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In this study, fuzzy conformable fractional differential equations are investigated. We study conformable fractional differen-
tiability, and we define fractional integrability properties of such functions and give an existence and uniqueness theorem for a
solution to a fuzzy fractional differential equation by using the concept of conformable differentiability. This concept is based on
the enlargement of the class of differentiable fuzzy mappings; for this, we consider the lateral Hukuhara derivatives of

order g € (0,1].

1. Introduction

Fractional calculus is generalization of differentiation and in-
tegration to an arbitrary order. The derivative for fuzzy-valued
mappings was developed by [1] that generalized and extended
the concept of Hukuhara differentiability (H-derivative) for set-
valued mappings to the class of fuzzy mappings. Subsequently,
using the H-derivative [2, 3] started to develop a theory for FDE.
The concept of the fuzzy fractional derivative was introduced by
[4] and developed by [5-11], but these researchers tried to put a
definition of a fuzzy fractional derivative. Most of them used an
integral from the fuzzy fractional derivative, two of which are
the most popular ones, Riemann-Liouville definition and
Caputo definition [12-14]. All definitions above satisty the
property that the fuzzy fractional derivative is linear. This is the
only property inherited from the first fuzzy derivative by all of
the definitions. However, the following are some of the setbacks
of the other definitions [15]. The fuzzy conformable derivative
may facilitate some computations:

(i) It satisfies all concepts and rules of an ordinary
derivative such as quotient, product, and chain rules
while the other fractional definitions fail to meet
these rules

(ii) It can be extended to solve exactly and numerically
fractional differential equations and systems easily
and efficiently

And it was introduced and developed in [16, 17]. The
objective of this study is to present some results for fuzzy
conformable differentiability and fuzzy fractional integra-
bility of such functions; we study the fuzzy fractional dif-
ferential equations (FFDEs) by using this derivative and give
an existence and uniqueness theorem for a solution of
FFDEs.

2. Preliminaries

Let us denote by Ry = {u: R — [0, 1]} the class of fuzzy
subsets of the real axis satisfying the following properties:

(i) u is normal, i.e, there exists x, € R such that
u(x,) =1

(ii) u is fuzzy convex, i.e, for x,y € R and 0<A<1,
u(Ax + (1 —=A1)y) =minfu(x),u(y)]. (1)

(iif) u is upper semicontinuous

(iv) [u]° = cl{x € Rlu(x) >0} is compact

Then, Ry is called the space of fuzzy numbers. Obvi-
ously, RcRg. For 0<a<l, denote [u]®={x¢cR|
u (x) = a}; then, from (i) to (iv), it follows that the a-level set
[u]* € P (R) for all 0<a <1 is a closed bounded interval
which is denoted by [u]® = [uf,uS]. By Py (R), we denote
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the family of all nonempty compact convex subsets of R and
define the addition and scalar multiplication in P (R) as
usual.

Theorem 1 (see [7]). If u € Ry, then
(i) [u]® € Px(R) forall 0<a<1
(ii) [u]™ c [u]™ forall 0<a; <a, <1

(iii) {ag} € [0,1] is a nondecreasing sequence which
converges to o, and then,

= () [ )

k>1

Conversely, if A, = {[u},uj];a € (0,1]} is a family of
closed real intervals verifying (i) and (ii), then {A,} defined a
fuzzy number u € Ry such that [u]* = A, for 0<a <1 and
[u]° = U geaciAq C Ay

Lemma 1 (see [18]). Letu,v: Ry — [0, 1] be the fuzzy sets.
Then, u = v if and only if [u]* = [v]* for all a € [0, 1].
The following arithmetic operations on fuzzy numbers
are well known and frequently used below. If u, v € Rg, then
[0+ 9] = [} + ], 5 + 3],
Aui, Aus ], ifA>0, (3)
Au]® = A [u]* = : X i]
[Auj, Auf], ifA<O.

Definition 1 (see [19, 20]). Let u,v € Rg. If there exists
w € Rg such as u = v + w, then w is called the H-difference
of u,v, and it is denoted as uev.

Definition 2 (see [21]). Let we denote

_ (1, t=0,
0={ 4)
0, t#0.

Define d: Rg x Rg; — R, U {0} by the equation
d(u,v) = sup dy([u]”, [v]%),

forallu,v € Ry, (5)
a€[0,1]

where d}; is the Hausdorff metric.
dy ([]", (V%) = max{[uf - v, [u3 - v3|}. (6)
It is well known that (Rg, d) is a complete metric space.
We list the following properties of d (u, v):
d(u+w,v+w) =d(u,v),
d(u,v) =d v, u),
d (ku, kv) =|k|d (u,v),
d(u,v)<d(u,w) +d(w,v),

(7)

for all u,v,w € Ry and A € R.
Let (Ay) be a sequence in Py (R) converging to A. Then,
theorem in [2] gives us an expression for the limit.
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Theorem 2 (see[2]). If d (A, A) — 0 as k — oo, then

A=) va, 8)

k>1 m>k

3. Fuzzy Conformable Fractional
Differentiability and Fuzzy
Fractional Integral

3.1. Fuzzy Conformable Fractional Differentiability. Now, we
present our new definition, which is the simplest and most
natural and efficient definition of fractional derivative of
order g € (0,1].

Definition 3 (see[17]). Let F: (0,a) — Rg be a fuzzy
function, and g™ order fuzzy conformable fractional de-
rivative of F is defined by

F(t+et'"7)oF (t)

3

T, (F)(®) = lim

(9)

1-
i F(t)oF(t - et ‘7))
e—0" &£

for all £>0,g € (0,1). Let F@ (t) stands for Tq(F)(t).
Hence,

F(t+et'"7)eF (t)

F92%) = li 1
e—>0*" £
(10)
_ F(t)eF(t—et'™)
= mm .
e—0* &

If F is g-differentiable in some (0, a) and lim,__,,. F @ ()
exists, then

F9(0) = lim, F9 ), (11)
and the limits (in the metric d).

Remark 1. From the definition, it directly follows that if F is
g-differentiable, then the multivalued mapping F, is
g-differentiable for all « € [0,1] and

T,F,=[F? )] (12)
where T_F, is denoted from the conformable fractional

derivative of F, of order g.

Theorem 3 (see[17]). Let F: (0,a) — Rg be g-differen-
tiable. Denote F, (t) = [f{(t), f5 (t)], « € [0, 1]. Then, f<(t)
and f(t) are g-differentiable and

[FO0] =[P 0. (D0 w] a3

Theorem 4. Let F: (0,a) — Rg is g-differentiable on
(0,a). If t|,t, € (0,a) with t, <t,, then there exists A € Rg
such that F(t,) = F(t;) + A.
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Proof. Foreachs € [t,,t,], there exists § (s) > 0 such that the
H-differences F(s+es'"1)oF(s) and F(s)oF (s —e&s'™9)
exist for all 0 <e < §(s). Then, we can find a finite sequence
t,=5<s,<---<s,=t, such that the family
{1, = (5;=8(s),5,+ 8(s))i=1,2,...,n} covers [t,,1,]
and I, NI, #@.Pickx; eI, NI ,i=12,...,n—1,such
that s; < x; <s;,,. Then,

F(si) = F(x;) + A; = F(s;) + Ay + Ay

(14)
=F(s;)+4;, i=12,...,n-1,

3
for some A, A,,1; € Rg. Hence,
n-1
F(t,) =F(t))+ Y A, =F(t,) + A (15)
i=1
O

Theorem 5. IfF: (0,a) — Rg; is g-differentiable, then it is
continuous.

Proof. Lett,t+t'""9¢ € (0,a) with £ > 0. Then, by properties
of equation (7) and the triangle inequality, we have

1-q
d(F(t+t"7%), F (1)) = d(F(t + t'"%€)eF (),0) <e d<(F(t i - S)GF(t)),F@ (t)> ve d(F(q) (1,0), (16)

where ¢ is so small that the H-difference F(t + t'~1¢e)oF (t)
exists. By the differentiability, the right-hand side goes to
zero as ¢ — 0%, and hence, F is right continuous. The left
continuity is proved similarly. O

Theorem 6. Let q € (0,1]. If F is differentiable and F is
g-differentiable, then

T,F(t)=t"F (). (17)

The proof is similar to the proof of Theorem 8 case (i) in
[17] and is omitted.

Theorem 7. Let q € (0,1], and if F,G: (0,a) — Rg are

Proof. Since F is g-differentiable, it follows that
F(t +et'"1)oF (t) exists, i.e., there exists u, (¢ ¢t!) such
that

F(t+£t1_q) =F(t) +u1(t, stl_q). (18)

Analogously, since G is g-differentiable, there exists
vy (£, et179) such that

G(t+et"™ ) =G() +v(t, et 9), (19)
and we get
F(t+et'™ )+ G(t+et'™ 1) = F(t) + G(t) + uy (t, et 7)

+ vl(t, stlfq),

q-differentiable and A € R, then (20)
T,(F+G)(t) =T, (F)+T,(G) and that is, the H-difference
T, (AF)(t) = AT, () (¢)
(F(t+et'™ )+ G(t+et'™1))o(F(t) + G(1) = uy(t, et ™) + v, (t, et 1), (21)
By similar reasoning, we get that there exist u, (¢, et!~9) We observe that
and vV, (t, stl_‘I) such that ul(t, Stl_q) MZ( ’ 1 q) “
F(t) = F(t—et'™ 1) + uy(t, et %), o Jim = fim —e = FE), 0s)
25
- _ol-a 1-q
G(t) = G(t et )+v2(t,£t ), vl(t, et q) Vz( et! q) “
lim = lim =G'?(¢).
and so e—0" < Pasav
(F(t) + G(t)) = (F(t . gtl_q) i G(t _ gtl_q)) Finally, by multiplying (21) and (24) with 1/¢ and passing
- g (23)  to limit with lim,_ ., we get that F + G is g-differentiable
+ ”2(t>£t ) + Vz(t’ et )’ and Tq (F+G)(t) = TqF(t) + TqG(t). The case (ii) is similar
to th i . O
that is, the H-difference 0 T previots one
1- 1-
(F(£) + G(t))e(F(t —et q) + G(t —et q)) (24) 3.2. Fuzzy Fractional Integral. Let g€ (0,1] and

= uz(t, etlfq) + vz(t, stlfq).

F: (0,a) — Rg be such that [F(t)]* = [f{(¢), f5(t)] for
all t € (0,a) and a € [0,1]. Suppose that
4 f5 e C((0,a),R)NL ((0,a), R) for all « € [0, 1] and let



Aa::[JO leCEq (x)dx,J J:Eq (x)dx], te (0,a). (26)

0x

Lemma 2. The family {A,; « € [0,1]}, given by equation
(26), defined a fuzzy number F € Ry such that [F]* = A,.

Proof. For a < f3, we have ¢ (x) sff(x) and 9 (x) ng (x).
It follows A,2A;. Since FI(x) < f1"(x) < f1(x), we have
|xq_1f:.x" (x)| < max{aq_1|f? (x)|,aq_1|fi1 (x)|}==g,» (x),
(27)

for a, € [0,1] and i = 1,2. Obviously, g; is integrable on
(0,a). Therefore, if a,Ta, then by Lebesque’s dominated
convergence theorem, we have

t f{"n t f‘-x
lim J I o= | I oan -2 09)
n—co J o x4 0x!™

From Theorem 1, the proof is complete. O

Definition 4. Let F € C((0,a),Rg)NL'((0,a),Rs) define
the fuzzy fractional integral for g € (0, 1],

_ tF
1,(F) (&) = 1(7'F) (1) = Joﬁ (x)dx, (29)
by

o

o q,l o ¢ F
[1,(H)®)]" = [1(t7"F)(1)] =[Joxl_q(x)dx]

- [joxfgq (), | f2 (x)dx],

0x

(30)

where the integral ff) (f%/x'79) (x)dx fori = 1,2 is the usual
Riemann improper integral. Also, the following properties
are obvious.

Lemma 3. Let g € (0,1] and F,G: (0,a) — Rg be frac-
tional integrable and A € R. Then,

(i) IAF (t) = AL F (1)

(i) I,(F + G) (t) = I,F (t) + [,G(t)

Proof. The proof is similar to the proof of Theorem 4.3 cases

(i) and (ii) in [2] and is omitted. O

Theorem 8. T, (F)(t) = F(t), for t >0, where F is any
continuous function in the domain of I,

Proof. Since F is continuous, then I q(F)(t) is clearly
g-difterentiable because

I,(F)(t) = I(tq_lF) (1), (31)

and t7"1F (t) is continuous for all t € (0,a); then, by The-
orem 5.6 in [2] and Theorem 6, the fractional integral is
g-differentiable. Hence,
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(7,1, (B 0] = t“’I%Iq(P)(t)]

= —tl—qi Jt f?(x)d ’tl—qi Jt fr(x) dx]

X
dt 0 xliq dt 0 xlfq

tl—q > tl—q

'tl_qfi‘(t) g-af3 (t)]

=[F(1)]"

(Gg)

Theorem 9. Let g € (0, 1] and F be g-differentiable in (0, a),
and assume that the conformable derivative F'? is integrable
over (0,a). Then, for each s € (0,a), we have

F(s)=F(0)+I,F. (33)

Proof. Let q € (0,1] and « € [0, 1] be fixed. We shall prove
that

Fo(s) = F, (0) + I,F\?, (34)

where F,iq) is the Hukuhara conformable fractional deriv-
ative of F_; then, using Theorems 3 and 6 gives us the
following equation.

Fo(s) = F,(0) + I,F?

(35)
= F,(0) + I(t'"F,).
By equation (29), we have
F,(s) = F, (0) + I(t'F,)
s (36)
=F_(0)+ J 7 (£79F,).
0
So,
F,(s) = F,(0) + J E., (37)
0

where F, is the Hukuhara derivative of F; equation (37) is
also true for a fuzzy mapping F: (0,a) — Rg. The equality
(34) now follows Theorem 5.7 in [2]. O

4. Fuzzy Comformable Fractional
Differential Equations

We study the fuzzy initial value problem

Tx(t)=F(t,x(t), qe€(0,1],
(38)
x(0) = x,,

where F: (0,a) xRy — Rg is the continuous fuzzy
mapping, and x, is the fuzzy number. From Theorems 5, 8,
and 9, it immediately follows.
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Theorem 10. A mapping x: (0,a) — Ry is a solution to
problem (38) if and only if it is continuous and satisfies the
integral equation:

x(t) =x,+ IqF(t,x(t)), (39)

for all t € (0,a) and q € (0,1].

Theorem 11. Let F: (0,a) x Rg — Ry be continuous,
and assume that there exists k>0 such that

d(F(t,x),F(t,y)) <k d(x, y), (40)

forallt € (0,a),x,y € Rg. Then, problem (38) has a unique
solution on (0,a).

Proof. If in problem (38) we consider the conformable
derivative x@ for all q € (0,1] Theorem 3, then from
Theorem 6.1 in [2] and using Definition 4 and Lemma
1, (0, a) we can prove that there exists an unique solution on
(0,a), and the proof is now complete. O

Remark 2. In [15], it is observed that if we fuzzify the
equivalent ordinary differential equation x(? + x = 0, then
we will get fuzzy differential equations (the equation was
fuzzified by adding a forcing term o (¢) in the right-hand
side). That is, if we consider fuzzy differential equation x @ +
x = o(t) with the same initial condition x(t,) = x,, we get
the result.
Consider the following linear fractional equation:

D) +x(t)=0(t), qe (0,1]andt € (0,a), (41)
where 0 € C((0,a) x Rg). Denote [x(£)]% = [x{ (£), x5 ()],
[x0]* = [x51> ¥g2 > and [0 ()]* = [07 (1), 05 (£)].

Theorem 12. Equation (41) has a unique solution in (0, a),
and for given initial x, € Rg;, it is given by

t
x(t) = xoe_(ﬂ/q) + J sTlo(s)e"""ds,  te (0,a),
0

= xy€ (t79) 4 o~ (tq/q)lq(a(t)e(tq/q)), t € (0,a).

(42)
Proof. Equation (41) can be written, levelwise, as
ay (q) ay (q) o «
x1) (1), (x3) () |+ [x) (8), x5 ()
D70 0] o
=[o] (1), 05(1)], te (0,a),
for every a € [0, 1], so that
ay (q) a a
X t) +x, (t) =0, (),
(x7) ™ () + x7 (1) = o7 (1) (44)

(x5) D (#) + x5 (1) = 05 (1),

Thus, for t € (0,a),

5
ag)\ @ q
xfet /q)> (1) = of (1) 19,
@ (45)
(5@ D)™ (1 = o5 (e,
and, therefore, it can be deduced that
t
x| (f) = xgle_(tq/q) + J s17 6% (5)e g,
; (46)
x5 (1) = xgze_(ﬂ/q) + I s 168 (s)e g,
0
This proves that, for a € [0, 1],
[x(t)]a _ [xo](xe—(tq/q)
t o (47)
+ J s o (9)]%"™ds,  t € (0,a).
0
So,
[x(£)]* = [xo]txe—(t‘f/q)
(48)
+e*(f‘“‘1)1q<[o(t)]“e(”/q)), t e (0,a).
O

5. Conclusion

In this study, for developing and proving some results for
fuzzy conformable differentiability and fuzzy fractional in-
tegrability of such functions, we provided existence and
uniqueness solutions to fuzzy fractional problems for order
q € (0,1] FFDEs, which is interpreted by using the gener-
alized conformable fractional derivatives concept.

For future research, we will solve the fractional fuzzy
conformable partial differential equations [22, 23] and a class
of linear differential dynamical systems [24] by using the
proposed method.
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