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In this paper, we establish the existence of at least three weak solutions for a parametric double eigenvalue quasi-linear elliptic
(p(x),q(x))-Kirchhoff-type potential system. Our approach is based on a variational method, and a three critical point theorem is

obtained by Bonano and Marano.

1. Introduction

The aim of this paper is to show the existence of at least three
weak solutions for the following class of nonlocal quasi-
linear elliptic systems in RY:

7M1(LP (u))(AP<x)u -a (x)lulp(x)_zu) =AF,(x,u,v), inRY,
7M2(Lq (v))(Aq(x)v - b(x)lvlq(x)'zv) =AF,(x,u,v), inRY,
(1)

where N>2, pand g€ C,(RN)={re C(R N): 1<+ =
inf g7 (x) <r(x)<r* =sup, vt (x)<N,Vx € RN }, 1 is
a positive real parameter, and a, b € L (RY) such that
a:=essinf rva(x)>0 and b:=essinf pvb(x)>0. M,
and M, are bounded continuous functions, F belongs to
C'(RM x R?) and satisfies adequate growth assumptions,
and F, (respectively, F,) denotes the partial derivative of F
with respect to u (respectively, v). Here, we denote
Apu = div (|Vul?®2Vy) the so-called p(x)-Laplacian
operator, and for u € C, (RM),

RNT;)(W'”M +a(@)uV)dx. (2

L, (u) = j

System (1) is a generalization of the elliptic equation
associated with the following Kirchhoft equation, introduced
by Kirchhoft in [1]:

2 L

U (@ =

ot? h 2L Jo

where p, py, E, and L are constants. This equation extends

classical D’Alembert’s wave equation by considering the

effects of the changes on the length of the strings during the

vibrations. A distinguishing feature of equation (3) is that

the equ%tion contains a nonlocal coeflicient (p,/h)+

(E/2L) o |ou/0x|*dx which depends on the average

(12L) |, |0u/0x|*dx, and hence, the equation is no longer a

pointwise equation. The parameters in equation (3) have the

following meanings: E is Young’s modulus of the material, p

is the mass density, L is the length of the string, h is the area
of cross section, and p, is the initial tension.

The p(x)-Laplacian operator possesses more compli-
cated nonlinearities than p-Laplacian operator mainly due
to the fact that it is not homogeneous. The study of various
mathematical problems involving variable exponents has
received a strong rise of interest in recent years. We can, for
example, refer to [2-12]. This great interest may be justified

a_u
ox

z o’u
dx>@ = 0, (3)
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by their various physical applications. In fact, there are
applications concerning nonlinear elasticity theory [13],
electrorheological fluids [14, 15], stationary thermorheo-
logical viscous flows [16], and continuum mechanics [17]. It
also has wide applications in different research fields, such as
image processing model [18] and the mathematical de-
scription of the filtration process of an ideal barotropic gas
through a porous medium [19].

The existence and multiplicity of solutions for the elliptic
systems involving the p(x)-Kirchhoff model have been
studied by many authors, where the nonlinear source F has
different mixed growth conditions. We refer the reader to
see [20-22] and the references therein for an overview on
this subject. In connection to our context, the author ob-
tained in [23] the existence and multiplicity of solutions for
the vector-valued elliptic system:

1 plx
M (mem

] F
-M <J vg(x )|V|q(x >d1v(|Vv|’1(x) ZVv) E;—(x,u,v), in (),

OF
)div(quIP(")’ZVu) =— (xu,v), inQ,
ou

u=v=0, inoQ,

(4)

where Q is a bounded domain in RY, with smooth boundary
0Q, p and qeC, (Q)={reC(Q):1<r =inf
el (X) <r(x) <r™ =sup,.qor(x) <N,Vx € Q}, and M, (t)
and M, (t) are continuous functions such that
M, (t) = M, (t). The author applies a direct variational
approach and the theory of variable exponent Sobolev
spaces.

On the contrary, by using the mountain pass theorem,
the authors in [24] showed the existence of nontrivial so-
lutions for system (1) when (p,q) € [C(RN)]*(N>2),
M, (t) and M,(t) are continuous functions such that
M, (t)=M,(t), a(x) =b(x) =0, A =1, and F € C'(R" x
R?,R) verifies some mixed growth conditions.

The goal of this work is to establish the existence of a
definite interval in which A lies such that system (1) admits at
least three weak solutions by applying the following very
recent abstract critical point result of Bonanno and Marano
[25], which is a more precise version of Theorem 3.2 of [26].

Lemma 1 (see [25], Theorem 3.6). Let X be a reflexive real
Banach space; ©: X — R be a coercive, continuously
Gateaux differentiable and sequentially weakly lower semi-
continuous functional whose Gdteaux derivative admits a
continuous inverse on X*; and ¥: X — R be a continuously
Gateaux differentiable functional whose Gateaux derivative is
compact such that

®(0) = ¥ (0) = 0. (5)

Assume that there exist e>0 and X € X, with e< ©(X),
such that

(ar) supg(yy <e¥ (x)/e< ¥ (x)/0(x)
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(ay) For each Ae€A,
e? (x)[,

Then, for each A € A,, the functional ® — AY¥ has at least
three distinct critical points in X.

= H(@E)/¥ (X)), (e/supo <
[, the functzonal @ —AY is coercive

The rest of the paper is organized as follows. Section 2
contains some basic preliminary knowledge of the variable
exponent spaces and some results that we shall use here.
Finally, in Section 3, we state and establish our main result.

2. Preliminaries and Basic Notations

First, we introduce the definitions of Lebesgue-Sobolev
spaces with variable exponents. The details can be found in
[27-29]. Denote .# (R") as the set of all measurable real
functions on RY. Set

N\ _ NY. .
C,(R )—{peC(R ): xL%pr(x)>1}. (6)

For any p € C, (RN), we define

p = inf p(x),
xeRN
" (7)
p = sup p(x).
xeRN

For any p € C, (RY), we define the variable exponent
Lebesgue space as

LPO) (RN) = {u €M (RN : J |u(x)|p(")dx<oo},
RN

(8)
endowed with the Luxemburg norm
. u(x)|"
[ul () =l oo (RY) = 1nf{‘u >0: ,[IRN —  dx<l1t.
(9)

Let a € M(RY) be such that a(x) >0, for a.e x € RN.
Define the weighted variable exponent Lebesgue space
LP(X (RN)

x)(IRN) :{u € M (RN): J a(x)lu(x)lp(x)dx<oo},
RY

(10)
with the norm
u(x )P(X)
llpae = Il o0 vy = inf{!DOi JR a(x)— P dx< 1}.
(11)

From now on, we suppose that a ELOO(IRN) with
a = essinf prva(x) > 0. Then, obviously, 12 is a Banach
space (see [30] for details).

On the contrary, the variable exponent Sobolev space
WP (RYN) is defined as follows:

WHPO(RY) ={u e LPD(RY): [Vul e LPP(RV)}
(12)
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and is endowed with the norm
e 7 I 7 I 7 whO(RY),
(13)

||U||1,p(x) =

Next, the weighted variable exponent Sobolev space
1P(x) (RY) is defined as

Vu(x) p(x)

llull,, = inf{y>0: j .
R

Note that |- [, and [ - [y, plx) are equivalent norms in
WP =) (RN). Moreover, when p >1, 1t is well known that
LPO (RN), Whe® (RN), and WLP® (RN) are separable,
reflexive, and uniformly convex Banach spaces.

Now, we display some facts that we shall use later.

Prop0s1t10n 1 (see (27, 28]). The conjugate space of

X (Q) is LP' ¥ (Q), where
b + L (16)
p(x) p'(x)
Moreover, for any (u,v) € LP®¥) (Q) x Lr'® (Q), we have

1 1
e ) |l p o V1 () < 21t p ) V] -
(17)

Proposition 2 (see [27, 28]). Denote p(u) = IRNIuIP(x)dx,
for all u e LPX (RN). We have

mm{lulp(x |u|§(x)}<p(u)<max{|ulp(x Iulg(x)}, (18)

and the following implications are true:

(i) Iulp(x) <1(resp.=1,> 1)<:>p(u)<1(resp. =1,>1)
y<pu)< |ul?
y<p@)<luly

r
(ii) |ul (x)>1:>|u| P(x)

(iii) |ul,y <1= IuI ()

Denote p, (1) = [ (Vi ()P ™ + a () |u ()| ™) dx,
for all u € Wh? (=) (RYM). From Proposition 2, we have
(19)

lull? <po oy <lull, if flull, >

lllf <pg )<l if ull, <1 (20)

Proposition 3 (see [31]). Let p(x) and q(x) be measurable
functions such that p € L% (RN) and 1< p(x),q(x) <00 al-
most everywhere in RN, Ifu € L1 (RYN), u# 0, then we have

a(x)

3
WoPO(RY) = {u e LEX(RY): [Vul € LEX(RY)}
(14)
and is endowed with the norm
p(x)
O g < 1}, Vu e WirO(RY). (15)
P (x)
1 arq0 < 1= 1l g0 < 0t Py < Bl g
r* (x)
[l p g 2 1= 111} (g9 < 1Py < N5 (30
(21)
In particular, if p(x) = p is constant, then
P
“u| |q( |“|pq(x) (22)
For all x € RY, denote
N
&, for p(x) <N,
* N - P(x)
p(x) = (23)
+00, for p(x) =N,

the critical Sobolev exponent of p(x).

Proposition 4 (see [27, 31]). Let p € C%' (RN), the space of
Lipschitz-continuous functions defined on RY. There exists a
positive constant ¢ such that

lul e (o <cllull,,  Vu € WEPP(RY). (24)

Proposition 5 (see [27, 31]). Assume that p € C(RY) sat-
isfies p(x)>1 for each x € RN. If g € C(RN) is such that
1<q(x)<p*(x), for each x € RY, then there exists a con-

tinuous and compact embedding
WLP(x)(RN) N Lq(x)(RN).

In the following, we shall use the product space

X = W;,p(x)(IRN) « W;,q(x)(RN)) (25)

equipped with the norm

(e, )1 = max{llull,, v}, V() € X, (26)

where | - |, (resri)ectwely, I+ 1,) is the norm in W&? ™ (RY)
(respectively, W 1) (RNY) defined above. We denote X* as
the dual space of X equlpped with the usual dual norm.

Definition 1. (u,v) € X is called a weak solution of system
@ if



Ml(Lp (u))J (IVu(x)lp(x VuVg + a(x)|u|p(x)72uq>)dx
R'\]
+M,(L, (u))J (IVv ()1 2v9Wy + b ()| vy )dx
RN

—/\J F,(x,u, v)c/)dx—AJ F,(x,u,v)ydx =0,
RN [RN
(27)

for all (¢, ) € X, where L, (1) is defined in (2).
We denote E, as the energy functional associated with
problem (1):

Ey()=®()-A¥ (), (28)

where @, ¥: X — R are defined as follows:

D (u,v) = D, (L, () + D,(L, (),
(29)
Y(u,v) = JRNF(X’ u, v)dx,
where
L L
®,(L, (w) = M,(L, (), o)
D,(L, (v)) = My(L, ().
for any w = (u,v) in X, with

t
M () = JOM,.(s)ds, forallt20, (i = 1,2).  (31)

Note that we have the following formula:

v

F(x,u,v) = JO g—f (x,s,v)ds + JOZ
(32)

It is well know that E; € C'(X,R) and that critical
points of E; correspond to weak solutions of problem (1).

2.1. Hypotheses. In this paper, we use the following
assumptions:

(H1) F € CY (RN x R%,R) and F(x,0,0) =
(H2) There exist positive functions a; and b; (i = 1,2)

such that
\— (xe0,9)| <, (Ol + ay (o),
(33)
a v,—1 v,—1
\5 (21 9)| <y (Ol + by (),

where 1<y, Uy, 7,7, <inf(p(x),q(x)) and p(x),
q(x)>N/2, for all x € RY, and the weight functions
a,,b, (respectively, a,,b;) belong to the generalized
Lebesgue spaces L% (RY) (respectively, LB (RN)), with

F
— (x,0,s)ds + F(x,0,0).
s
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. plx)
o (x) -1
o, (x) = (qx()x) T (34)
P (x)q" (x)

B = T @ - - ()

(H3) M;: R" — R are continuous and increasing
functions such that 0<m,<M;(t)<m,, for all
t>0, (i=1,2).

(H4) There exist e>0 and (w;,w,) € X such that the
following conditions are satisfied:

(C1) my/p* mln{leIlP llw, 12° }+m0/q min

[l o, 191> e,

(CZ) l/eJRNsup(fl,EZ)GK(se/mo)F(xa gl’gz)dx B
< (1/my (max{lw, £, w12 }+ max{flw, I ,

lwyllf D) | F(x,w,w,)dx,

where RN
K(t) = {(51,52) e R%: min{|51|g;2> 5], (P) }
+m1n{|52|q ) & o (3) }St}’
(35)
s= min{p+min{ éfx)) ,cfgf;)y},qJ'min{ q(fx)) q((qX)) H’
(36)

with t>'0 and Cpx) and c,(,) representing the constants
defined in Proposition 4.

3. The Main Results

We will use the three critical point theorem obtained by
Bonano and Marano together with the following lemmas to
get our main results.

Lemma 2. The functional @ is continuously Gdteaux dif-
ferentiable and sequentially weakly lower semicontinuous,
coercive whose Gdteaux derivative admits a continuous in-
verse on X*.

Proof. It is well known that the functional @ is well defined
and is continuously Géteaux differentiable functional whose
derivative at the point (u,v) € X is the functional ®' (u, v)
given by

(D (u,v), (9, )y =< D] (), 9y +{(Dy(v),y>,  (37)

where
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(@ (), 9) = Ml(Lp(u))J (IVu ()P *vuve

RN
( p(x)-2 d ,
+a (x)|ul u(p) X 38)
CHORE Mz(Lq(u))j (IVy 129 vvy

RN

+b () |v|1)- 21/1//) dx,

for every (¢, y) € X and L, (1) is defined in (19).
Let us show that @ is coercive. By using (19) and (20), we
have for all (u,v) € X,

® (u,v) = My (L, () + My (L, (v))

2@J (|Vu(x)|p(x)dx + a(x)|u(x)|p(X))
RN

+

s 20 J (IVv ()" dax + b () v (x)11Y) dx
qt Jrv

my . - + my . - +
>—min{[ull? , lul} } + =2 min{IvI , IvI{ }.
p* q

This shows that ® (u,v) — + 00 as ||(u, v)| — + oo,
that is, @ is coercive on X.

Now, in order to show that the operator ®': X — X* is
strictly monotone, it suffices to prove that @ is strictly
convex.

For r € C, (RY), the functional L,: W™ (RY) — R
defined in (2) is clearly a Géteaux derivative at any
u € W@ (RYN), and his derivative is given by

(LL(u), 9y = jRN(IVu(x)I’(szVquo + a(x)lulr(x)fzmp)dx,
(40)

for all o € WL (RN),
Taking into account the inequality (see, e.g., Chapter I in
[32]) for y > 1, there exists a positive constant C, such that

(39)
C,la—pl", ify>2,
(el e e - B (41)
ad 1B (@ B)#(0,0), ifl<y<2,
for any a, § € RV. Therefore, we have M, (L (suy + tuy)) < M,y ((sL(uy) + tL(w,))) <sM, (L(wy))
(L () = Ly (1)1 = 05 >0, (42) + 1M, (L()).

for all u, #u, € Wy?™ (RN) which means that L, is strictly
monotone. So, by ([33], Proposition 25.10), L, is strictly
convex. Moreover, since the Kirchhoff function M is
nondecreasing, M, is convex in [0, +co[. Thus, for every
uy,u, € Wit Y (RN) with u, #u, and every |s,t € 0, 1[ with
s+t =1, one has

@ (), ()
[l

l(w,v)ll—>+00

lim

(43)

This shows that @, is strictly convex in Wj?” ) (RN,
Similarly, we have that @, is strictly convex in W;’q(x) (RN).
Hence, @ is strictly convex in X, and so ®' = @] + @, is
strictly monotone.

It is clear that ®' is an injection since ®' is a strictly
monotone operator in X. Moreover, since we have

(44)

’”OURN('V”'P(X) +a()lulP®)dx + j (1991 + b(x)|v|q(x))dx)

RN

(e, v)|—>+0c0

then, we deduce that @' is coercive (see (19)). Thus, @' is a
surjection. Now, since @' is hemicontinuous in X, then by

(Gt VI

= +00,

applying (Proposition 4.2, [22]), we conclude that ®' admits
a continuous inverse on X*. Moreover, the monotonicity of
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®' on X* ensures that @ is sequentially lower semi- Moreover, ¥ is compact from X to X*.
continuously on X (see [33], Proposition 25. 20). The proof
of the lemma is complete. O

Theorem 1. Under assumptions (H1) — (H4), system (1)

Lemma 3 (sce [8]). Under assumptions (H1) and (H2), the admits at least three distinct weak solutions in X for each

functional ¥ is well defined and is of class C' on X. Moreover,
its derivative is given by

¥ (u,) (9, 9) = J gj (% u, V)@ +6j (xu,v)ydx, Y(u,v), (o, y) € X.
RN OuU ov
(45)

ol ol ) e

[ P (0, () . s Feebg)]
R’ R (EI,EZ)GK(se/mO)

(46)

Proof. By Lemma 2, ® is coercive, and by the definitions of @ (x) > e follows from condition (C1) and the definition of
® and ¥ and from hypothesis (H;), we have  ® by choosing X = (w;,w,). On the contrary, by applying
®(0,0) =¥ (0,0) = 0. Moreover, the required hypothesis Proposition 4 for (u,v) € X, we have

%(min{|u|§;, lulf. } +min{lvZ, WL }) < I%min{”u”f{, lull?"} + q%min{uvng’, i}, (47)

P R . (p*)y _(p")* . (q) (g
with s = mm{p*mm{cp(x) »Cpx) },q*mln{cq(x) »Cax) }}

defined in (36). Now, from (47), we obtain for e >0

O '(J-coe]) ={x=(uwv) e X : O(u,v)<e}

my . - + my . - +
g{w, v) € X : —min{full}, ful? }+q—+mm{||vuq vl }Se}

(48)
. - - . - v se

Q{(u, v) e X : mln{lulg*, |u|§*} + mln{lvlg* , MZ*} Sm—}
0

where K (-) is defined in (35). Then,

sup Y (u) = sup J F(x,u,v)dx
(1,)ed™! (J-00sel) ()ed (J-coe) I BY
(49)
< J sup F(x,&;,¢,)dx.

RY (£,,8,)eK (selmy)
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Therefore, from condition (C2), we have

| F(xw, (x),w, (x))dx

sup Y(u)<e RN_ - . "
(u)ed! (]-c0,e[) m1<max{||w1"5 ) Z } +max{||w2||z , Z }) (50)
¥ (wy, w,)
T @(wy,w,)

To show that the functional E;, = ® — AVY is coercive, we
use inequality (3.8). For all (u,v) € X, we have in virtue of
(H1) and (H2)

from which condition (a,) of Lemma 1 follows.

By () = M (L, 00) + (L, (09) <A F (o v()dx
> % JRN(IVu(x)IP(X)dx ra()lu(x)lP™)

+

+ 20 J (IVv () dix + b (x)v ()11 ) dx
RY

- J (r oF (x,s,v)ds + Jva—F (x,0,s)ds + F(x,0, O)dx) (51)
0 Os 0 0s

2%%h00+%%AW—JRJm00WW+aﬁxWWfHM+@LmM”ﬁx

|V|Hz*1

| q* (x)‘”|p* (x)

§ %p“ ) %pb v _<|a1 ol |p(x) +|as] s

+{b2 q(x)>'

V2

a, (x)

Using Young’s inequality, we obtain

m - m -
By o) 2 00u1? + 00T A(fo | ol
p q
oo W+ L ) 1o )
(52)

Mora?” 4+ o u
2+ AT (el

Hy
Haslg o IVIEE ) +laslg el +[a],, |Mmﬂ>

<eV¥ (u,v))[. Then, condition (a,) in Lemma 1 also holds.
since we have 1 <y, 4,, v}, v, <inf (p(x),q(x)), thatis, ® —  Now, all the hypotheses of Lemma 1 are satisfied. Note that
AY is coercive on X, for every parameter A, in particular, the solutions of the equation @' (u,v) — A¥' (u,v) = 0 are
for every A€ A, = ](®(w;, w,)/¥ (wy,w,)), (e/supg,,) exactly the weak solutions of (1). Thus, for each

This shows that ® —A¥Y — + 00 as [[(4,v)|xy — 0



P} max ] Jw,
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‘1) ¢

c ]m1<max{"w1||§, [[w,

JRNF (%, w; (x), w; (x))dx

system (1) admits at least three weak solutions in X. O
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