 and let
b, <b<1,
(61)

orb <b< -

1+2a%



6
Then
Jimpe =0,
lim —& 2
JH*OO#_k’
fly)=M, + Ay,
V= ey
4ste 2 4 2 4\ 12
where)uzm(—a +(1—a)b+(1+a +a)b),k:
It follows that

)
M_=M, + ZMi/zv
4
N 21+ b
E

_ (65)
1+ 3b2 1—b’pq’q

zl—b]
1+b ]’

withp=(2+a2)b—a2, q=1+(1+2a2)b,

which is a Maxwellian. Formally we can allow b < -1 and
—1/(1 + 2a%) < b < 0. However, then, the equilibrium distri-
bution (65) will not be nonnegative and, hence, not a
Maxwellian.

We note that

f)=0()M, +(1-0(y)M,
1 (66)

with ® (y) = T2 0o’

where C = k/D # 0 is an arbitrary nonzero constant. The
structure coincides with the one for the Mott-Smith approxi-
mation [24] in [25]. However, A is obtained in different ways.

Remark 3. We can instead of system (50) consider

B% =Q(f, f), where f — M_as y — —co, (67)
with
2
a S <b<b,
2+a (68)
or —1<b<b,
and in a similar way as above, we obtain
- M 12,
fO) - ktiDev -
(69)

M,=M + %Mﬁ’zv.
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and therefore

A

- k + DeVy (63)

h(y)

v, D#0.

We conclude that the solution of system (50) is of the form

s‘a’o 2 2 a 2 2 (12 (64
(1430%), v=(b+8%5 (1-97).0* (1 -1)), D #0.
Example 4. If a = 1 then we have
p+:651>
u, =0,
1
E = =
t 6
1
b, =+—,
BERVA]
(70)
4540(3b2—1)
3(b-0%)
32
v=(b+b2,u,b2—b>,
2
520 2
k= (1+30°).
Furthermore,
_ 2. 4
f(y)—M++mM+ V=S (1,1,1)
4s* (3b° - 1) b 1 -b
(1+3b2)+5eb’<1—b’5’1+b>
(71)
1+b 1-b
= 3b-1)> ——,(9%* - 1),(3b 12—>
(-0 o) e
—_ 54
+De’ly(1,1,1)] , wherer= ————
(1+3b?) + De™
and the other Maxwellian is
M —i((sb—l)zﬂ (b +1)
T 1432 1-b
(72)

2 1-0b
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Example 5. Similar results can be obtained for the (reduced)
plane Broadwell model

(1—b>% —o (2= £ifs)s

_Zb% =-20 (fzz - f1f3)’ (73)

—<1+b>% —o(f2-1ifs).

Particularly, with a = 1 we have

p, = 4s,
u, =0,
Rl
¢ =t0
VY (74)
2s'o (26° - 1)
3(b-v%)

s‘o
k=—.
b
The other Maxwellian is then
M = ((2b— 1) %lj,(Zb+ 1)(2b-1),(2b+ 1)’
(75)
1+b/"
The shock strength (cf. [19]) is given by the density ratio
o = PP 201
P pi k
(76)
gs2b+b>+a* (b°-1)+a* (b’ -b)
T op (1-0%)(1+3b2) ’
iftb>0andifb < 0by
O-P:—Pi_PJr :i&
p- p- k
(77)
g2 b+b +a’ (b -1)+a' (b -b)
ra (1-52) (1 + 3%

Then the shock strength o, tends to infinity as b approaches
1 and to zero as b approaches b, ; that is

o, —00 asb—1,
(78)
0, —0 asb—b,.

7
The shock width (cf. [19]) is given by the density ratio

PR
P max, |dp/dy| A

(79)

3b(1-0%)
S sto(b+b?+at(b-1)+at(b*-Db))
or by the velocity ratio
- 4(1-u_/b

“ max, |[du/dy| A p,

We conclude that the shock widths d, and d,, tend to zero as
b approaches 1 and to infinity as b approaches b, ; that is

dp—>0,
d,—0

asb — 1,
(81)
dp — 00,

d, — oo

asb—b,.
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