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On the compact Riemannian manifold of dimension n>5, we study the existence and regularity of nontrivial solutions for
nonlinear second-order elliptic equation with singularities. At the end, we give a geometric application of the above

singular equation.

1. Introduction

Let (M, g) be an (n> 3)-dimensional compact Riemannian
manifold, and let a € L? (M), where p>n/2, and f be a
positive C* (M) function on M. In this paper, we are in-
terested in studying on, (M, g), the following nonlinear
singular elliptic equation:

Agu+au = quIN_zu, (1)

where A u = ~V'V,u is the Laplacian-Beltrami operator and
N = 2n/(n - 2) is the critical Sobolev exponent. Equation (1)
is one of the nonlinear second-order equations involving the
singular term a and with critical Sobolev growth. Such
problem arises from various fields of geometry and physics.
There are many results for second-order elliptic equations,
but most of them are focused on bounded domains Q of R"
or on compact Riemannian manifold (M, g), see [1-16] for a
survey. A variety of techniques have been used to solve
second-order equations, and variational methods are the
most suitable. Certainly, if the singular term a is replaced by
(n-2)/4(n- l)Sg, where S is the scalar curvature and
f =1, then equation (1) becomes the famous prescribed
constant scalar curvature equation which is very known in
the literature as the Yamabe problem. To solve this problem,
Yamabe has used the variational method, and the main
difficulty of this problem is the lack of compactness for
Sobolev embedding theorem. The problem is now solved,
but it took a very long time to find the good approach. If f is
not a constant, the problem is known as the prescribed scalar

curvature problem. For more details, we refer the reader to
[12, 13] and the references therein.

A famous result concerning the equation of type (1) has
been obtained in [17], and it consists of the classification of
positive solutions of the equation

A _
Au——"su=u""2 0 in R0}, (2)

where 0 <A< (n—4)%/4, into the family of functions

|x|a,1 (n/2)-1
uy (x) = C/\<) , (3)

1 +]|x*

where ¢, = \/1 - (4A/ (n— 2)%).

The singular term a was introduced as follows: in [11],
Madani studied equation (1) with f is a constant,
a=(n-2)4(n- 1)Sg, and such that the metric g admits a
finite number of points with singularities and is smooth
outside these points. This problem can be seen as the
Yamabe problem with singularities. More precisely, let
(M, g) be a compact Riemannian manifold of dimension
n>3; we denote by T*M the cotangent space of M. The
metric g € H) (M, T*M ® T* M) is the space of all sections g
(2-covariant tensors) such that, in normal coordinates, the
components g;; of g are in HY (M), where HS (M) is the
completion of the space Ci° (M) with respect to the norm
)= JMIV;uIP + |V, ul? + [ulPdv,. By Sobolev’s em-

2

bedding, we get that, for all p> (n/2), Hy (M,T*"M ®
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T*M) ¢ C'~WPL (M, T* M ® T* M), where [n/p] denotes the
entire part of n/p; then, the Christoffel symbols belong to
Hf (M), and the components of the Riemannian curvature
tensor Rm,, Ricci tensor Ric, and the scalar curvature S are
in L? (M). Solving the singular Yamabe problem is equiv-
alent to finding a positive solution u € Hé’ (M) of the
equation

Agu+ 4(”7_21)5# = KlulN ", (4)
where k is a real constant, and in this case, the latter equation
is the singular Yamabe equation. Under these assumptions
on the metric g, the author in [11] proved the existence of a
metric g = uN"2g conformal to g such that u € HS (M),
u >0, and the scalar curvature S of g is constant if (M, g) is
not conformal to the round sphere. Moreover, we define the
Yamabe invariant as follows:

JMngudvg

([ ylu¥a, )™
(5)

u(M,g)= inf
ueH? (M),u#0

E(u), where E(u) =

If u(M,g)>0 and let a= ((n-2)/4(n- 1))Sg, the
singular Yamabe operator P, =A +a is weakly con-
formally invariant, coercive, and invertible.

In [1] Azaiz et al. studied some singular second-order
elliptic equations. They focused on the following equation:

192 N-2
Agu+au = Mul™ "u+ flul™ "u, (6)

where 1<g<2 and A is a positive real parameter. In par-
ticular, in Theorem 1.1, under additional assumptions, they
proved the existence of 1* >0 such that, for any A € (0,1%),
the equation has a nontrivial weak solution. For details, see
[1] and the references therein.

2. Notations and Preliminaries

In this section, we introduce some notations and materials
necessary in our study. Let (M, g) be a smooth compact
Riemannian manifold of dimension n > 3; we will work on the
Sobolev space H? (M) which is the space of functions u such
that u, |V gul € L* (M) and equipped with the usual norm

2, 12
||M||H§(M) =<JM|Vgu' +u dvg> . (7)

By Sobolev’'s embedding (see [12]), H? (M) c L1(M),
where 1 <q <N, and this embedding is compact when g < N.

The number N = 2n/(n—2) is known as the critical
exponent of the Sobolev embedding.

Let K,(n,1) denote the best constant in Sobolev in-
equality that asserts that there exists a constant B> 0 such
that, for any u € H? (M),

2/N
N 2 2 2
(] Jlavy) <kionn | |9, dv, + Bl
(8)
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Notice that
4

K2 n,l = >
o(m 1) n(n-2)win

9)

where w, is the volume of S". Denote by P
defined in the weak sense on H? (M) by

; the operator

P, (u) = Agu +au, (10)

P, is an elliptic operator self-adjoint and is called coercive if
there exits C >0 such that, for any u € H? (M),

| vy > Cllliy o (11)
where
2
JMng(u)dvg = JM(|Vgu| + au2>dvg. (12)
Let F be the functional defined on H3 (M) by
_ 2 2 d
F(u) = jM<‘Vgu| +au ) Vg (13)

and let E be the Sobolev quotient. Then, for any
u € H (M) - {0},

E(u) = F(u)
(i ar ™ "

Traditionally, to obtain solutions of equation (1), we
will use, when necessary, ideas developed in [9, 11, 18],
and we will use classical variational techniques by min-
imizing the functional F. However, serious difficulties
appear compared with the smooth case. In order, we
define the quantity

A(M, g) =1i41€1£F(u), (15)
where
N/2
A={u e i) suchthat | fluld, =(1+1al,) "}
(16)

Clearly, the functional E is well defined in H? (M) and is
of class C', and the identity O (1) = 0 being the equation
[1], where OE (u) is the differential of the functional E at u.
So, for all v € H} (M), we have

OE (u)v :i E(u+tv). (17)
dtle=o

Note thatif f = 1anda = ((n—-2)/4(n - 1))Sg, it is easy
to see that A(M, g) is not the Yamabe invariant. Indeed,

A(M, g) is the infimum over the set A, and as above, the
Yamabe invariant y (M, g) satisfies

A(M, g)
1+all,’

(M, g) = (18)
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Throughout the paper, we will denote by B(P,d) a
geodesic ball of center P and of radius § with
0<d< (rg (M)/2), where Ty (M) is the injectivity radius, and
let # be a smooth function on M such that

on B(P, ),

L
1(x) :{0, on M — B(P,26). (19)

We also let S 4 (P) be the scalar curvature of M at P.
Now, we state our main results.

Theorem 1. Let (M, g) be a Riemannian compact manifold
of dimension n> 5. Assume that a € LP (M), where p > (n/2),
f is a positive C* (M) function on M, and P € M such that

J(P) = supyey f (x). If

Af(P)<Sg(P)
f@® 3

then

(555 -t~ 1) (el +1) s 20)

1+all,
(K2 (1, 1)) (supyeps f ()"

A(M, g) < (21)

is satisfied, and (1) has a nontrivial positive weak solution
such  that F(u)=A(M,g) and wueA  Moreover,
u e CPH(M) and u>0.

Notice that this theorem is regarded as combined results
between Theorem 3-Theorem 5.

Theorem 2. Let (M, g) be a Riemannian compact manifold
of dimension n>5, P € M such that f (P) = sup,., f (x), a
be smooth function, and r denote the distance function. If

A, (M, g)K¢ (n, 1) (f (P)*™ <(1 +

a
= >K2 (n,2,-2),
r=lip

1+a(P)K*(n,2,-2)>0.
(22)

Then, there exists u € H (M) nontrivial solution to the
following equation:

a(x)
Agu + 2

u=flulN"?u, (23)

where 1, A, (M, g), and K*(n, 2, -2) are given in Section 5.

Our paper is organized as follows: in Sections 1 and 2, we
introduce some notations and preliminaries. In Section 3, we
establish the existence and regularity result to equation (1).
Section 4 is devoted to test functions which verify geometric
assumptions and by the same way complete the proofs of our
main theorems (Theorem 1 and Theorem 2). Section 5 deals
with applications to particular equations which could arise
from conformal geometry, and in Section 6, we consider the
critical case a = 2.

The classical reference for conformal geometry is a
survey by Lee and Parker [13].

3. Existence and Regularity of the Solution

In this section, we establish the existence and regularity
result to equation (1). An elementary result we wish to briefly
discuss here is the following.

Proposition 1. If P, is coercive, the following norm is
equivalent to the usual norm on Hf(M):

llull = (JM(|Vgu|2 + au2>dvg>1/2 = (jMng (u)dvg)m.

(24)

Proof. 1If P is coercive, one finds a constant ¢ > 0 such that,
for any u € H} (M),

2
| vy > clully oy (25)

Since a € L? (M), where p> (n/2), and by the embed-
ding L? (M) ¢ L"? (M), it follows that there exists a constant
¢y >0 such that |al,, < COIIaIIP; then, from Holder’s in-
equality, we get that

2
jMng(u)dvg = JM(|Vgu| + au2>dvg

,[ 'V 'zd (J "4 )2/n<J 20l (n-2) 4 >(n— 2)/n -
< ul av, + adv u )
v ’ M ’ M g

2 2 2 2
< Jijgu| dvy +lal,luly < JM|Vgu' dvy + collall lull.



Now, from (8), we get that
Ry < max(K2 (1, 1), B) 1l (27)

sO we obtain

2 2 2
[y vy <l + collal max(KG n 10, B) ks
2 2
< max(l, COIIaIIP max(K0 (n, 1), B))IIuIIHT M)

2
SC1|IM||H§(M))

(28)
where ¢; = max (1, ¢,llall, max (K%(n,1),B))>0. |
Theorem 3. Assume that

1 +lall,
A(M, g) < (29)

(K3 (1, 1)) (supyepc f ()™

Then, (1) has a nontrivial positive weak solution such
that F (u) = A(M, g) and u € A.

In particular, if f=1 and a= ((n-2)/4(n- 1))Sg,
condition (29) becomes the famous inequality

p(M, g) < (30)

1
Ki(n, 1)

Proof. First, we show that A(M,g) is finite. For any
u € H} (M) and by Holder’s inequality, one has

2 nl2 2n 2/ (n-2) (n=2)/n
lalu dvg < lal dvg u dvg
M M M

2
<llallylluly

2
<collall,llully,

(31)
from
N/2
jMquNIdvg=(1+||a||p) , (32)
we get
1 +lal, )
—— 2 luly, 33
(infep f ()N 9
and then,
[ taban, <cotal, e (ay
T (g f ()
Therefore,
2
F(u) = <v 2>d zj ’d
(u) JM | gu| +au” |dv, Mau Vg
35
>—c||a||& 2
T (inf e f (0)Y

Consequently, A (M, g) is finite.
Now, let (u,,),, be a minimizing sequence in A of the
functional F; the sequence u,, is such that
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T 2 2
A(M, g) —mirem JM<|V9M’”| +aum>dvg,

| fluylav, =(1+1at,) ™"

It is easy to see that (|u,,l),, is also a minimizing se-
quence. Hence, we can assume that u,, > 0; then, for m large
enough, we get

2
,[M<|V5u"" + aui)dvg <A(M, g) + 1. (37)

(36)

If P is coercive, by Proposition 1, (u,,),, is bounded. If
not, we proceed as follows:

2
jM|Vgum| dv,<A(M,g)+1- JMaufndvg

(38)
Mg+ 1+ [ lal v,
M
By using (34), we still get
I 194, vy <A (M, g) +1+ collall,—__
M (inf ep f (X))
(39)

On the contrary, by the embedding LN (M) ¢ L* (M)
and by inequality (33), we get that there exists ¢ > 0 such that

1 +lall,

JMu;dvg < c”um"f\, <c (inf (40)

xer (x))N/Z'

This implies in turn that (u,,),, is bounded in H? (M),
and after restriction to a subsequence still labeled (u,,),,, we
may assume that there exists u € H3 (M), u >0, such that

(i) u,, — u weakly in H? (M)

(ii) u,, — u strongly in L9 (M) for all g < N and almost
everywhere on M

Furthermore, by Brezis-Lieb lemma applying to (u,,),,
we get that

JM'Vg (um)|2dvg - IM|V5 (”)|2dvy (41)
+ J |Vg (u,, — u)|2dvg +0(1).
M

Putting ¢,, = u,, — u, then ¢, — 0 weakly in H? (M)
and strongly in L9 (M) for all g < N; therefore,

[lrssafary= [ Jesnufory [ Jrlor,
+ 2JMVggom.Vgudvg.
We deduce that
F(u,) = F () +|Vyp, [ + 0 (D). (43)

By definition of A(M,g), we obtain F(u)>
A(M, g) (IMquNIdvg)Z/N, and by definition of the sequence
(u,,),» we obtain F(u,,) =A(M,g)+o0(1) which implies
that
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A(M, g)(JMf'uN'dvg>2/N 950 <1 (M, 9) +0(1).
(44)

Again with Brezis-Lieb lemma applying to (u,,),,, we get
that

(1-+lal,)" = JMf|um|Ndvg - JMquINdvg

N (45)
+ JMf|<pm| dv, +o(1).

Then,

+<JMf|¢m|Ndvg>2/N +o(1),
(46)

N 2/N
1+lal, < <jMf|u| av,)

and inequality (44) will be written as

19,0, SMM,m[l ] fluw'dvg)”] FoD)
(47)

and multiplying this inequality by 1 + [l ,, then we get

(1 +||a||p)||Vgg0m||§ <A (M, g) —(1 +lall,) - (1 +||a||p)<JMf'uN'dvg)2/N] o)

<A (M, g)

(
<A (M, g) j
(]

M
2IN
<A(M, g) Mf|<pm| dv +o(1).
Using Sobolev’s inequality, we still get
) 2IN
(1 +hall,) |V, <2 (M, g)(sup f(x))
xXeM (49)

K2 )|V, +o(1).

Thus,

2/N
<1 +lall, - A (M, g)(su}af(x)) K (n, 1)>”Vg(pm”z <o(1).

(50)
Now, if we assume
A(M, ) < el s
(K (1, 1)) (sup ep f (x))
we find
[0 - o0 e

Hence, ¢,,, converges strongly to 0 in H? (M), and then
u,, converges strongly to u in H?(M) and in LN (M). It
follows that

limJ f vt - u|Ndvg =0, (53)
M
which leads to

|| Al vy = (1 +tal, )™, (54)

| s dv) N+<JMf|<pm|Ndvg>2/N—(1+||a||P)<JMf'uN'dvg>2/N]+o(1)

Floal¥avg™™ ~lal,( | f|uN|dvg>2/N] +o(l)

(48)

and we can conclude that u € A, and u is a nontrivial positive
weak solution of (1).

Concerning the regularity of solutions of equations (1),
Madani in [11] proved through the classical techniques a
regularity result with f a constant function and
a=((n-2)4(n-1)8S, By following the same procedure,
though the presence of the nonconstant function f adds
further technical difficulties, we can prove the regularity of
solutions of equations (1). This result is formulated in the
following theorem. O

Theorem 4. Let (M, g) be a Riemannian compact manifold
of dimension n>3, and let a € L? (M), where p> (n/2), and
f be a positive C*® (M) function on M. If u € H3 (M) is a
nontrivial positive weak solution of

Agu+au=fuN_l, (55)

then u € H5 (M) ¢ C'=["P1(M) and u>0.

Proof. The proof of this theorem is reduced to show that
€ LN*¢ for some € > 0. Indeed, u verifies the equation

Agu +(a - fuNfz)u =0, (56)

and if u € LN*¢, it follows that a — fulN=2 € L (M), where
r =min(p, (n/2) +€)> (n/2) (see [10] for some details);
hence, one has A ju € L? (M), and by the regularity theorem,
we deduce that u € HP (M). Let I >0 be a real number and
H, F be two continuous functions on R" given by



6
oo . ifo<t<l,
X) = lq,l(qlq—lt_(q_l)lq)) ift>1,
| (57)
F( )_ tq, lfOStSlx
x) = gl 't —(g-1)14, ift>],

where y=2g-1 and 1<g< (n(p-1)/n(p—-2)). Since
u>0 and u € H} (M), then it follows that H'u and F’u are
both in H? (M),
qH (1) = F(t)F' (1),
(F' (1))’ <qH' (t), (58)
F*(t) > tH (t).

Let u be a weak solution of (55); then, for all v € H? (M),
one has

V uV _vdv +J auvdy :J WM ldy 59
| vouv v, [ awvdv, = [ v, (59)
Now, as in Section 2, we define a cutoff function
n € C' (M) such that
onB(P, ),

1,
1(x) = { 0, onM — B(P,20). (60)

Chosen v = n*H"u and plugging this function in (59), we
get

) 2
JMU H'ou Vgu| dv, + ZJMnHoququndv

N-1,2 2
= JMfu N Heudv, - JMauq Houdv,.

9
(61)

We put h = Fou. Now, let us evaluate each of the above
integrals by using h and (58). We have V h = F' ouV u;
thus, by applying the second relationship of (58), this implies

'Vghr =(F'o u)2|Vgu‘2 <qH'ou Vgu|2. (62)

We deduce that the first integral of (61) is bounded; then,

%“ﬂvgh"i = JMWZH, ou Vg“|2dvg' (63)

The first relationship of (58) and the Cauchy-Schwarz
inequality imply that the second integral of (61) is bounded;
hence,

ZJ.MqH ouV uV ndv, = 2 JMthgthqdvg
5 (69
2 el vl

By using the latter relationship of (58), we obtain
uH u<h?. In the same vain, the two integrals of the right-
hand side member in (61) are bounded; thus,

N-1,2 2
JMfu n"Houdv, - JMaur] Houdv,

(65)
<( sup f(x)>||u||%,g"5‘2’||nh||§ +lall gkl vy

xeM
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where IIuII%J = _[ B(Pr uN dvg. If we group these estimates
together, equality ((613 becomes

[9tl; =2l 9,71,

<q K sup f (x))ﬂun“N’;’g” Ikl +lall gkl o |-
xeM
(66)

Now, let a,,b,,¢;, and d;, be four real numbers; if
al —2a,b<c} +d?, we easily obtain that a, <2b, + ¢, +d,.
Then, (66) becomes

[19ghl, < \Jasup £ Ol S Iinklly
xeM (67)

+fallall linhllyp p-ry +2||Wg’7|'z'

By Sobolev’s embedding, we then get that there exists a
constant ¢ >0 depending only on # such that

Il << |9 ], + [rvgnl, + Wl ). (o9)

Since g < N and after using (67), we obtain

(1 —c.[Nsup f(x) ||u||§§,g’g‘2>>|mhnN
xeM (69)
<c((\NTall by gy + 39 g, + 1)

For § sufficiently small, one has

2 (n-2 1
eal 21552

Na 2¢ /N supf(x). (70)
xeM

When [ goes to +00, we then get that there exists a
constant C>0 depending only on 7,8, |1l IV 7lllall ,,
and f such that

'l as < €Il + ). D)

Now, from the boundedness of u in LN (M) and as
(2p/(p—1))g< N, we still get

|y 25 < C- (72)

Since M is compact, it can be covered by a finite number
of balls {B(P;,0)},;, and let (#,);c; be a partition of unity
subordinated to the covering; then,

bl = Y e x5, <C. (73)
iel

It follows that u € LN (M) with gN > N. O

4. Test Functions

The purpose of this section is to find conditions such that
(29) will be true. Consider a normal geodesic coordinate
system centered at a point P. Denote by S(r) the geodesic
sphere centered at P and of radius r with r <r g (M), where
T (M) is the injectivity radius. Let dQ be the volume
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element of the n— 1-dimensional Euclidean unit sphere

§"1, and put
Lm Jlgldc, (74)

where w,_; is the volume of $""! and |g| is the determinant
of the Riemannian metric g. The formula of Taylor’s ex-
pansion of G(r) in a neighborhood of P is given by

S (P)
G(r)=1- g6—nr2 + o(rz), (75)

G(r)=

1
Wy

where S, (P) is the scalar curvature of M at P. As in Section
2, let # be a smooth function on M such that

1, onB(P,9),
n(x) = (76)
0, onM — B(P,20).
For € >0, we define the radial function u, as follows:
U, = 11(1’)(1’2 + 62)7(“‘72)/2), (77)

where r =d(P,x) is the distance from P to x and
f(P) =max,, f (x). For further computations, we need
the following integrals; then, for any real positive numbers
p»q such that p—g>1, we put

+00
1= J (1+ ) Pridr. (78)
0

Furthermore, it can be easily seen that
p-q-1
1, =240,

gl __4t1l 4
p+1_p_q_1 p+1*

(79)

Theorem 5. Let (M, g) be a Riemannian compact manifold
of dimension n>5. Assume that a € LP (M), where p > (n/2),
f is a positive C* (M) function on M, and P € M such that
J(P) = supyep f (). If
Af(P) S;(P)n+2 -1
< (3 -tall, - 1)(lall, + 1), (50)

then, (29) is true.

Proof. To proof this theorem, it suffices to show that

E(u) < 1+all,
7 (K3 (1,1)) (sup ey f (0)*Y

The aim of the following is to compute expansions of
these integrals:

(81)

]1 = J.Mf|M£|NdVg,

I, = JMaugdvg, (82)

J e

2
dvg,

J5

on the geodesic ball B(P,§). To compute the first term, we
need the following limited development of f at P:

f(x)=f(P)+ %Vi,jf(P)y"yj + o(rz). (83)
We have
s
e f sl = ([, sAatan -t
(84)

where

Js(r)le?]ldQ - JS(r)(f(P) " %Vi’jf(P)yiyj)
. (1 —éRi,j)yiyj)dQ + 0(1’2)

o () (ALE LN o))

(85)

Put
L_A®) [ (P)S,(P)
2n 6n

(86)

Then,

8 rn—l ) 5
T :w,HJ’ 762)”(f(P)—Lr )dr+o(r )

o(r2+

B [ d il il
= a)n_1<f(P) j-o iy dr-L J.o iy dr) + o(r )

(87)
Now, we set
2
t= 6—2,
dt
dr =< , (88)
2dt
r=eVt.
By changing the variable as above, it follows that
(87 2
h= “’nl(f“’) o ar
(8/e)? £(n12)
- L - dr )+ n+l (89)
,[o 262 (1+1)" ) o)
_ W (n/2)-1 21 (n2) 2
=Sor(f P = LeL) + o),
From
72 n (/21
n _ n 4
n-2 (90)

n-1 n/2)-1
w, =2 wn_llfl .
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we get that
_ @1 (n2)-1 [ Af(P)  f(P)S;(P) , 5
]1_2€nIVl (f(P) (2(1’1—2)+ 6(n-2) € +O(e)
(91)
_ W1 (n2)-1 B Af(P) S,(P) 1\ , 5
- 2ty f(P)(l (z(n_z)f(P)+6(n_2) )+ o(e),
Therefore,
];(Z/N) _ II((n—Z)/n)
_(@n-1 (21 )-<<"- 2)in) n-2 Af (P) S,(P) \ , ,
(—Ze” I, f(P) 1+ Z 22 (P)+6(n—2) € +o(e) o
(92)
((n—2)/n) .n—2 S (P
= 2 € « 2)/)(1+<Af(P) + 9( )>€2>+0(€2)‘
(0, 1827 f ()" 2nf(P) " 6n
Let us compute the third integral. First, we have Then, in a similar way, we get
97l Tlor| (12 + )"
O (n—2)*2 S (P) .
= 1-— g9 2 2 n—1
J3=w, JO (12 + €2)" ( on 4 +O(1’ ))T dr
(I’l _ Z)an—l J((S/e)z tn/zdt J,((;/E)Z Sg (P)ezt(n/2)+ldt
= — n ———= 7 .5 tol€e )
€2 o 2(1+1) 0 12n(1 +1)
(n-2)w,_, n oy Sg(P)En(n+2) ,
= 1 -y -
€2 2(n-2)" 2n(n—4)(n-2)" +o(e?) (94)
_ (n- 2)2w (-1 no Sy (P)e’n(n+2) N 0(62)
ez 2(n-2) 12n(n-4)(n-2)
(n-2) w1 (n Sy (P)En(n+2) ,
= I M Ak adin s ,
en-2 n-1+n 2 12}’1(}’1 _ 4) + 0(6 )
That is, ,
2( ) ], = JMausdvg
(1’1 - 2) (n/z),ln Sg (P)e n+2 )
J5= 2 wn—lln E 1_W+0(6 ) .

<(J afdv )1/p<J u?P P gy >(p71)/P (96)
“\Jum g M g

2
. R < lalpuclps oy
Now, compute the second integral J,. By using Holder’s
inequality, we get Then, a direct computation shows that

(95)



International Journal of Differential Equations 9

B (p-Dip
bl =( [ 277V, )

8 n-1 S (p) n+1 (P 1)/P
r r
- (“n—l)( v J (n=2)p/ (p-1) (n=2)pl/ (p-1) ( 1)
0 (rz 62) pi(p 6n (1’2 62) p/(p

_ (p=V/p ~n242-(nip) [ y(w2)-1 g 2 (n/2) 2
—<*> (wp-1) € (n=2)p/ (p-1) ~ (n-2)pl (p-1) T O\€
2 3n
(97)
_ (p-1/
()¢ 1)/p(w )= Dip g ni2e2=(ulp)( p(ni2)-1 S P)n+2)(p-1) 5 )y o(¢?) e
-3 n-1 (n=2)p/ (p-1) 3n(pn_ 8p +4- n)° (n=2)p/ (p-1)
_ (p-1)/
(! @ 1)/p( ) 1p —n+2+2—(n/p)(1(n/2)—1 )(P*WP 1 Sy (P)(n+2)(p-1) 2, ( 2) o
=5 Wy € (n=2)p/ (p-1) 3n(pn— 8p+4- n)b ol€
1\ PP (p=D/p = n+242-(nlp) ([ (w2)-1 (p-Dip 2 2
=5 (@,1) € (I pp-n) (1-€ +o(€’)),
where It follows that
S, (P)(n+2)(p-1)>
=0 P=7 (98)
3np(pn—-8p+4—n)
2 (1 (p-1/p (p=V)/p = n+242-(nlp) ( (/)1 (p-Dip 1 2 2
“u£||2p/(p—1) “\2 (wnfl) € ( ("*Z)P/(Pfl)) ( ~pe +0(€ ))’
(99)

2 1\~ VP p-1/p _—n+2+2—(n/p) (n/2)-1 p-1p 2 2
Mauedvg < <5> (w,_)" e ”a”P(I(n—Z)P/p— 1) (1 - Be” + o(e ))

Independently, we can easily show that, for ¢ = |Vgu£|2 2 N -(2/N)
or ¢ = flu N or ¢ = au?, we get E(u,) =<JM'Vgus + auidvg)<J'Mf|us| dVg) >
J ¢dv, — 0. (100) (101)
B(P,20)-B(P.0)

which yields
Let us derive estimates for E(u,). Using expansions of

J1,J,> and J5, we get that

1\ (P~ VD/p B ~ _ _ (p-1)/
b < ()" o (11w of )

+

2
(n-2) I(n/znn( S (n+2) +O(62))] (102)

@ on(n-4)

en-2 n-1"n 2
on=2/ngh=2 Af(P) Sg (P) 2 2
X [(w 711,(1”/2)_1f(P))n_2/n (1 +<2nf(P) e )e ) + 0(6 ):I

Next,
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1\ (P~ D/p _ B B (p-1)/
E(ue)s[(z) (0n1) Ve P al (10201, ) (1 e + o))

(n=2)p/p-1
- S_(P)é? 2)
+ (1= Dw,1," 1;(1 —%“’(62))] (103)
1= 2n Af(P) S4(P) , )
% l(wn_llﬁn/Z)_lf(P))n_Z/n <1 +(27’lf(P) i 6n )6 ) " 0(6 )}
Let € be sufficiently small such that where A = (n-2)n((w,_ 11,(1”/2)‘1)/2)2/" (f ()" 'N) "and as
1\ (- /p - o . - 2—-(nlp)>0,
(5) (@) ® PPl (1030, ) &P e = o). (105)
2 (n=2)in Then, we get that
(@117 ()" <lely®
(104)
w)-1h 2 (n=2/n) S (P)e?(n+2)
E() < lal, 4 + o) + (1~ 2)a, 113 ((w s f(P))("—2/”>)<1 e "(Ez))}
S (106)
Af(P) S,(P)
X [(1 +(m+g6—n)ez> +o(ez)].
Therefore,
0, I\ S, (P)E (n+2)
E(u,) < |:||a|| pA+0(e))+(n- 2)n(lf) (f (P) <2/N><1 - m + 0(62))
(107)
S
X [(1 +(%+§)62) +0(€2)].
2
Put E(u;) < Alall, + 1)[1 +(llall,D + D -C) ||a||€ " 1] +o(e?).
P
:sg (P)(n+2), (110)
6n(n—4)
(108) Knowing that
_ Af(P) + Sg (P)’ w, | r(ln/z)_l 2/n s
2nf(P)  6n (n—-2)n e =K,*(n, 1), (111)
ie.,
btai
E(u,)< [||a||PA + 0(62) +A-ACE + 0(62)] X [1 + De* + 0(62)]. we obtain

(109)

Direct calculation gives
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E(u) <Ky  (m 1) (£ (P) *™M(lall, +1)
2
| 1+(lall,D+D - C)Htlﬂeﬁ +o(&).
p

(112)
To ensure assumption (29),
A(M, g) < ! tal, (113)
(K01 D) (supsen f (0)"
we must take
lall,D + D - C<O0. (114)
Then, we get that
E(u,) <(1 +lall, ) (Ky* (m, 1)) (f (P)”™. (115)
It follows that (114) means that
Af(P) S4(P) n+2 -1
- - . 11
<5 (B2 =tall, = 1)(lall, + 1) (116)
O
5. Application
Let P € M; we define a function on M by
d(p,q), ifd(p,q)<d(M),
p (@ = { ) (117)
§(M), ifd(p,q)=25(M),

where § (M) is the injectivity radius of M. For brevity, we
denote this function by r. We define the weighted L, (M, r7)
space as the set of measurable functions u on M such that
r¥|u|? are integrable, where p > 1. We endow L? (M, r?) with
the norm

(|7l ). (118)
M
In this section, we need the Hardy-Sobolev inequality
and the Rellich-Kondrakov embedding whose proofs are
given in [11].

Theorem 6 (Hardyinequality). For any function in
u € C° (M), there exists a constant ¢ >0 such that

|||x|yu||PSC|'|x|ﬁVu”q, (119)

where  1<q<p< (qn/(n-Iq)),
p))> — (n/p) and n>lq.

y=B-1+n((1/q) - (1/

This type of inequality in one dimension was introduced by
Hardy and generalized for all dimensions. For more details, see
the book of V. G. Maz’ja, where we can find the proof of this
theorem. In our case, we are interested when f =0 and / = 1.
The following theorems were proved by Madani in [11].

Theorem 7. Let (M, g) be a Riemannian compact manifold
of dimension n and p, q and y be real numbers such that ((y +
n)/p) =-1+ (n/q)>0and 1<q< p<(qn/(n-q)). For any
€>0, there exists A(e,q,y) such that, for any u € H (M),

11

Il < (K (1, 0,7) + )| Vgu| + Ale g )l (120)

where the number K (n, q, y) = c is the best constant in Hardy
inequality.

In particular, K (1, g, 0) = K (n, q) is the best constant in
Sobolev’ embedding u € HY (M) ¢ L? (M).
Moreover, in the case of g = 2, we obtain

lull? <(K2(Vl,2,y)+€)|'Vgu||z+A(e,2,y)||u||§, (121)

prr =

where (y+n/p)=-1+ (n/2)>0and 2< p< (2n/n—-2).

Lemma 1. For all functionu € HY (M) with compact support
included in the ball B(P,6), we get

il < (K (m,,7) + )| Vg1 (122)

and when § tends to 0, Ky(n,q,y) goes to K(n,q,7).

Theorem 8. Let (M, g) be a Riemannian compact manifold
of dimension n.

(1) If (y+n)/p) =-1+ (n/q)>0and1<q< p, then the
embedding u € H1 (M) c LP (M, ") is continuous

) If (y+n/p)=-1+(n/q)>0, y<0 and q<p, then
this embedding is compact

We consider the following second-order equation:

A u+a(x)

gt (123)

u= flul"*u,

where a is the smooth function, r denotes the distance function
defined as above, and o will be precise later. Let

F,(u) = JM(|V9“'2 n aﬁj)uZ)dvg,

be the energy functional, and consider the Sobolev quotient:
for any u € H2 (M) — {0},

(124)

F,(u)
Ba () = Nu 2l (125)
(JMflu ldv")
Let
Ao (M, g) = inf F, (u), (126)
where
a N/2
2 N
A= {u € HY (M) suchthatJ-Mf|u |dvg = (1 +||r_“||p) }
(127)
Proposition 2. If 0<a< (n/p) <2 and
A (M, g) <(1+lall, ) (Ko (1, 1) (f (P)) ™), (128)

then equation (123) has a positive solution u, € C'~ /Pl (ML)
such that
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F,(u,) =1, (M, g). (129)

Proof. Leta = (a(x)/r%); since a < (n/p) <2, it follows that
a € LP (M), and then from Theorem 3 and Theorem 4, we get
the result.
In the case of a =2, @ does not necessarily belong to
L? (M), and Theorem 3 is no longer valid, so we look for
subcritical cases 0 < a <2 and we tend « to 2. This can be
done by adding an assumption and using Lebesgue’s the-
orem. Let P, be such that
Pyo =8+ (130)
O
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Proposition 3. If P, is coercive, the following norm is
equivalent to the usual norm on H? (M):

2 a, 12 12
bl =([ (19l + 5 )av,)~ =([ o oav,)

(131)

Proof. If P, is coercive, then there exits ¢, > 0 such that, for
any u € H2 (M),

JMng,z (u)dvg > c0||u||?{% ) (132)

By Hardy-Sobolev inequality (121) with p =2 and
y = -2, we get

2
2 u
J-Mng,z (w)dv, < jM|Vgu| dvg +||aIIOOJMT—2dvg

< JM|Vgu|2dvg Hlallo (K (12,2207 + €) [V, + A e, 2, -2l

(133)

< max(1) (”a”ooK (n) 2) _2)2) ”a"ooA (€> 2) _2))"1’["?—1% (M)

2
SC,X”M”H%(M),

where
Ca = ma-x(la (”a”ooK(n’ 2a _2)2) ”a"ooA (e’ 2) _2)) > 0.
(134)
Therefore,
Colull up < JMng,z (v, < lull o, (135D)

Proposition 4. Let (M,g) be a Riemannian compact
manifold of dimension n>5 such that the metric
g€ HY (M, T*M®T*M). Assume that f is a positive
C®(M) function on M and PeM such that
f(P) =sup cpf (x). If u(M, g) >0 and

Af(P) S4(P) /n+2 _1
GR g3 < —4_"a"P_1)("a"p+1) . (136)

wherea = (n—2/4(n— 1)S, then there exists a metric g =
uN=2g conformal to g such that the scalar curvature S;=1.

Proof. As in Section 1, if the singular Yamabe invariant
#(M, g) >0, the singular Yamabe operator P, = A, +a is
weakly conformally invariant, and by Theorem 3, Theorem
4, and Theorem 5, there exists u € C'~ P (M), u>0, so-
lution of the following equation:

n-2 N-2
Agu+m8gu = f|u| u. (137)
On the contrary, by the weak conformal invariance of P,
and if g = uN~2g is conformal to g, one has

n-2 N-2
A u Sgu=S§|u| Uu.

e n-) (138)

Then, we deduce that the metric g = uN~2g is such that
the scalar curvature S5 = f. O

6. The Critical Case a« =2

Keeping the notations adapted above, in this section, we are
going to prove the second main theorem, Theorem 2.

Proof O

Step 1. We have F,(u)> —oo and

lim 1, (M, g) = A, (M, g). (139)
Let § (M) be the injectivity radius of M. For any € >0,
there exists 8 such that 0<d&<min(1,8(M)), and if
Q€ B(P,§), we get la(Q)—a(P)|<e, and also, if
u € HY (M) with [, fluN|dv, = (1+lla/r?|,)"?, then we
ave

a
JMr_Z uzdvg > (a(P) - e)JB

lall,
62

-2 2 2
r “utdy llulls.
P9) g 2

(140)

By applying Theorem 7, the following inequality holds:

2
J sy Ma S (€ 2,2+ )|V, + Ao 2 21w}

(141)



International Journal of Differential Equations

Combining (140) and (141), we get

J Mﬂf—jdvg > (min(a(P),0) - &)(K* (n,2,-2) + & )|[V,pu.

Il }n ull

(142)

+ {(min(a(P),O) -€)A(6,2,-2) -

13

Independently, by Holder’s inequality, one has
QIN)
lull2 < (1 +‘|ﬁ2” )<mf f(x)) DN, (143)
relip

xeM

Then, we get that

J Ma%zdvg > (min(a(P),0) - )(K* (n,2,-2) + €)||Vg”i|§

+ {(min(a(P), 0)-¢e)A(e,2,-2) -

Hence,

Fy )2 |V + (min (a(P), 0) — )(K* (,2,-2) + )|V pu|

{(mm(a(P) 0)-€)A(e,2,-2) -

which yields

Fy (u) 2 {(1 + (min (a(P),0) - )(K* (n,2,-2) + €)} |V,

{(mm (a(P),0) —e)A(e,2,-2) —

Now, if 1 +a(P)K?(n,2,-2)>0, then we can chose €
sufficiently small such that the first term of the right-hand
side of the latter equality will be strictly positive; then, it
follows that

lalloo }
8

g o

(147)

F (u)>{(m1n(a(P) 0)-€)A(e,2,-2) -

a
~<1+
-

2lp

Consequently,

F, (u)> —oo. (148)

On the contrary, by Lebesgue’s dominated convergence
theorem, we get that

J —uzdvg — J —Zuzdvg, whena — 2 (149)
M
Hence,

ulian E,(u) = E, (u), (150)

and by passing to the infimum over u such that
jMquNIdv = (1 + lla/re], YN’2 we obtain

||(1||OO a (2/N) ) (144)
el (1], )(amg ) v e
a inf () Z/NV(M) ) (145)
v, (it ro0)
e }(1 ! ”%"J(i?&f (x)>_(2/N)V(M)1_(2/N). e
lim A, (M, g) = 1,(M, g), (151)

which implies that there exists «, such that, for all
a € [ag,2), we also have

Ao (M, g) < (1 +”%”P>(K62 (D) (f () Y. (152)

Step 2. We claim that the sequence (u,), is bounded in
H? (M) and converges to a weak solution.

In a similar way, by Proposition 4 and from Holder’s
inequality, we get then for all « € [a,2), the solution u, of
equation (123) satisfies

< (1 e, ) (int £ 0) vy,
(153)
Knowing that
£ = [ ([l + o
N T S
(154)
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we get by the assumption made in (128) that

(1 o3 ”p)(K52 (m D) (f (BN 2 F, (1) = |V, .

2
JMuadvg,

el
B(PO)T" 1)

which leads to

(1 o

(155)

D) (F (PN 4 & 8“OOJ Wdv,

2 a ,
> vaua ,F JB(P,&)V_"‘u dv,,
(156)
and by letting
a - -
a=(+3] )@, as)
the last inequality will be written as
el [, : a -
A+ 52 JMuadvg > "Vgua ,t J'B(p,a)r_“u“dvg' (158)

By applying (153), we still get
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we also get

2 a
all, T J- —u;
2 B(P,0)

B> “Vgu ra”advg' (162)

Now, by Lemma 1 and for § sufficiently small, we obtain

Ju

212dv, > (min(a(P),0) - OK* (n,2, -2)|| V1,

poyre
(163)
Then, inequality (162) gives
1+ (min(a(P),0) - K> (n,2,-2)|Vu, [, B (164)

Then, the sequence (u,), is bounded in H} (M), and
then there exists a sequence «,, € [«,,2) which converges to
2 such that the sequence (1, ) = (u,,),, converges weakly
in H? (M), and after restriction to a subsequence still labeled
(u,, )m, we may assume that there exists u € H7 (M) such
that

(i) u,, — u weakly in H? (M).
(ii) u,, — ustrongly in L? (M) for all p < N and almost
everywhere on M. Then, from Hardy-Sobolev’s

embedding Theorem 8, we have u,, — u weakly in
L* (M, r™?), and we deduce that, for any ¢ € L? (M),

(2/N) a a
A+ ||a||200 (1 + prs )(;g&f(x)) V(M) IMﬁum¢dvg = JMﬁu¢dV9 +o(1). (165)
a In particular, for any ¢ € H3 (M), we have
2 ||v9u“ J ucxdv
B(POT* a .
(159) JM(Ag“m + rT”m)SDdVg = 4, (M, g)JMfluml Uy, @dv,.
and as (166)
(1 + c12 )S (1 s ), (160) By the weak convergence in H? (M), we get
relip re P
by letting
= a -2 —(2/N)
B —<1 e P>{(Ko (m 1)) (f (P))
(161)
(2IN)
IIaII ( of f(x)) V(M)I(Z/N)},
JM¢Agudeg = JM¢Agudvg +o(1),
a a a a a a
jM¢<Eum - ﬁ”)dvg = JM¢<Eum ~ athm + 2thm ~ ﬁ”)d"g (167)

JMa¢um<r— B

1 1

a
—)dvg + JMﬁq)(um —u)dv,.

Oy 2
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Again with the weak convergence in L?(M,r ?) and By Sobolev’s inequality applying to (u,,),,, we can easily
Lebesgue’s dominated convergence theorem, we get that have
1 1 a 2
JMagou,n(E - r—z)dvg + JMr—zgo(um —u)dv, — 0. <1 + )(f(P)) N Nl |3 < K2 (1 HV um"z + Bl|u

(168) (170)

On the contrary, since (u,,) is bounded in LN (M), the  and since u,, satisfies (123), we also have
sequence (IumlN_zum)m is bounded in LN/ N1 (M); hence,

Ay (M, g)JMf|um|N_2um<pdvg — A(M,g)JMf|u|N72u¢dvg.
(169) Writing

[Vt = 2,0 (M. ) - JMufnr%dvg. (171)

Step 3. u is nonidentically null.

JM :“2 dv > (min(a(P),0) — e)(l’(2 (n,2,—a) + 6)||Vgum||z

lall, (172
<l(m1n(a(P) 0) }|| il
then
2 A 2 2
[9,t4], <A (M. @) = (min (a (P), 0) - €)(K (1,2, ~) + €)|| V g4,
lal, (17
- {(min (a(P),0) —e)A(e,2,— }” mnz
It follows that
{1+ (min (a(P), 0) - €)(K* (n, 2, ~a) + 6)}“Vgum”2
lall, (174)
<A, (M, g) —{(min(a(P), 0)-€)A(e,2,- ]»" mnz’
which implies
L (M, g) ~{(min (a(P),0) - e)A(e, 2, ~a) (llallo/6*) } (175)

Vi, <
|20, I+ (min(a(P),0) - &) (K2 (1,2, —a) + ¢)
Plugging this in (170), we get

a oy A (M, g) ~{(min (a(P), 0) - ©)A (e, 2,~a) = (lalloo/6*) }tt5. )
(1 +”1’Tm“p>(f(P)) = 1+ (min(a(P),0) —€)(K?(n,2,—a) +¢€) Ko(m. 1) +B“um”2' (176

Hence,

Ay (M, g)K2 (1, 1)
1+ (min(a(P),0) —¢) (K2 (n,2,-a) + €)

a
(142
r(X

2 i - e ’
) {B_Ko(n,l)kmm(a(P),O) A (6,2, ) ~(lalo/d )}}Ilumlli

) (f (PN~
P
(177)

1+ (min(a(P),0) —€) (K2 (n,2,—a) + €)
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In the end, if (22) is satisfied, as above for m large
enough, we can chose € sufficiently small such that

International Journal of Differential Equations

A (M, )KG (1, 1)

a —(2/N)
0 <<1 +“r_m”p> ) i (a(P),0) - ) (C (2 —a) 1 &)

Then, it follows that the solution u is not trivial.
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