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We consider the following nonlinear parabolic equation: 𝑢𝑡 − div(|∇𝑢|𝑝(𝑥)−2 ∇𝑢) = 𝑓(𝑥, 𝑡), where 𝑓 : Ω × (0, 𝑇) → R and the
exponent of nonlinearity 𝑝(⋅) are given functions. By using a nonlinear operator theory, we prove the existence and uniqueness of
weak solutions under suitable assumptions. We also give a two-dimensional numerical example to illustrate the decay of solutions.

1. Introduction
Let Ω be a bounded domain in R𝑛 with a smooth boundary
𝜕Ω. We consider the following initial and boundary value
problem:

on 𝜕Ω × (0, 𝑇)

𝑢 (𝑥, 0) = 𝑢0 (𝑥) ,

(P)

in Ω,

where 𝑓 : Ω×(0, 𝑇) → R and 𝑢0 : Ω → R are given functions.
The exponent 𝑝(⋅) is a given measurable function on Ω such
that
2 < 𝑝1 ≤ 𝑝 (𝑥) ≤ 𝑝2 < +∞,

(1)

with
𝑝1 fl essinf 𝑝 (𝑥) ,
𝑥∈Ω

𝑝2 fl esssup𝑝 (𝑥) .
𝑥∈Ω

𝐴


𝑝 (𝑥) − 𝑝 (𝑦) ≤ −

,
log 𝑥 − 𝑦



∀𝑥, 𝑦 ∈ Ω, with 𝑥 − 𝑦 < 𝛿,

𝑢𝑡 − div (|∇𝑢|𝑝(𝑥)−2 ∇𝑢) = 𝑓 (𝑥, 𝑡) , in Ω × (0, 𝑇)
𝑢 (𝑥, 𝑡) = 0,

We also assume that 𝑝(⋅) satisfies the log-Hölder continuity
condition:

(2)

(3)

where 𝐴 > 0 and 0 < 𝛿 < 1 are constants. The term
div(|∇𝑢|𝑝(⋅)−2 ∇𝑢) is called the 𝑝(⋅)-Laplacian and denoted by
Δ 𝑝(⋅) 𝑢.
The study of partial differential equations involving
variable-exponent nonlinearities has attracted the attention
of researchers in recent years. The interest in studying such
problems is stimulated and motivated by their applications
in elastic mechanics, fluid dynamics, nonlinear elasticity,
electrorheological fluids, and so forth. In particular, parabolic
equations involving the 𝑝(⋅)-Laplacian are related to the
field of image restoration and electrorheological fluids which
are characterized by their ability to change the mechanical
properties under the influence of the exterior electromagnetic
field. The rigorous study of these physical problems has been
facilitated by the development of the Lebesgue and Sobolev
spaces with variable exponents.
Regarding parabolic problems with nonlinearities of
variable-exponent type, many works have appeared. We note
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here that most of the results deal with blow-up and global
nonexistence. Let us mention some of these works. For
instance, Alaoui et al. [1] considered the following nonlinear
heat equation:
𝑢𝑡 (𝑥, 𝑡) − div (|∇𝑢|𝑚(𝑥)−2 ∇𝑢) = 𝑢 |𝑢|𝑝(𝑥)−2 + 𝑓,

(4)

in a bounded domain in Ω ⊂ R𝑛 (𝑛 ≥ 1) with a smooth
boundary 𝜕Ω. Under appropriate conditions on the exponent
functions 𝑚, 𝑝 and for 𝑓 = 0, they showed that any solution
with nontrivial initial datum blows up in finite time. They also
gave a two-dimensional numerical example to illustrate their
result. Pinasco [2] studied the following problem:

state, without proof, a proposition to be used in the proof of
our main result. In Section 3, we state and prove the wellposedness of solution to our problem. In Section 4, we give
a numerical verification of the decay result.

2. Preliminaries
We present some preliminary facts about the Lebesgue and
Sobolev spaces with variable exponents (see [1, 14–16]). Let 𝑝 :
Ω → [1, ∞] be a measurable function, where Ω is a domain
of R𝑛 . We define the Lebesgue space with a variable-exponent
𝑝(⋅) by
𝐿𝑝(⋅) (Ω) fl {𝑢 : Ω

𝑢𝑡 − Δ𝑢 = 𝑓 (𝑢) , in Ω × [0, 𝑇)
𝑢 (𝑥, 𝑡) = 0, on 𝜕Ω × [0, 𝑇)
𝑢 (𝑥, 0) = 𝑢0 (𝑥) ,

→ R; measurable in Ω : 𝐿𝑝(⋅) (Ω) (𝜆𝑢)

(5)

< ∞, for some 𝜆 > 0} ,

in Ω,

where Ω ⊂ R𝑛 is a bounded domain with a smooth boundary
𝜕Ω, and the source term is of the following form:

where
𝐿𝑝(⋅) (Ω) (𝑢) = ∫ |𝑢 (𝑥)|𝑝(𝑥) 𝑑𝑥

(9)

Ω

𝑓 (𝑢) = 𝑎 (𝑥) 𝑢𝑝(𝑥)
or 𝑓 (𝑢) = 𝑎 (𝑥) ∫ 𝑢𝑞(𝑦) (𝑦, 𝑡) 𝑑𝑦,

(8)

(6)

Ω

is called a modular. Equipped with the Luxembourg-type
norm,
𝑢
‖𝑢‖𝐿𝑝(⋅) (Ω) fl inf {𝜆 > 0 : 𝐿𝑝(⋅) (Ω) ( ) ≤ 1} ,
𝜆

with 𝑝, 𝑞: Ω → (1, ∞) and the continuous function 𝑎:
Ω → R being given functions satisfying specific conditions.
They established the local existence of positive solutions and
proved that solutions with initial data sufficiently large blow
up in finite time. Parabolic problems with sources like the
ones in (5) appear in several branches of applied mathematics
and they have been used to model chemical reactions, heat
transfer, or population dynamics.
Recently, Shangerganesh et al. [3] studied the following
fourth-order degenerate parabolic equation:

Lemma 1 (Hölder’s inequality [10]). Let 𝑝, 𝑞, 𝑠 ≥ 1 be measurable functions defined on Ω such that

𝑢𝑡 + div (|∇Δ𝑢|𝑝(𝑥)−2 ∇Δ𝑢) = 𝑓 − div𝑔,

for a.e. 𝑦 ∈ Ω. If 𝑓 ∈ 𝐿𝑝(⋅) (Ω) and 𝑔 ∈ 𝐿𝑞(⋅) (Ω), then 𝑓𝑔 ∈
𝐿𝑠(⋅) (Ω) and

(7)

in a bounded domain Ω ⊂ R𝑛 (𝑛 ≥ 1) with a smooth boundary 𝜕Ω, and proved the existence and uniqueness of weak
solutions of (7) by using the difference and variation methods
under suitable assumptions on 𝑓, 𝑔 and the exponents 𝑝.
Equation (P) is a nonlinear diffusion equation which has
been used to study image restoration and electrorheological
fluids (see [4–11]). In particular, Bendahmane et al. [12]
proved the well-posedness of a solution, for 𝐿1 -data. Akagi
and Matsuura [13] gave the well-posedness for 𝐿2 initial
datum and discussed the long-time behaviour of the solution
using the subdifferential calculus approach. In our paper, we
give an alternative proof of the well-posedness of (P) which is
simpler than that in [13] using a theory of nonlinear evolution
equations. In addition, we give a numerical example in 2D to
illustrate the decay result obtained in [13].
This paper consists of three sections in addition to the
introduction. In Section 2, we recall the definitions of the
variable-exponent Lebesgue spaces, 𝐿𝑝(⋅) (Ω), the Sobolev
spaces, 𝑊1,𝑝(⋅) (Ω), as well as some of their properties. We also

(10)

𝐿𝑝(⋅) (Ω) is a Banach space (see [10]).

1
1
1
=
+
,
𝑠 (𝑦) 𝑝 (𝑦) 𝑞 (𝑦)

(11)

   
 
𝑓𝑔𝑠(⋅) ≤ 2 𝑓𝑝(⋅) 𝑔𝑞(⋅) .

(12)

Lemma 2 (see [10]). Let 𝑝 be a measurable function on Ω.
Then,
(a) ‖𝑓‖𝑝(⋅) ≤ 1 if and only if 𝑝(⋅) (𝑓) ≤ 1;
(b) for 𝑓 ∈ 𝐿𝑝(⋅) (Ω), if ‖𝑓‖𝑝(⋅) ≤ 1, then 𝑝(⋅) (𝑓) ≤ ‖𝑓‖𝑝(⋅) ;
and if ‖𝑓‖𝑝(⋅) ≥ 1, then ‖𝑓‖𝑝(⋅) ≤ 𝑝(⋅) (𝑓);
(c) ‖𝑓‖𝑝(⋅) ≤ 1 + 𝑝(⋅) (𝑓).
Lemma 3 (see [10]). If (1) holds, then
𝑝

𝑝

1
2
, ‖𝑢‖𝑝(⋅)
} ≤ 𝑝(⋅) (𝑢)
min {‖𝑢‖𝑝(⋅)

𝑝

𝑝

1
2
, ‖𝑢‖𝑝(⋅)
},
≤ max {‖𝑢‖𝑝(⋅)

for any 𝑢 ∈ 𝐿𝑝(⋅) (Ω).

(13)
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We next define the variable-exponent Sobolev space
𝑊1,𝑝(⋅) (Ω) as follows:

(nonlinear) operator satisfying, for some 𝛼, 𝛽 > 0 and for some
𝑝 > 1,
𝑝

⟨𝐴 (V) , V⟩ ≥ 𝛼 ‖V‖𝑉 − 𝛽,

𝑊1,𝑝(⋅) (Ω) = {𝑢
∈ 𝐿𝑝(⋅) (Ω) such that ∇𝑢 exists, |∇𝑢| ∈ 𝐿𝑝(⋅) (Ω)} .

(14)

1,𝑝(⋅)

Lemma 4 (see [10]). Let Ω be a bounded domain of R𝑛 and
𝑝(⋅) satisfies (1) and (3), and then
1,𝑝(⋅)

‖𝑢‖𝑝(⋅) ≤ 𝐶 ‖∇𝑢‖𝑝(⋅) , ∀𝑢 ∈ 𝑊0

(Ω) ,

(15)

where the positive constant 𝐶 depends on 𝑝(⋅) and Ω. In
1,𝑝(⋅)
particular, the space 𝑊0 (Ω) has an equivalent norm given
by ‖𝑢‖𝑊1,𝑝(⋅) (Ω) = ‖∇𝑢‖𝑝(⋅) .
Lemma 5 (see [10]). If 𝑝(⋅) ∈ 𝐶(Ω), 𝑞 : Ω → [1, ∞) is a
continuous function and
∗

essinf (𝑝 (𝑥) − 𝑞 (𝑥)) > 0
𝑥∈Ω

𝑢𝑡 + 𝐴 (𝑢) = 𝑓

1,𝑝(⋅)

Then the embedding 𝑊0
compact.

has a unique weak solution:
𝑢 ∈ 𝐿𝑝 ((0, 𝑇) , 𝑉)

if 𝑝2 < 𝑛

(16)

if 𝑝2 ≥ 𝑛.

Definition 6 (see [17]). Let 𝑉 be a separable Banach space and
𝐻 be a Hilbert space such that 𝑉 ⊂ 𝐻 ⊂ 𝑉 with continuous
embedding and 𝑉 is dense in 𝐻. Let 𝐴 : 𝑉 → 𝑉 be a
nonlinear operator.
(1) 𝐴 is said to be monotone if ⟨𝐴(𝑢) − 𝐴(V), 𝑢 − V⟩𝑉 ×𝑉 ≥
0. If, in addition, we have
∀𝑢 ≠ V,

3. Well-Posedness
In this section, we state and prove the well-posedness of our
problem.


(3) 𝐴 is said to be hemicontinuous, if the real function
𝜆 → ⟨𝐴 (𝑢 + 𝜆V) , 𝑤⟩

(18)

is continuous from R to R, for any fixed 𝑢, V, 𝑤 ∈ 𝑉.
We end this section with a proposition which is exactly
like Theorem 7.1 [17].


Proposition 7. Let 𝑢0 ∈ 𝐻 and 𝑓 ∈ 𝐿 ((0, 𝑇), 𝑉 ). Suppose
that 𝐴: 𝑉 → 𝑉 is a bounded monotone and hemicontinuous



Theorem 8. Let 𝑢0 ∈ 𝐿2 (Ω), 𝑓 ∈ 𝐿𝑝 (⋅) ((0, 𝑇), 𝑊−1,𝑝 (⋅) (Ω)).
Assume that (1) and (3) hold. Then (P) has a unique weak
solution:
1,𝑝(⋅)

𝑢 ∈ 𝐿𝑝1 ((0, 𝑇) , 𝑊0

(Ω)) ∩ 𝐿∞ ((0, 𝑇) , 𝐿2 (Ω)) ,



(22)

where 1/𝑝(⋅) + 1/𝑝 (⋅) = 1.
Proof. We verify the conditions of Proposition 7. Let 𝑉 =
1,𝑝(⋅)
𝑊0 (Ω), and equip it with the norm,
‖𝑢‖𝑊1,𝑝(⋅) (Ω) = ‖∇𝑢‖𝑝(⋅) .

(23)



So, 𝑉 = 𝑊−1,𝑝 (⋅) (Ω). Define 𝐴 : 𝑉 → 𝑉 by
𝐴 (𝑢) = −div (|∇𝑢|𝑝(𝑥)−2 ∇𝑢) .

(24)

Boundedness of 𝐴. For all 𝑢, V ∈ 𝑉,


|⟨𝐴 (𝑢) , V⟩| = ∫ |∇𝑢|𝑝(𝑥)−2 ∇𝑢 ⋅ ∇V
 Ω


(17)

(2) 𝐴 is said to be bounded, if 𝐴(𝑆) is bounded in 𝑉 ,
whenever 𝑆 is bounded in 𝑉.

(21)

where 1/𝑝 + 1/𝑝 = 1.

then 𝐴 is said to be strictly monotone.

𝑝



𝑤𝑖𝑡ℎ 𝑢𝑡 ∈ 𝐿𝑝 ((0, 𝑇) , 𝑉 ) ,

𝑢𝑡 ∈ 𝐿𝑝2 ((0, 𝑇) , 𝑊−1,𝑝 (⋅) (Ω)) ,

(Ω) → 𝐿𝑞(⋅) (Ω) is continuous and

⟨𝐴 (𝑢) − 𝐴 (V) , 𝑢 − V⟩𝑉 ×𝑉 ≠ 0,

(20)

𝑢 (⋅, 0) = 𝑢0 ,



𝑛𝑝 (𝑥)
{
{
{ esssup (𝑛 − 𝑝 (𝑥))
with 𝑝∗ (𝑥) = { 𝑥∈Ω
{
{
{∞

(19)

Then the following problem

This space is a Banach space with respect to the norm
1,𝑝(⋅)
‖𝑢‖𝑊1,𝑝(⋅) (Ω) = ‖𝑢‖𝑝(⋅) + ‖∇𝑢‖𝑝(⋅) . Furthermore, 𝑊0 (Ω) is

the closure of 𝐶0∞ (Ω) in 𝑊1,𝑝(⋅) (Ω). The dual of 𝑊0 (Ω) is

defined as 𝑊−1,𝑝 (⋅) (Ω), by the same way as the usual Sobolev
spaces where 1/𝑝(⋅) + 1/𝑝 (⋅) = 1.

∀V ∈ 𝑉.

(25)

≤ ∫ |∇𝑢|𝑝(𝑥)−1 |∇V| .
Ω

Hölder inequality gives


∫ |∇𝑢|𝑝(𝑥)−1 |∇V| ≤ 2 |∇𝑢|𝑝(⋅)−1 𝑝 (⋅) ‖V‖𝑉 .
Ω

(26)

Combining (25) and (26), we obtain


‖𝐴 (𝑢)‖𝑉 ≤ 2 |∇𝑢|𝑝(⋅)−1 𝑝 (⋅) .
Then, Lemma 2 implies


|∇𝑢|𝑝(⋅)−1   ≤ (1 + 𝑝(⋅) (∇𝑢)) .

𝑝 (⋅)

(27)

(28)
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Combining (27) and (28), we arrive at

Since

‖𝐴 (𝑢)‖𝑉 ≤ 2 (1 + 𝑝(⋅) (∇𝑢)) .

(29)

Let 𝑆 ⊂ 𝑉 such that ‖𝑢‖𝑉 ≤ 𝑀, for all 𝑢 ∈ 𝑆. That is, ‖∇𝑢‖𝑝(⋅) ≤
𝑀.
If 𝑀 ≤ 1, then Lemma 2 implies 𝑝(⋅) (∇𝑢) ≤ 1 and (29)
gives ‖𝐴(𝑢)‖𝑉 ≤ 4 < +∞.
If 𝑀 > 1, then 𝑝(⋅) (∇𝑢) ≤ 𝑀𝑝2 . Thus, (29) implies
‖𝐴(𝑢)‖𝑉 ≤ 2(1 + 𝑀𝑝2 ) < +∞.
Hence 𝐴 is bounded.
Monotonicity of 𝐴. Let 𝑢, V ∈ 𝑉. Then

𝑝(𝑥)−2

(∇𝑢 + 𝜆 𝑘 ∇V) ⋅ ∇𝑤
∇𝑢 + 𝜆 𝑘 ∇V
→ |∇𝑢 + 𝜆∇V|𝑝(𝑥)−2 (∇𝑢 + 𝜆∇V) ⋅ ∇𝑤,

(39)

for a.e. 𝑥 ∈ Ω and

𝑝(𝑥)−1
|∇𝑤|
∇𝑢 + 𝜆 𝑘 ∇V
≤ 𝐶 (|∇𝑢|𝑝(𝑥)−1 |∇𝑤| + |∇V|𝑝(𝑥)−1 |∇𝑤|) ∈ 𝐿1 (Ω) ,

(40)

where 𝐶 = max{2𝑝2 −2 , 2𝑝2 −2 (1 + |𝑀|𝑝2 −1 )} > 0, then, by the
classical dominated convergence theorem,

⟨𝐴 (𝑢) − 𝐴 (V) , 𝑢 − V⟩𝑉 ×𝑉
= − ∫ div (|∇𝑢|𝑝(𝑥)−2 ∇𝑢 − |∇V|𝑝(𝑥)−2 ∇V) (𝑢 − V) 𝑑𝑥 (30)

𝑔 (𝜆 𝑘 ) → 𝑔 (𝜆)

as 𝑘 → ∞.

(41)

Hence, 𝐴 is hemicontinuous.
Therefore, conditions of Proposition 7 are satisfied and
problem (P) has a unique solution.

= ∫ (|∇𝑢|𝑝(𝑥)−2 ∇𝑢 − |∇V|𝑝(𝑥)−2 ∇V) (∇𝑢 − ∇V) 𝑑𝑥.
By using the inequality,
(|𝑎|𝑝(𝑥)−2 𝑎 − |𝑏|𝑝(𝑥)−2 𝑏) ⋅ (𝑎 − 𝑏) ≥ 0,

(31)

for all 𝑎, 𝑏 ∈ R𝑛 and a.e. 𝑥 ∈ Ω. Thus we obtain ⟨𝐴(𝑢) −
𝐴(V), 𝑢 − V⟩ ≥ 0.
Hence, 𝐴 is monotone.
To verify (19), we note that, for all 𝑢 ∈ 𝑉, we have
⟨𝐴 (𝑢) , 𝑢⟩ = ∫ |∇𝑢|𝑝(𝑥) 𝑑𝑥 = 𝑝(⋅) (∇𝑢) .
Ω

𝑝

𝑝

𝑝

𝑝

∀𝑢 ∈ 𝑉.

(𝑃∗ )

(34)

Proposition 9 (see [13]). Assume that (1) and (3) hold. Then
the solution of (𝑃∗ ) satisfies the following:

(35)

(36)

Hemicontinuity of 𝐴. Let 𝑢, V, 𝑤 ∈ 𝑉 be fixed. Let

(i) If 𝑝2 = 2, then there exists a constant 𝑐2 > 0 such that
 
‖𝑢 (𝑡)‖2 ≤ 𝑢0 2 𝑒−𝑐2 𝑡 ,

∀𝑡 ≥ 0.

(37)

Ω

Let 𝜆 𝑘 → 𝜆 (real) and consider

𝑝(𝑥)−2
𝑔 (𝜆 𝑘 ) = ∫ ∇𝑢 + 𝜆 𝑘 ∇V
(∇𝑢 + 𝜆 𝑘 ∇V) ⋅ ∇𝑤 𝑑𝑥. (38)
Ω

(42)

(ii) If 𝑝2 > 2, there exists a constant 𝑐1 > 0 and 𝑡1 ≥ 0 such
that
−1/(𝑝2 −2)
 
,
‖𝑢 (𝑡)‖2 ≤ 𝑢0 2 (1 + 𝑐1 𝑡)

𝑔 (𝜆) = ⟨𝐴 (𝑢 + 𝜆V) , 𝑤⟩
= ∫ |∇𝑢 + 𝜆∇V|𝑝(𝑥)−2 (∇𝑢 + 𝜆∇V) ⋅ ∇𝑤 𝑑𝑥.

on 𝜕𝑄 = 𝜕Ω × (0, 𝑇)

which is a well-posed problem due to Theorem 8. Our objective is to provide a numerical verification of the following
decay result:

Therefore, we have
⟨𝐴 (𝑢) , 𝑢⟩ ≥ ‖𝑢‖𝑉1 − 1,

in 𝑄 = Ω × (0, 𝑇)

(33)

If ‖𝑢‖𝑉 = ‖∇𝑢‖𝑝(⋅) ≤ 1, then by Lemma 2, we obtain
⟨𝐴 (𝑢) , 𝑢⟩ = 𝑝(⋅) (∇𝑢) ≥ ‖𝑢‖𝑉 − 1 ≥ ‖𝑢‖𝑉1 − 1.

𝑢𝑡 − div (|∇𝑢|𝑝(𝑥,𝑦)−2 ∇𝑢) = 0,

𝑢 (𝑥, 𝑦, 0) = 𝑢0 (𝑥, 𝑦) , in Ω,

Combining (32) and (33), we easily see that
⟨𝐴 (𝑢) , 𝑢⟩ ≥ ‖𝑢‖𝑉1 .

In this section, we present some numerical results and
applications of the problem:

𝑢 = 0,
(32)

If ‖𝑢‖𝑉 = ‖∇𝑢‖𝑝(⋅) > 1, then by Lemma 3, we get
1
.
𝑝(⋅) (∇𝑢) ≥ ‖∇𝑢‖𝑝(⋅)

4. Numerical Study

∀𝑡 ≥ 𝑡1 .

(43)

We consider two applications to illustrate numerically an
exponential decay for the case 𝑝(𝑥, 𝑦) = 2 and a polynomial
decay for an exponent function 𝑝(⋅) satisfying conditions
(1)–(3).
For this purpose, we introduce a numerical scheme for
(𝑃∗ ), prove its convergence in Section 4.1, and show the decay
results in Section 4.2.
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4.1. Numerical Method. In this part, we present a linearized
numerical scheme to obtain the numerical results of the
system (𝑃∗ ) and confirm the decay results. The system is fully
discretized through a finite difference method for the time
variable and a finite element Galerkin method for the space
variable. Useful background about the numerical and error
analysis of these methods is found in [18]. More interestingly
in [19], Li and Wang introduced a numerical scheme to solve
strongly nonlinear parabolic systems and proved unconditional error estimates of the scheme. Our problem (𝑃∗ ) is
highly nonlinear due to the presence of the gradient and
nonlinear exponent in the diffusivity coefficient, which can
be zero inside the spatial domain. Below, we introduce our
numerical scheme for the purpose of confirming the decay
results.
The parabolic equation

−5.00
−4.00
−3.00
−5.00
−2.00
−4.00
−1.00
−3.00
−2.00
0.00
−1.00
1.00
Y
0.00
2.00
1.00
2.00
3.00
X
3.00
4.00
4.00
5.000.005.00

Z

Figure 1: Mesh of the domain [−5, 5] × [−5, 5].

(44)

function in the linear Lagrangian space 𝑃1 (Ωℎ ) such that Vℎ =
0 on 𝜕Ωℎ .

is discretized using finite differences for the time derivative
and a finite element method for the 𝑝(⋅)−Laplacian term.
For this, we divide the time interval [0, 𝑇] into 𝑁 equal
subintervals by

The semidiscrete problem is then written in a weak form
to define the full-discrete problem: given 𝑝ℎ , 𝑢𝑛 ∈ 𝑃1 (Ωℎ ),
find 𝑢ℎ𝑛+1 ∈ 𝑃1 (Ωℎ ) such that

𝑢𝑡 − div (|∇𝑢|𝑝(𝑥,𝑦)−2 ∇𝑢) = 0,

in 𝑄 = Ω × (0, 𝑇)

𝑡𝑛 = 𝑛𝜏, 𝜏 =

𝑇
𝑁

(45)

∫ (
Ωℎ

𝑢ℎ𝑛+1 − 𝑢ℎ𝑛
𝑝 (𝑥,𝑦)−2 𝑛+1

∇𝑢ℎ ⋅ ∇Vℎ ) 𝑑Ωℎ
Vℎ + ∇𝑢ℎ𝑛  ℎ
𝜏
(50)

= 0, ∀Vℎ ∈ 𝑃1 (Ωℎ ) .

and denote by
𝑢𝑛 (𝑥, 𝑦) fl 𝑢 (𝑥, 𝑦, 𝑡𝑛 ) ,

𝑛 = 0, 1, . . . , 𝑁.

(46)

The term 𝑢𝑡 is approximated using the first-order forward
finite difference formula:
𝑢𝑡𝑛+1 fl

𝑢𝑛+1 − 𝑢𝑛
.
𝜏

For 𝑝ℎ ≥ 2, the above problem has a unique solution 𝑢ℎ𝑛+1 ∈
𝐻01 (Ωℎ ) for every nontrivial 𝑢ℎ𝑛 ∈ 𝐻1 (Ωℎ ). This follows from
the Lax-Milgram Lemma, and the Galerkin approximation
𝑢ℎ𝑛+1 converges to 𝑢𝑛+1 in 𝐻01 (Ωℎ ) as ℎ → 0; see [18].

(47)

4.2. Numerical Results. In this subsection, we present the
following numerical applications of (𝑃∗ ):

Semidiscrete Problem. A linear semidiscrete formulation of
(𝑃∗ ) takes the following form: given 𝑝 and 𝑢0 , find {𝑢1 , 𝑢2 ,
. . . , 𝑢𝑛+1 } such that

(1) Exponential decay: for 𝑝ℎ (𝑥, 𝑦) = 2, we show, for
some 𝑐 > 0, that
 𝑛 
𝑢 
𝑔1 (𝑡) fl  ℎ0  ≤ 𝑒−𝑐𝑡 , ∀𝑡 ≥ 0.
(51)
𝑢ℎ 

𝑝(𝑥,𝑦)−2 𝑛+1

∇𝑢 ) = 0, in Ω
𝑢𝑡𝑛+1 − div (∇𝑢𝑛 
𝑢𝑛+1 = 0, on 𝜕Ω

(48)

𝑢0 = 𝑢0 (𝑥, 𝑦) ,

in Ω.

This problem is elliptic and admits a unique solution [20], for
every 𝑛 = 0, 1, . . . , 𝑁. Also, the Rothe approximation 𝑢(𝑛) to
the exact solution 𝑢, given by
𝑢(𝑛) (𝑥, 𝑦, 𝑡) fl 𝑢𝑖−1 (𝑥, 𝑦) + (𝑡 − 𝑡𝑖−1 )

𝑖

𝑢 −𝑢
𝜏

𝑖−1

,

(2) Polynomial decay: for 𝑝ℎ (𝑥, 𝑦) = (1/5)⌈𝑥⌉2 + 2.5, we
show, for some 𝑐 > 0 and 𝑡0 > 0, that
 𝑛 
𝑢 
𝑔2 (𝑡) fl  ℎ0  ≤ (1 + 𝑐𝑡)−1/(𝑝2 −2) , ∀𝑡 ≥ 𝑡0 .
𝑢ℎ 

(52)

Here, ⌈⋅⌉ denote the greatest integer function.
In both applications, we set the following parameters:

(49)

𝑡 ∈ [𝑡𝑖−1 , 𝑡𝑖 ] , 𝑖 = 1, 2, . . . , 𝑛,
is well defined and 𝑢(𝑛) → 𝑢 in 𝐿2 (Ω) as 𝜏 → 0, see [1].
Full-Discrete Problem. The variable 𝑢𝑛+1 is discretized in space
by a finite element method. For this, let Ωℎ be a triangulation
of Ω with a maximal element size ℎ. Let also Vℎ be a test

𝑇 = 100,
𝜏 = 0.1,
ℎ = 0.1,

(53)

Ωℎ = [−5, 5] × [−5, 5] .
Figure 1 shows the mesh used for Ωℎ , which involves
23702 triangles and 12052 vertices.
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1
0.95
0.9
0.85
0.8
0.75
0.7
0.65
0.6
0.55
0.5
0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
1.3888e − 011

Figure 2: Initial condition: 𝑢ℎ0 (𝑥, 𝑦) = 𝑒−0.5(𝑥

2

+𝑦2 )

.

0.031551
0.029974
0.028396
0.026819
0.025241
0.023664
0.022086
0.020508
0.018931
0.017353
0.015776
0.014198
0.012621
0.011043
0.0094654
0.0078879
0.0063103
0.0047327
0.0031551
0.0015776
1.3558e − 038

0.082556
0.078429
0.074301
0.070173
0.066045
0.061917
0.057789
0.053662
0.049534
0.045406
0.041278
0.03715
0.033023
0.028895
0.024767
0.020639
0.016511
0.012383
0.0082556
0.0041278
2.8278e − 038
(a) 𝑢ℎ5

(b) 𝑢ℎ10

0.0051812
0.0049221
0.004663
0.004404
0.0041449
0.0038859
0.0036268
0.0033678
0.0031087
0.0028496
0.0025906
0.0023315
0.0020725
0.0018134
0.0015543
0.0012953
0.0010362
0.00077717
0.00051812
0.00025906
2.2716e − 039
(c) 𝑢ℎ20

2.3298e − 005
2.2133e − 005
2.0968e − 005
1.9803e − 005
1.8638e − 005
1.7474e − 005
1.6309e − 005
1.5144e − 005
1.3979e − 005
1.2814e − 005
1.1649e − 005
1.0484e − 005
9.3192e − 006
8.1543e − 006
6.9894e − 006
5.8245e − 006
4.6596e − 006
3.4947e − 006
2.3289e − 006
1.1649e − 006
1.0126e − 041
(d) 𝑢ℎ50

Figure 3: Numerical solutions for Application 1.
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(a) Solid line: 𝑦 = 𝑒−0.1𝑡 ; dashed: 𝑦 = 𝑔1 (𝑡)
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70
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90
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(b) 𝑦 = 𝑔1 (𝑡)/𝑒−0.1𝑡

Figure 4: Exponential decay.

7.5
7.25
7
6.75
6.5
6.25
6
5.75
5.5
5.25
5
4.75
4.5
4.25
4
3.75
3.5
3.25
3
2.75
2.5

Figure 5: 𝑝ℎ (𝑥, 𝑦) = (1/5)⌈𝑥⌉2 + 2.5.

2

2

The initial condition is taken to be 𝑢ℎ0 (𝑥, 𝑦) = 𝑒−0.5(𝑥 +𝑦 )
and projected into 𝑃1 (Ωℎ ); see Figure 2.
The numerical results are obtained using the noncommercial software, FreeFem++ [21].
Application 1. 𝑝ℎ (𝑥, 𝑦) = 2 satisfies the required conditions
(1)–(3). Figure 3 shows the numerical solutions for 𝑡 = 5, 𝑡 =
10, 𝑡 = 20, and 𝑡 = 50.
With 𝑐 = 0.1, Figure 4(a) shows that 𝑢ℎ𝑛 decays exponentially as
 𝑛 
𝑢 
𝑔1 (𝑡) =  ℎ0  ≤ 𝑒−0.1𝑡 , 0 ≤ 𝑡 ≤ 𝑇.
(54)
𝑢ℎ 

(ii) |𝑝(𝑥, 𝑦) − 𝑝(𝑥0 , 𝑦0 )| = (1/5)|⌈𝑥⌉2 − ⌈𝑥0 ⌉2 | ≤
−(20√2log(1/𝛿))/log|𝑥 − 𝑦| for |𝑥 − 𝑦| < 𝛿 with
0 < 𝛿 < 1.
Figure 6 shows the numerical solutions for 𝑡 = 5, 𝑡 = 10,
𝑡 = 20, and 𝑡 = 50.
In this case, the solution 𝑢ℎ𝑛 has a polynomial decay. With
𝑐 = 1, Figure 7(a) shows that
 𝑛 
𝑢 
𝑔2 (𝑡) =  ℎ0  ≤ (1 + 𝑡)−2/11 , 0 ≤ 𝑡 ≤ 𝑇.
𝑢ℎ 

(55)

This is also confirmed by Figure 4(b) that shows the ratio
𝑦 = 𝑔1 (𝑡)/𝑒−0.1𝑡 is less than one and remains decreasing for a
large value of 𝑇.

This is also confirmed by Figure 7(b), which shows that the
ratio 𝑦 = 𝑔2 (𝑡)/(1 + 𝑡)−2/11 remains less than one and
decreasing until 𝑇.
We conclude that the numerical results in above applications verify Proposition 9.

Application 2. The exponent function 𝑝ℎ (𝑥, 𝑦) = (1/5)⌈𝑥⌉2 +
2.5, in Figure 5, satisfies the required conditions (1)–(3) as
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0.30659
0.29109
0.27558
0.26008
0.24458
0.22907
0.21357
0.19807
0.18256
0.16706
0.15155
0.13605
0.12055
0.10504
0.08954
0.074037
0.058533
0.043029
0.027526
0.012022
−0.0034815

0.25231
0.23964
0.22697
0.2143
0.20164
0.18897
0.1763
0.16363
0.15096
0.13829
0.12562
0.11296
0.10029
0.087618
0.074949
0.062281
0.049612
0.036943
0.024275
0.011606
−0.0010623

(a) 𝑢ℎ5

(b) 𝑢ℎ10

0.20635
0.19593
0.18551
0.17509
0.16467
0.15425
0.14383
0.13341
0.12299
0.11257
0.10215
0.091727
0.081306
0.070885
0.060465
0.050044
0.039623
0.029202
0.018782
0.008361
−0.0020598

0.16164
0.15339
0.14514
0.13688
0.12863
0.12038
0.11212
0.10387
0.095617
0.087363
0.07911
0.070856
0.062603
0.05435
0.046096
0.037843
0.029589
0.021336
0.013082
0.0048291
−0.0034243

(c) 𝑢ℎ20

(d) 𝑢ℎ50

Figure 6: Numerical solutions for Application 2.
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Figure 7: Polynomial decay.
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