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In this paper, a noninteger order Brucellosis model is developed by employing the Caputo–Fabrizio noninteger order operator.
The approach of noninteger order calculus is quite new for such a biological phenomenon. We establish the existence, uniqueness,
and stability conditions for the model via the ﬁxed-point theory. The initial approachable approximate solutions are derived for
the proposed model by applying the iterative Laplace transform technique. Finally, numerical simulations are conducted for the
analytical results to visualize the eﬀect of various parameters that govern the dynamics of infection, and the results are presented
using plots.

1. Introduction
Brucellosis is a contagious zoonotic infection that is attributable to diverse species of Brucella. Although the disease
is well contained in Australia and the UK, the annual global
incidence of Brucellosis is estimated above 500 000 [1, 2].
Brucellosis is endemic in the Caribbean, South America,
Mediterranean Europe, Africa, Asia, and in the Middle East
and poses considerable economic consequences in some of
the regions despite the enforcement of ﬁrm veterinary hygiene interventions [3]. Typically, animal Brucellosis is attributed to either direct or indirect contacts with the
Brucellosis bacteria [4]. While direct contact is from contact
with the infected secretions, droppings, or vertical transmission from mother-to-oﬀspring during delivery, indirect
contact occurs through exposure to contaminated environment or objects. It may also occur through respiratory or
digestive tracks especially during feeding [5]. Human
Brucellosis, on the contrary, is triggered by contamination
from infectious animals or their products. Orchitis, epididymitis, placentitis, and abortions are the commonest
consequences of Brucellosis [6]. The primary hosts for

Brucellosis are sheep, goats, cattle, buﬀalo, swine, horses,
dogs, and man [1]. Control strategies for Brucella within
domestic animals involve detection, inoculation, and
elimination of the aﬀected livestock [7]. However, rapid
control of Brucellosis is achieved by the combination of the
interventions.
The quantiﬁcation of intricate and complex biological
systems in terms of mathematical structures has posed a
serious challenge to contemporary scientists worldwide. A
good number of models with soliton solutions that are
designed in terms of integer-order derivatives had been
extensively studied in the last two decades [8–12]. Some of
these models in the literature include Tzizeica-type equation
[13], Fokas–Lenells equation [14], complex Ginzburg–Landau equation [15], diﬀerential-diﬀerence equation
[16], nonlinear oscillator with discontinuities [17], and
Bernstein wavelet equations [18]. The aforementioned
models play signiﬁcant roles in advancing suitable control
procedures in a biological system [19].
Scientiﬁc and technical models of Brucellosis dynamics
can be used to interpret the primary outcomes and condense
the discoveries to the best advantage of protection at various
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stages; still, a number of those models in the form of
nonfractional derivative were thoroughly investigated
[20–23]. Researchers in mathematics have been engaged in
the last decade in the formulation of mathematical models of
Brucellosis to investigate the stability and dynamical behaviours of the disease [24, 25]. The primary model of these
kinds, which examine the indirect transmission mechanism
of Brucellosis with the inﬂuence of immunology, was jointly
investigated by Zhang et al. [26]. In [1], Li et al. proposed a
model that quantiﬁed the spread of Brucellosis from sheep to
man and among sheep. Unlike in [1], Brucellosis models that
described the transmission of Brucellosis in the cattle
population and that characterized stillbirths in dairy cattle
are designed and analyzed by Tumwiine and Robert [27] and
Nie et al. [6], respectively.
As time goes by, advancing mathematical models using
noninteger order became a signiﬁcant area of study since the
evolution-related realities and evidence are represented
more eﬀectively in terms of noninteger calculus [28, 29]. The
elaborate investigations of such models play an exemplary
role through advancing implementations of various real-life
problem. A large number of logical and numerical procedures and schemes are proposed to deﬁne arbitrary and real
solutions with noninteger operators for diﬀerential equations have been playing an exceptional task in the advancement of implementations of numerous problems. A
good number of logical and numerical procedures and
schemes are proposed to ﬁgure out indeﬁnite and actual
solutions of the diﬀerential equations with noninteger operators [30–35]. However, up till now, there is no work
which has been designed to analyze the dynamics of Brucellosis with the fractional-order calculus.
There are four compartments into which the Brucellosis
model in [26] is separated, denoted as susceptible dairy cows
S(t), the exposed dairy cow E(t), infectious dairy cows I(t),
and the Brucella contaminated environment B(t). The sum
of the population at any time t is represented by
N � S + E + I + B. In [26], Zhang et al. proposed a Brucellosis
model and analyzed the qualitative characteristics of the
suggested model which is denoted by

ϕ ∈ (0, 1) to explore dynamics of the Brucellosis model
discussed in Zhang et al. [26]:

S � θ + p(S + E + I) − αSI − dS − βBS,

Deﬁnition 2 (see [37]). The Caputo–Fabrizio fractional
integral operator of order 0 < ϕ < 1 is deﬁned as

E � αSI + βBS − dE − δE,
I � δE − dI − aI,

(1)

B � n(E + I) − (ω + ch)B,
where θ denotes the yearly recruitment rate of dairy cows,
the yearly birth rate of cow is p, the annual culling rate is d,
the treatment outcome rate is δ, the rate of yearly elimination for the positive dairy cows is a, the yearly number of
Brucella is n, the yearly rate of natural death of Brucella is ω,
the rate of sterilization in a disinfection is c, and the yearly
number of disinfections is h, and α is the indirect transmission rate and β is the pathogen density-dependent
component.
Motivated by the previously mentioned literature, we
have applied Caputo–Fabrizio fractional order ϕ, where

CF
CF

Dϕt E(t) � αSI + βBS − dE − δE,

CF
CF

Dϕt S(t) � θ + p(S + E + I) − αSI − dS − βBS,
Dϕt I(t) � δE − dI − aI,

(2)

Dϕt B(t) � n(E + I) − (ω + ch)B,

with initial conditions S(0) � b1 , E(0) � b2 , I(0) � b3 ,
and B(0) � b4 .
The typical model in [26] is derived for ϕ � 1. As the
Caputo–Fabrizio fractional order quantiﬁes the previously
mentioned phenomenon accurately. The numerical results
are obtained by employing the Laplace transform method.
Arbitrary values are allocated to the initial conditions and
parameters to validate our results.
The remainder of this script is arranged as follows. In
Section 2, some fundamental remarks and deﬁnitions associated with noninteger calculus are stated. In Section 3,
existence and uniqueness conditions are derived by using the
ﬁxed-point theory. In Section 4, stability results are obtained
via iterative Laplace transform technique. In Section 5, the
proposed method is employed to noninteger order Brucellosis model and the results of the simulations are illustrated graphically. Section 6 is devoted to the discussions of
numerical results. Finally, the conclusion of the work is
stated in Section 7.

2. Preliminaries
Deﬁnition 1 (see [36]). Let u1 ∈ H′ (0, a), a > 0, 0 < ϕ < 1,
then the Caputo fractional operator is deﬁned as
CF

Dϕt u1 (t) �

(2 − ϕ)M(ϕ) t
ϕ(t − S)
 exp−
u1′ (t)dt,
2(1 − ϕ)
1− ϕ
0
(3)

where M(ϕ) is the normalization function which depends
on ϕ, such that M(ϕ) � M(1) � 1.

CF ϕ
Jt u1 (t)

�

t
(2 − ϕ)M(ϕ)
2ϕ
u1 (t) +
 u1 (t)dt.
2(1 − ϕ)
(2 − ϕ)M(ϕ) 0
(4)

Deﬁnition 3 (see [36]). The Laplace transformation for the
Caputo fractional operator of order 0 < ϕ ≤ 1 and n ∈ M is
expressed as
LCF Jn+ϕ
t u1 (t)(ρ) �

�

1
ϕ
Lu(n+1) Lexp−
t
1− ϕ
1− ϕ
ρn+1 L u1  − ρn u1 (0) − ρn− 1 u1′(0) . . . u(n)
1 (0) .
ρ + ϕ(1 − ρ)

(5)
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Generally, we have

3. Existence and Uniqueness

ρL u1 (t)
LCF Dϕt u(t)(ρ) �
,
ρ + ϕ(1 − ρ)
LCF Dϕ+1
t u1 (t)(ρ) �

This section deals with the existence and uniqueness of the
fractional Brucellosis model using ﬁxed-point theory
[38–45]. By applying the fractional integral operator (2) into
(4), we have

n � 0,

ρ2 L u1 (t) − ρu1 (0) − u1′(0)
,
ρ + ϕ(1 − ρ)

n � 1.

(6)

S(t) � S(0) +

·

2(1 − ϕ)
(θ + p(S(t) + E(t) + I(t)) − αS(t)I(t) − dS(t) − βB(t)S(t)) +
(2ϕ)M(ϕ)

2(1 − ϕ) t
 (θ − p(S(ε) + E(ε) + I(ε)) − αS(ε)I(t) − dS(ε) − dS(ε) − βB(ε)S(ε)),
(2ϕ)M(ϕ) 0

E(t) � E(0) +

2(1 − ϕ)
(αS(t)I(t) + βB(t)S(t) − dE(t) − δE(t)) +
(2ϕ)M(ϕ)
(7)

2(1 − ϕ) t
·
 (αS(ε)I(ε) + βB(ε)S(ε) − dE(ε) − δE(ε))dε,
(2ϕ)M(ϕ) 0
I(t) � I(0) +

2(1 − ϕ)
2(1 − ϕ) t
(δE(t) − dI(t) − aI(t)) +
 (δE(ε) − dI(ε) − aI(ε))dε,
(2ϕ)M(ϕ)
(2ϕ)M(ϕ) 0

B(t) � B(0) +

2(1 − ϕ)
2(1 − ϕ) t
(n(E(t) + I(t)) − (ω + c)B(t)) +
 (n(E(ε) + I(ε) − (ω + ch))B(ε))dε.
(2ϕ)M(ϕ)
(2ϕ)M(ϕ) 0
Theorem 1. The kernels ϕ1 , ϕ2 , ϕ3 , and ϕ4 in (8) satisfy the
Lipschitz condition, provided the following inequality holds:

For clarity, we consider the following kernels:
ϕ1 � θ + p(S + E + I) − αSI − dS − βBS,
ϕ2 � αSI + βBS − dE − δE,
ϕ3 � δE − dI − aI,

0 < Y1 , Y2 , Y3 , Y4 < 1.

Proof. Let S1 and S2 for the kernel given ϕ1 , E1 and E2 for the
kernel ϕ2 , I1 and I2 for the kernel ϕ3 , and B1 and B2 for the
kernel ϕ4 be the respective functions associated with the
following:

ϕ4 � n(E + I) − (ω + ch)B.

��
��ϕ1 t, S1 (t) −
��
��ϕ t, E1 (t) −
2
��
��ϕ3 t, I1 (t) −
��
��ϕ4 t, B1 (t) −

(9)

(8)

�� ��
��
ϕ1 t, S2 (t)�� � ��− (p + αI + d + βB) S1 (t) − S2 (t)��,
��
�� ��
ϕ2 t, E2 (t)�� � ��− (d + δ) E1 (t) − E2 (t)��,
�� ��
��
ϕ1 t, I2 (t)�� � ��− (d + a) I1 (t) − I2 (t)��,
�� ��
��
ϕ4 t, B2 (t)�� � ��− (ω + ch) B1 (t) − B2 (t)��.

By applying the properties of the norm on (10), respectively, we have

(10)
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��
� �
�
��ϕ1 t, S1 (t) − ϕ1 t, S2 (t)��� � ���− (p + αI + d + βB) S1 (t) − S2 (t)���
��
��
≤ (α‖I‖ + β‖B‖)��S1 (t) − S2 (t)��
��
��
≤ a1 ��S1 (t) − S2 (t)��,

(11)
where a1 � αi + βb, i � maxt∈Ω ‖I(t)‖, b � maxt∈Ω ‖B(t)‖, are
bounded functions. Subsequently, we have

��
�
�
�
��ϕ2 t, E1 (t) − ϕ1 t, E2 (t)��� � ≤a2 ���E1 (t) − E2 (t)���,
��
�
�
�
��ϕ t, I1 (t) − ϕ t, I2 (t)��� � ≤a3 ���I1 (t) − I2 (t)���, (12)
3
3
��
�
�
�
��ϕ4 t, B1 (t) − ϕ4 t, B2 (t)��� � ≤a4 ���B1 (t) − B2 (t)���,
where a2 � (d + δ), a3 � (d + a), and a4 � (ω + ch).
We construct the following recursive formula:

Sn (t) �

t
2(1 − ϕ)
2ϕ
ϕ1 t, Sn− 1 (t) +
 ϕ1 ε, Sn− 1 (ε)dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

En (t) �

t
2(1 − ϕ)
2ϕ
ϕ2 t, En− 1 (t) +
 ϕ1 ε, En− 1 (ε)dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

(13)
t
2(1 − ϕ)
2ϕ
In (t) �
ϕ3 t, In− 1 (t) +
 ϕ1 ε, In− 1 (ε)dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

Bn (t) �

t
2(1 − ϕ)
2ϕ
ϕ4 t, Bn− 1 (t) +
 ϕ1 ε, Bn− 1 (ε)dε.
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

Furthermore, by applying triangular inequality, we have

��
� �
�
��Dn (t)��� � ���Sn (t) − Sn− 1 (t)��� ≤

��
2(1 − ϕ) ���
�ϕ1 t, Sn− 1 (t) − ϕ1 t, Sn− 2 (t)��
(2 − ϕ)M(ϕ)

�� t
��
��
��
2ϕ
�
+
� ϕ ε, Sn− 1 (ε) − ϕ1 ε, Sn− 2 (ε)dε���,
�
(2 − ϕ)M(ϕ) �� 0 1
��
� �
�
��Fn (t)��� � ���En (t) − En− 1 (t)��� ≤

��
2(1 − ϕ) ���
�ϕ2 t, En− 1 (t) − ϕ2 t, En− 2 (t)��
(2 − ϕ)M(ϕ)

�� t
��
��
��
2ϕ
�
+
�� ϕ2 ε, En− 1 (ε) − ϕ2 ε, En− 2 (ε)dε���,
�
(2 − ϕ)M(ϕ) � 0
(14)
��
� �
�
��In (t)��� � ���In (t) − In− 1 (t)��� ≤

+

��
2(1 − ϕ) ���
�ϕ3 t, In− 1 (t) − ϕ3 t, In− 2 (t)��
(2 − ϕ)M(ϕ)

�� t
��
��
�
2ϕ
�� ϕ3 ε, In− 1 (ε) − ϕ1 ε, In− 2 (ε)dε���,
�
��
(2 − ϕ)M(ϕ) � 0

��
� �
�
��Bn (t)��� � ���Bn (t) − Bn− 1 (t)��� ≤

��
2(1 − ϕ) ���
�ϕ4 t, Bn− 1 (t) − ϕ4 t, Bn− 2 (t)��
(2 − ϕ)M(ϕ)

�� t
��
��
��
2ϕ
�
+
�� ϕ4 ε, Bn− 1 (ε) − ϕ4 ε, Bn− 2 (ε)dε���.
�
(2 − ϕ)M(ϕ) � 0
∞
∞
Sn (t) � ∞
m�0 Dm (t), In (t) � m�0 Fm (t), In (t) � m�0
∞
Gm (t), and Bn (t) � m�0 Hm (t).

The kernels ϕ1 , ϕ2 , ϕ3 , and ϕ4 which satisfy the Lipschitz
condition are therefore obtained:
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��
� �
�
��Dn (t)��� � ���Sn (t) − Sn− 1 (t)��� ≤

t�
��
��
��
2(1 − ϕ)
2ϕ
�
a1 ��Sn− 1 (t) − Sn− 2 (t)�� +
a1  ��Sn− 1 (ε) − Sn− 2 (ε)��dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)
0

��
� �
�
��Fn (t)��� � ���En (t) − En− 1 (t)��� ≤
��
� �
�
��Gn (t)��� � ���In (t) − In− 1 (t)��� ≤

5

t�
��
��
��
2(1 − ϕ)
2ϕ
�
a2 ��En− 1 (t) − En− 2 (t)�� +
a2  ��En− 1 (ε) − En− 2 (ε)��dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)
0

t�
��
��
��
2(1 − ϕ)
2ϕ
�
a3 ��In− 1 (t) − In− 2 (t)�� +
a3  ��In− 1 (ε) − In− 2 (ε)��dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)
0

��
� �
�
��Hn (t)��� � ���Bn (t) − Bn− 1 (t)��� ≤

(15)

t�
��
��
��
2(1 − ϕ)
2ϕ
�
a4 ��Bn− 1 (t) − Bn− 2 (t)�� +
a4  ��Bn− 1 (ε) − Bn− 2 (ε)��dε.
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)
0

□

This proves the result.

Proof. Following the result in (15) and with respect to the
recursive expression, we get the following:

Theorem 2. The SEIB Brucellosis model involving the fractional operator in (2) has a solution (existence of the solution).

n
n
��
�
2ϕ
��Dn (t)��� ≤ ‖S(0)‖ +  2(1 − ϕ) a1  + 
a1 (t) ,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)

��
�
��Fn (t)��� ≤ ‖E(0)‖ + 
��
�
��Gn (t)��� ≤ ‖I(0)‖ + 

n

n

n

n

2(1 − ϕ)
2ϕ
a  +
a (t) ,
(2 − ϕ)M(ϕ) 2
(2 − ϕ)M(ϕ) 2
(16)

2(1 − ϕ)
2ϕ
a  +
a (t) ,
(2 − ϕ)M(ϕ) 3
(2 − ϕ)M(ϕ) 3

n
n
��
�
2ϕ
��Hn (t)��� ≤ ‖B(0)‖ +  2(1 − ϕ) a4  + 
a4 (t) .
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)

Hence, (16) exists, additionally, we show that (16) is the
solution of (2) with the following assumption:

where the remaining terms of the solution
Δ1(n) , Δ2(n) , Δ3(n) , and Δ4(n) . Hence, we have

are

S(t) � Sn (t) − Δ1(n) (t),
E(t) � En (t) − Δ2(n) (t),
I(t) � In (t) − Δ3(n) (t),

(17)

B(t) � Bn (t) − Δ4(n) (t),

Sn (t) − Sn− 1 (t) �

t
2(1 − ϕ)
2ϕ
ϕ1 t, S(t) − Δ1(n) (t) +
 ϕ1 ε, S(ε) − Δ1(n) (ε)dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

En (t) − En− 1 (t) �

t
2(1 − ϕ)
2ϕ
ϕ2 t, E(t) − Δ2(n) (t) +
 ϕ2 ε, E(ε) − Δ2(n) (ε)dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

(18)
t
2(1 − ϕ)
2ϕ
In (t) − In− 1 (t) �
ϕ3 t, I(t) − Δ3(n) (t) +
 ϕ3 ε, I(ε) − Δ3(n) (ε)dε,
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

Bn (t) − Bn− 1 (t) �

t
2(1 − ϕ)
2ϕ
ϕ4 t, B(t) − Δ4(n) (t) +
 ϕ4 ε, B(ε) − Δ4(n) (ε)dε.
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0
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We make use of norm and Lipschitz condition to obtain
��
��
2(1 − ϕ)
��S(t) − S(0) −
ϕ t, S(t) − Δ1(n) (t)
��
(2 − ϕ)M(ϕ) 1
��
t
��
�� ��
2ϕ
−
 ϕ1 ε, S(ε) − Δ1(n) (ε)dε��� ≤ ��Δ1(n) ��
�
(2 − ϕ)M(ϕ) 0
1 + 

Similarly, from (21), there exists a solution of (2).

2(1 − ϕ)
2ϕ
a  +
a (t).
(2 − ϕ)M(ϕ) 1
(2 − ϕ)M(ϕ) 1

Using limit n ⟶ ∞ in (19), we have
��
�
��Δ1(n) (t)��� ⟶ 0.

□

(19)

Theorem 3. The SEIB Brucellosis model involving the fractional operator in (2) has a unique solution.

(20)

Proof. Proof We adopt another solution (2) say S∗ , E∗ , I∗ ,
and B∗ ; then, we have

Therefore,
S(t) � S(0) +

In the same way, as n ⟶ ∞, we obtain the following.
Using the same approach, in (21), we have
��
�
��Δ2(n) (t)��� ⟶ 0,
��
�
��Δ3(n) (t)��� ⟶ 0,
(22)
��
��
��Δ4(n) (t)�� ⟶ 0.

2(1 − ϕ)
ϕ (t, S(t))
(2 − ϕ)M(ϕ) 1
(21)

t
2ϕ
+
 ϕ1 (ε, S(ε))dε.
(2 − ϕ)M(ϕ) 0

S(t) − S∗ (t) �

E(t) − E∗ (t) �

t
2(1 − ϕ)
2ϕ
∗
 ϕ1 (ε, S(ε)) − ϕ1 t, S∗ (ε)dε,
ϕ1 (t, S(t)) − ϕ1 t, S (t) +
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0
t
2(1 − ϕ)
2ϕ
∗
 ϕ2 (ε, E(ε)) − ϕ2 t, E∗ (ε)dε,
ϕ2 (t, E(t)) − ϕ2 t, E (t) +
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

(23)
I(t) − I∗ (t) �

B(t) − B∗ (t) �

t

2(1 − ϕ)
2ϕ
∗
 ϕ (ε, I(ε)) − ϕ3 t, I∗ (ε)dε,
ϕ (t, I(t)) − ϕ3 t, I (t) +
(2 − ϕ)M(ϕ) 3
(2 − ϕ)M(ϕ) 0 3
t
2(1 − ϕ)
2ϕ
∗
 ϕ4 (ε, B(ε)) − ϕ4 t, B∗ (ε)dε.
ϕ4 (t, B(t)) − ϕ4 t, B (t) +
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

By applying the norm on (23),

S(t) − S∗ (t) ≤

t �
��
��
2(1 − ϕ) ���
2ϕ
�
∗
 ��ϕ1 (ε, S(ε)) − ϕ1 t, S∗ (ε)��dε,
�ϕ1 (t, S(t)) − ϕ1 t, S (t)�� +
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0t

E(t) − E∗ (t) ≤

t�
��
��
2(1 − ϕ) ���
2ϕ
�
∗
 ��ϕ2 (ε, E(ε)) − ϕ2 t, E∗ (ε)��dε,
�ϕ2 (t, E(t)) − ϕ2 t, E (t)�� +
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0

(24)
I(t) − I∗ (t) ≤

B(t) − B∗ (t) ≤

2(1 − ϕ)
(2 − ϕ)M(ϕ)

��
�
��ϕ3 (t, I(t)) − ϕ3 t, I∗ (t)��� +

2ϕ
(2 − ϕ)M(ϕ)

t�

��
�
 ��ϕ3 (ε, I(ε)) − ϕ3 t, I∗ (ε)��dε,
0

t�
��
��
2(1 − ϕ) ���
2ϕ
�
∗
 ��ϕ4 (ε, B(ε)) − ϕ4 t, B∗ (ε)��dε.
�ϕ4 (t, B(t)) − ϕ4 t, B (t)�� +
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ) 0
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By considering Theorems 1 and 2, we obtain the following results:

��
�
��S(t) − S∗ (t)��� ≤ a1

��
��
��
2(1 − ϕ) ���
2ϕ
∗
t��S(t) − S∗ (t)��,
�S(t) − S (t)�� + a1
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)

��
�
��E(t) − E∗ (t)��� ≤ a2

��
��
��
2(1 − ϕ) ���
2ϕ
∗
t��E(t) − E∗ (t)��,
�E(t) − E (t)�� + a2
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)
(25)

��
�
��I(t) − I∗ (t)��� ≤ a3
��
�
��B(t) − B∗ (t)��� ≤ a4

��
��
��
2(1 − ϕ) ���
2ϕ
∗
t��I(t) − I∗ (t)��,
�I(t) − I (t)�� + a3
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)
��
��
��
2(1 − ϕ) ���
2ϕ
∗
t��B(t) − B∗ (t)��.
�B(t) − B (t)�� + a4
(2 − ϕ)M(ϕ)
(2 − ϕ)M(ϕ)

The solution functions in (19) satisfy the following
inequalities:
��
�
��S(t) − S∗ (t)��� ≤ 1 −

2a1
(1 − ϕ − tϕ) ≤ 0,
(2 − ϕ)M(ϕ)

��
�
��E(t) − E∗ (t)��� ≤ 1 −

2a2
(1 − ϕ − tϕ) ≤ 0,
(2 − ϕ)M(ϕ)

��
�
��I(t) − I∗ (t)��� ≤ 1 −

2a3
(1 − ϕ − tϕ) ≤ 0,
(2 − ϕ)M(ϕ)

��
�
��B(t) − B∗ (t)��� ≤ 1 −

2a4
(1 − ϕ − tϕ) ≤ 0.
(2 − ϕ)M(ϕ)

ρL(S(t)) − S(0)
� L(θ − p(S + E + I) − αSI − dS − βBS),
ρ + ϕ(1 − ρ)
ρL(E(t)) − E(0)
� L(αSI + βBS − dE − δE),
ρ + ϕ(1 − ρ)
ρL(I(t)) − I(0)
� L(δE − dI − aI),
ρ + ϕ(1 − ρ)
ρL(B(t)) − B(0)
� L(n(E + I) − (ω + ch)B).
ρ + ϕ(1 − ρ)
(28)

(26)
By rearranging the following, we have

Going by the last equation, we conclude that
S(t) � S∗ (t),
E(t) � E∗ (t),
I(t) � I∗ (t),
B(t) � B∗ (t).

L(S(t)) �

S(0)
ρ + ϕ(1 − ρ)
+
L(θ − p(S + E + I)
ρ
ρ

(27)
− αSI − dS − βBS),

□
L(E(t)) �

E(0)
ρ + ϕ(1 − ρ)
+
L(αSI + βBS − dE − δE),
ρ
ρ

L(I(t)) �

I(0)
ρ + ϕ(1 − ρ)
+
L(δE − dI − aI),
ρ
ρ

L(B(t)) �

B(0)
ρ + ϕ(1 − ρ)
+
L(n(E + I) − (ω + ch)B).
ρ
ρ

4. Stability
This section deals with the application of iterative Laplace
transformation technique on the fractional Brucellosis
model, obtaining the stability condition for the approximate
solution.
4.1. Iterative Laplace Transformation Technique. We consider the Brucellosis model in (2) with the initial conditions
in (3). Applying the Laplace transformation to both sides of
equation (2), we have

(29)
The inverse Laplace transform of (29) gives
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Table 1: Details of parameters [26, 46].

Parameter
ω
d
a
δ
p
α
θ
n
c
h

Value
3.0
2.0
0.8
4.0
1.0
0.2
2
0.2
0.52
0.5

Description
Annual natural mortality of Brucella
Annual natural elimination rate
Annual elimination rate for the positive cows
Clinical outcome rate
The annual birth rate of dairy cows
Indirect transmission rate
The annual introduction number of dairy cows
The annual quantity of Brucella
The rate of sterilization in a disinfection
The yearly number of disinfections

ρ + ϕ(1 − ρ)
L(θ − p(S + E + I) − αSI − dS − βBS),
ρ

S(t) � S(0) + L− 1 

ρ + ϕ(1 − ρ)
L(αSI + βBS − dE − δE),
ρ

E(t) � E(0) + L− 1 

(30)
ρ + ϕ(1 − ρ)
I(t) � I(0) + L 
L(δE − dI − aI),
ρ
−1

ρ + ϕ(1 − ρ)
L(n(E + 1) − (ω + ch)B).
ρ

B(t) � B(0) + L− 1 

We obtain the following inﬁnite series solution for the
SEIB Brucellosis model in (2):
S(t) � S0 + S1 + S2 + S3 + · · ·,
E(t) � E0 + E1 + E2 + E3 + · · ·,
I(t) � I0 + I1 + I2 + I3 + · · ·,

(31)

B(t) � B0 + B1 + B2 + B3 + · · ·.

5. Description
In this section, we analyze the numerical simulations of the
Caputo–Fabrizio Brucellosis model (2) with the following
initial conditions S0 � a1 � 60,E0 � a2 � 40,I0 � a3 � 20,
and B0 � a4 � 10 for speciﬁc fractional-order value
ϕ ∈ (0, 1). The parameters used and their values are given in
Table 1.

6. Numerical Results and Discussion
Figures 1–4 display the numerical results for the susceptible
cows S(t), exposed cows E(t), infectious cows I(t), and the
Brucella contaminated environment B(t) obtained for different values of (ϕ �1, 0.9, 0.8, 0.7) with diﬀerent initial
conditions S0 � a1 � 60,E0 � a2 � 40,I0 � a3 � 20, and B0 �
a4 � 10 by utilizing the iterative Laplace transform technique of noninteger order Brucellosis model which conﬁrms
that the iterative Laplace transform method is promising and

can predict the behaviour of the variables accurately within
the region of consideration. The integer order has a little
impact on the dynamics of the Brucellosis model. This
negligible eﬀect has been taken care of in our proposed
fractional-order model and our simulations have shown that
a change in the values of the order inﬂuences the transmission dynamics of the Brucellosis model. Figure 1 shows
that susceptible cows S(t) increase steadily in the ﬁrst six
months when ϕ � 0.8 but falls afterwards. However, the
population of the susceptible cows falls continuously at other
various fractional values of ϕ. The plot in Figure 2 of exposed
cows E(t) demonstrates that the population of the exposed
cow rises rapidly in the ﬁrst three months when ϕ � 0.8 but
drops afterwards. The population of the exposed cows also
falls continuously for other fractional values of ϕ in Figure 2.
The populations of the infectious cows I(t) and the Brucella
contaminated environment B(t) depicted in Figures 3 and 4,
respectively, also follow similar pattern and behaviour as in
Figures 1 and 2. It can be inferred that, as the fractionalorder rises from ϕ � 0.5 to ϕ � 1, the population of cows
infected with Brucellosis asymptotically tends to zero.
Figures 5–8 shows diﬀerent behaviours of the population
of susceptible cows S(t), exposed cows E(t), infectious cows
I(t), and the Brucella contaminated environment B(t), where
the required simulations have been carried out for t � 12
months while we set the value of the fractional-order parameter ϕ � 1. Furthermore, it is observed that the numerical outcome of the simulation is a function of the
noninteger derivative ϕ. This shows that the special
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noninteger operator such as the Caputo–Fabrizio operator is
eﬃcient and plays signiﬁcant roles in inaccurate predictions.
Besides, the hybrid feature of Caputo–Fabrizio is strong to
capture the complex dynamics and oﬀer reliable predictions.
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7. Conclusion
In this paper, we have analyzed the Caputo–Fabrizio
noninteger order Brucellosis model. Using ﬁxed-point
theorem, the steady results for the existence and
uniqueness of solutions and the stability of the proposed
noninteger order Brucellosis model have been derived.
The iterative Laplace transform technique is applied to
conduct the simulations by using a set of values whose
sources are from the literature for the model parameters.
The eﬀects of various values for the order of the Caputo–Fabrizio noninteger order derivative Brucellosis model
on the transmission dynamics of the disease are revealed
by the results of the simulations. The results of the simulations, therefore, conﬁrm the validity and eﬃciency of
the Caputo–Fabrizio noninteger derivative in quantifying
dynamics of Brucellosis disease and other related kind of
problems.
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