
Research Article
Structural Stability Analysis in a Dynamic IS-LM-AS
Macroeconomic Model with Inflation Expectations

Ciro Eduardo Bazán Navarro 1 and Renato Mario Benazic Tomé 2
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In this article, we carry out the structural analysis of an IS-LM-AS macroeconomic model with adaptive in�ation expectations,
exploring the presence of a possible local bifurcation. We prove that the model is structurally unstable when the speed with which
economic agents adjust their expectations about future in�ation is equal to the inverse of the semi-elasticity of real money demand
with respect to the nominal interest rate since the periodic solutions are lost when the adaptive expectations parameter su�er any
small change, ceteris paribus. Additionally, the phase portraits of the instantaneous rate of change of the real interest rate, the
in�ation rate, and the instantaneous rate of change of the in�ation rate are numerically simulated in R3 with MATLAB for three
asymptotically and locally stable cases and for the degenerate Hopf bifurcation. Finally, our results show that, speci�cally, in the
case of pure conjugate complex eigenvalues, the economy could enter periods of an in�ationary/de�ationary spiral when the
adaptive expectations parameter is of greater magnitude to the inverse of the semi-elasticity of real money demand balances with
respect to the nominal interest rate, regardless of its initial state.

1. Introduction

e purpose of this study is carried out the structural
analysis of an IS-LM-AS macroeconomic model with
adaptive in�ation expectations, exploring the presence of a
possible local bifurcation. e �rst contribution of this re-
search lies in the extension of the qualitative analysis of the
IS-LM-AS model developed by de La Fuente [1], Gaspar [2],
and Shone [3, 4] from the two-dimensional phase space to
three-dimensional phase space. e second contribution of
this paper consists in analytically and numerically solving
the theoretical model developed by Szomolányi et al. [5] for a
speci�c case of the IS-LM-AS macroeconomic model with
future in�ation expectations. To this end, by adopting
speci�c functional forms for money and goods and services
demands, analytical solutions are obtained and the stability
analysis of the model is performed. We prove that the model
is structurally unstable (presenting a degenerate Hopf

bifurcation) when the speed with which economic agents
adjust their expectations about future in�ation (β) is equal to
the inverse of the semi-elasticity of real money demand with
respect to the nominal interest rate (h) since the periodic
solutions are lost when the adaptive expectations parameter
su�er any small change, ceteris paribus. We want to em-
phasize that the Hopf bifurcation obtained is “non-generic”
or “degenerate,” in the sense that the periodic solution only
appears when β� 1/h. Indeed, if β< 1/h, all solutions tend to
the stationary point when t⟶∞ (the stationary point is
asymptotically stable), while if β> 1/h, the stationary point is
unstable, more speci�cally it is a saddle. is distinguishes it
from the generic case where from a certain value of the
parameter a periodic solution appears, and it does not
disappear for values higher or lower than it.

Additionally, the phase portraits of the instantaneous
rate of change of the real interest rate, the in�ation rate, and
the instantaneous rate of change of the in�ation rate are
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numerically simulated in R3 with MATLAB for three as-
ymptotically and locally stable cases and for the degenerate
Hopf bifurcation. Finally, our results show that, specifically,
in the case of pure conjugate complex eigenvalues, the
economy could enter periods of an inflationary/deflationary
spiral when the adaptive expectations parameter is of greater
magnitude to the inverse of the semi-elasticity of real money
demand balances with respect to the nominal interest rate,
regardless of its initial state.

2. Material and Methods

In the literature, there are several versions of models based
on IS curve, LM curve, and Phillips curve (PC) structures
augmented by inflationary expectations or an aggregate
supply (AS) function (i.e., IS-LM-PC [AS]) in which the
dynamics of said models is incorporated through different
assumptions on the adjustment mechanism of expectations,
money supply, prices, and potential GDP, among others, and
that allow the analysis of the fluctuations of the main
macroeconomic variables by means of the quantitative and
qualitative tools of ordinary differential equation (ODE)
systems or through systems of difference equations. Some of
these versions are presented in textbooks [1, 3, 4, 6–9] and
others in working papers or scientific articles [2, 5, 10, 11].
(Nozaki (see [11]) performed both theoretical and com-
putational analyses of policy implications of the Kaldor–
Phillips business cycle using a nonlinear dynamic IS-LM-PC
model along with the Hopf bifurcation theorem in R3.
Additionally, Nozaki supplemented the research with the-
oretical analysis and numerical simulations of a nonlinear
dynamic IS-LMmodel with international trade between two
countries in R4.)

de La Fuente [1] and Shone [3, 4] developed the qual-
itative and numerical analysis of a dynamic IS-LM-PC
model with adaptive expectations. +e qualitative analysis
developed by these authors is based on a system of ODEs in
R2. However, de La Fuente (see [1]) used the real money
supply and expected inflation in the qualitative analysis of
his model (Altăr [10] analyzed the stability of an IS-LM-AS
dynamic model similar to de La Fuente [1] but in discrete
time), while Shone (see [3, 4]) used expected inflation and
real GDP. In [5], Szomolányi et al. performed a theoretical
analysis of an IS-LM-AS model augmented by expectations,
finding conditions for its stability and reporting the possi-
bility of cyclical movements of economic aggregates. Like-
wise, using generic functional forms and modifying their
base assumptions, they are able to analyze different eco-
nomic schools, although they do not carry out a numerical
analysis. Gaspar (see [2]), based on the work of Shone [see
[4], analyzed economic fluctuations in real GDP and ex-
pected inflation with a continuous version of a dynamic
linear AS-AD (some discrete and stochastic versions of a
dynamic AS-AD model are found in the work of Alpanda
et al. [12], Buttet and Roy [13], Lizarazu [14], and Mankiw
[15]) model in R2, where the AD is obtained from an IS-LM
model and the AS (a Lucas-type function) is obtained from a
Phillips curve augmented by inflation expectations (PC),
finding a “degenerate” Hopf bifurcation when the value of

the real money demand sensitivity to changes in the nominal
interest rate parameter equals the inverse of the value of the
expectations parameter.

In this document, adopting assumptions very similar to
those assumed by de La Fuente [1], Gaspar [2], and Shone
[3, 4], we extend the qualitative analysis developed by these
authors in R2 to the three-dimensional phase space. In
addition, based on the theoretical model developed by
Szomolányi et al. [5], the present paper aims to theoretically
and numerically analyze a specific case of the IS-LM-AS
macroeconomic model with expectations regarding future
inflation.

In concrete, in this article, we examine the possible
qualitative changes in the dynamic nature of the model’s
phase paths in the neighborhood of its equilibrium point as a
consequence of variation in any of its parameters to study
the possibility of the presence of a local bifurcation. For this
purpose, specific functional forms are adopted for both the
demand function for goods and services and the demand
function for money. Moreover, for the specific case devel-
oped in this article, we assume that the time paths of prices,
“P,” and expected inflation, “πe” (and therefore of real
money balances, M/P) are predetermined variables
(according to de La Fuente [1], it is assumed that the paths of
prices and expected inflation are continuous and, therefore,
do not present sudden peaks; in other words, it is assumed
that these variables adjust slowly to any changing circum-
stances), and under a scheme of adaptive expectations about
future inflation, the structural stability analysis of the model
is carried out in a different but equivalent manner than the
analysis performed by Szomolányi et al. [5].

+e analytical solutions of the endogenous variables of
the model in R3 are obtained for three dynamically and
asymptotically stable cases: (i) three different real eigen-
values, (ii) three repeated real eigenvalues, and (iii) one real
eigenvalue and two complex-conjugate eigenvalues. Fur-
thermore, using simple programming codes in MATLAB,
the phase portraits of the EDOS system governing the dy-
namics of the modeled economy are obtained through
numerical simulations for the three cases analyzed herein,
both in R2 and R3.

Finally, equal to the results reported by Gaspar [2], when
the adaptive expectations parameter (the speed with which
economic agents adjust their expectations about future in-
flation) is equal to the inverse of the semi-elasticity of real
money demand with respect to the nominal interest rate, the
model presents a degenerate Hopf bifurcation in which pe-
riodic solutions are obtained and in which the passage from a
stable to an unstable spiral occurs, as the real part of the
complex-conjugate eigenvalues changes signs (from negative
to positive). However, the linearity of the system of ordinary
differential equations (ODEs) governing the dynamics of our
model prevents the occurrence of limit cycles (+ere are
dynamic models in the business cycle literature, which use the
Poincaré–Bendixson theorem as an analytical tool to verify
the existence of limit cycles (Chang and Smyth [16]; Dana &
Malgrange [17]; Schinasi [18]; Semmler [19]). However, this
theorem cannot be applied to three-dimensional or higher
order dynamical systems, but in the literature also, there are
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several papers that have used the Hopf bifurcation theorem
(Poincaré–Andronov–Hopf theorem) to verify the existence
of business cycles in nonlinear dynamic models [11, 20–30]).

In Section 2, the model is presented and analyzed, using
both quantitative (finding explicit solutions for each case
studied) and qualitative (including the detection of local
bifurcations) standard approaches in the ODE system lit-
erature. +e results of numerical simulations are presented
for the three asymptotically and locally stable cases and for
the degenerate Hopf bifurcation. In Section 3, the results of
our theoretical and numerical analysis are briefly discussed.
Finally, some conclusions are outlined in Section 4.

2.1. Static Version of theModel. +is section briefly describes
the static version of the IS-LM Keynesian model in a closed
economy, which integrates the markets for goods and ser-
vices and money. +e equilibrium in the market for goods
and services is given by

Y � D(Y, r), (1)

where Y is the real GDP (income), r is the real interest rate,
D is the goods and services demand, DY > 0, and Dr < 0.

+e money market equilibrium is given by
M

P
� L(Y, i), (2)

where M is the nominal money supply, P represents the
price index of goods and services, i is the nominal interest
rate, L is the nominal money demand, LY > 0, and Li < 0.

+e static simultaneous equilibrium in the money and
goods and services markets is given by

M

P
� L(Y, i),

Y � D(Y, r).

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(3)

In logarithms, the previous equilibrium can be expressed
by

m − p � ℓ(y, i), (4)

y � d(y, r), (5)

where ℓ � ln L, d � lnD,y � lnY, m �

lnM,p � lnP, ℓy > 0, ℓi < 0, dy > 0, and dr < 0.
+e Lucas aggregate supply is given by the following

equation:

y � y
p

+
1
α

  π − πe
( , α> 0, (6)

where π is the inflation rate, πe is the expected inflation rate,
yp potential GDP in logarithms, and α is the sensitivity
parameter of the inflation rate to changes in the output gap.

+e Phillips curve is obtained from (6),

π � πe
+ α y − y

p
( . (7)

+is equation tells us that if aggregate demand is very
high at any moment and it causes the economy to operate at
a higher capacity than the potential GDP, prices would rise
faster than expected. Furthermore, (7) evidences that real
GDP is at its potential level when real inflation π is equal to
expected inflation, πe. Likewise, the above equation tells us
that the GDP will be above its potential value as long as
inflation π exceeds expected inflation πe.

According to Altăr (see [10]) and Szomolányi et al. (see
[5]), we assume the following equation:

D(Y, r) � ΨY
c
e

− gr
,Ψ> 0, 1> c> 0, g> 0,

L(Y, i) � Y
ε
e

− hi
, ε> 0, h> 0.

⎧⎨

⎩ (8)

Taking logarithms in the previous expressions, we ob-
tained the following equations:

d(y, r) � ψ + cy − gr,

l(y, i) � εy − hi,
 (9)

where c is the partial elasticity of the demand D (Y, r) with
respect to real production, g is the semi-elasticity of the
demand D (Y, r) with respect to the real interest rate, ε is the
elasticity of real money demand with respect to income (real
GDP), h is the semi-elasticity of the demand for real money
with respect to the nominal interest rate, and ψ � lnΨ.

Substituting the previous equations in (4) and (5), we
obtained the IS and the LM in logarithms, respectively,

y � δ − θr, (10)

m − p � εy − hi, (11)

where δ � ψ/(1 − c)> 0, θ � g/(1 − c)> 0, andyr � − θ< 0.

Now, taking into consideration the nominal interest rate
is the sum of the real interest rate and the expected inflation,
we have

i � r + πe
. (12)

2.2. Dynamic Version of the Model. In order to incorporate
the dynamics in the static version of the model, we consider
the same assumptions adopted by Szomolányi et al. in [5]
about the evolution of the money supply, the dynamics of
prices, the formation of expectations, and the potential GDP.

First, we assume that the nominal money supply grows
by the constant rate m′ � (lnM)′ � M ′/M � μ. +at is,

m � m0 + μt, (13)

where m0 is a positive constant that represents the initial
value of the real money supply and t is the continuous time
(from now on, we use the notation f ′ � df/dt).
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Second, the inflation rate (the instantaneous rate of
change of p � lnP or equivalently the instantaneous growth
rate of price index P) is given by

π � p′ � (lnP)′ �
P′
P

. (14)

Likewise, the adaptive expectations about the future
inflation are given by

πe
( ′ � β π − πe

( , (15)

where β is the adaptive expectations parameter (β> 0 since
future inflation expectations are adjusted in such a way that
economic agents’ inflation forecasts are corrected at each t
instant proportional to the forecast error that has beenmade).

We assume that the potential GDP grows by the constant
rate (yp)′ � (lnYp)′ � (Yp)′/Yp � n. +at is,

y
p

� y
p
0 + nt, (16)

where the term y
p
0 is the constant initial value of the po-

tential GDP meantime and t is the continuous time.
Now, with the objective of obtained two autonomous

ordinary differential equations of second order that involves
the variables π and r, we will proceed of the next form. From
(7) and (15), we obtain the following equation:

πe
( ′ � αβ y − y

p
( . (17)

Taking the first derivate with respect to time from (7)
results in the following equation:

πe
( ′ � π′ − α y′ − y

p
( ′ . (18)

Substituting the previous expression in (17), we obtain
the following equation:

π′ � αβ y − y
p

(  + α y′ − y
p

( ′ . (19)

Taking the first derivate respect to time from the pre-
vious expression results in the following equation:

π ″ � αβ y′ − y
p

( ′  + α y ″ − y
p

( ″ . (20)

Considering (10) and (16) in the previous equation, we
get the first ordinary differential equation from our model,

π″ + αθr″ + αβθr′ � − αβn. (21)

On the other hand, from (11) and (12), we obtain

m − p � εy − h r + πe
( . (22)

Extracting the first derivate with respect to the time from
the previous equation, we get the following expression:

m′ − p′ � εy′ − h r′ + πe
( ′ . (23)

Using (10), (13), and (14) in the previous equation results
in the following equation:

h πe
( ′ � π − μ − (h + εθ)r′. (24)

From (6), (17), and (24), we obtain the following
equation:

− (1 − hβ)π +(h + εθ)r′ � − μ + hβπe
. (25)

Taking the first derivate respect to time from (25) results
in the following equation:

− (1 − hβ)π′ +(h + εθ)r″ � hβ πe
( ′. (26)

Finally, from (24), we obtain the second ordinary dif-
ferential equation from our model,

(1 − hβ)π′ − (h + εθ)r″ − β(h + εθ)r′ + βπ � βμ. (27)

Hence, (21) and (27) conform an autonomous and linear
second order ordinary differential equation system with
constant coefficients,

π″ + αθr″ + αβθr′ � − αβn,

(1 − hβ)π′ − (h + εθ)r″ − β(h + εθ)r′ + βπ � βμ.

⎧⎨

⎩ (28)

2.3. Explicit Solutions. With the aim to extend the qualitative
and numerical analysis of the model to the three-dimen-
sional phase space, we will transform the system (28) into a
first order system by mean the next transformation of
variables,

x1 � π, x2 � π′, x3 � r′. (29)

From these three variables, we obtain the following ODE
system:

x1′ � x2,

x2′ �
− αβθ
h + εθ

x1 −
αθ(1 − hβ)

h + εθ
x2 +

αβ[μθ − n(h + εθ)]

h + εθ
,

x3′ �
β

h + εθ
x1 +

1 − hβ
h + εθ

x2 − βx3 −
βμ

h + εθ
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(30)

Note that in these new coordinates, x1 represents in-
flation, x2 is the rate of change of inflation with respect to
time, and x3 is the rate of change of the real interest rate with
respect to time.

Writing the above system in matrix form, we arrive at
a linear equation with constant coefficients and a non-
homogeneous term, also constant,

x′ � Ax + b, (31)
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where

A �

0 1 0

− αβθ
h + εθ

−
αθ(1 − hβ)

h + εθ
0

β
h + εθ

1 − hβ
h + εθ

− β

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

x �

x1

x2

x3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

b �

0

αβ[μθ − n(h + εθ)]

h + εθ

−
βμ

h + εθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(32)

Remember that the parameters of the system are α and β,
and all the other constants are positive, as follows:

det(A) � −
αβ2θ

h + εθ
≠ 0. (33)

Hence, A is invertible, and then, a particular solution
(steady state/equilibrium “E”) of the inhomogeneous system
is given as follows:

E � − A
− 1

b �

μ −
n(h + εθ)

θ

0

−
n

θ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

πE

π′( 
E

r′( 
E

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (34)

+us, the dynamic behavior of the associated homoge-
neous system,

x′ � Ax, (35)

depends on the eigenvalues of A; therefore, we have to study
its characteristic polynomial as follows:

PA(λ) � det(A − λI) � det

− λ 1 0

− αβθ
h + εθ

−
αθ(1 − hβ)

h + εθ
− λ 0

β
h + εθ

1 − hβ
h + εθ

− β − λ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� −
1

h + εθ
(λ + β) (h + εθ)λ2 + αθ(1 − hβ)λ + αβθ .

(36)

+e goal is to look for conditions on parameters α and β
such that the solutions (time paths) of the system converge
to the steady state E � − A− 1b, but, as we know, this is
achieved when the eigenvalues of A have a real part of less
than zero. From (36), we observe that λ � − β< 0 is an ei-
genvalue of A, and then it would be sufficient to concentrate
on the roots of the quadratic polynomial,

(h + εθ)λ2 + αθ(1 − hβ)λ + αβθ. (37)

Note that (37) is a polynomial of type aλ2 + bλ + c with
coefficients a, c> 0, and as it is easy to verify, a necessary and
sufficient condition for this type of polynomial to have its
two roots with a negative real part is b> 0. +us, (37) has its
two roots with a negative real part if and only if 1 − hβ> 0 if
and only if β< 1/h.

Moreover, using the quadratic formula, the two roots of
(37) are given by

λ � −
αθ(1 − hβ)

2(h + εθ)
±

��
Δ

√

2(h + εθ)
, (38)

where Δ � αθ[αθ(1 − hβ)2 − 4β(h + εθ)].

From the above, we infer that those three cases are
possible.

Case 1 (Δ � 0): if β< 1/h and α � 4β(h + εθ)/[θ(1 − h

β)2], then A has three real eigenvalues, all of which are
negative and two are repeated.
Case 2 (Δ> 0): if β< 1/h and α> 4β(h + εθ)/[θ(1 − hβ
)2], then A has three real eigenvalues, all of which are
negative and different.
Case 3 (Δ< 0): if β< 1/h and α< 4β(h + εθ)/[θ(1 − h

β)2], then A has one negative real eigenvalue and two
conjugate complex eigenvalues with a negative real
part.

To make a quantitative analysis of the system, we have
constructed explicit solutions for each case:

Case 1 (Δ � 0): the eigenvalues are as follows:

λ1 � − β and λ2 � −
2β

1 − hβ
(multiplicity 2). (39)

To find the explicit solutions, we will use Jordan’s
canonical form method for eigenvalues with multi-
plicity greater than 1 (see Benazic [31] for details). In
this case, we have the following:

R
3

� Ker A − λ1I( ⊕Ker A − λ2I( 
2

 . (40)

As for the first eigenvalue λ1 � − β, since multiplicity is
1, the following must be considered:

V1 �

0

0

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ∈ Ker A − λ1I( . (41)
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As

A �

0 1 0

− αβθ
h + εθ

−
αθ(1 − hβ)

h + εθ
0

β
h + εθ

1 − hβ
h + εθ

− β

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

A − λ2I � −

2β
1 − hβ

1 0

4β2

(1 − hβ)
2 −

2β
1 − hβ

0

β
h + εθ

1 − hβ
h + εθ

β(1 + hβ)

1 − hβ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(42)

and

A − λ2I( 
2

�

0 0 0

0 0 0

−
β2

h + εθ
hβ2

h + εθ
β2(1 + hβ)

2

(1 − hβ)
2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (43)

it follows that

Ker A − λ2I( 
2

  � x1, x2, x3(  ∈ R3
; −

1
h + εθ

x1 +
h

h + εθ
x2 +

(1 + hβ)
2

(1 − hβ)
2x3 � 0 

� x1, x2, x3(  ∈ R3
; x3 �

(1 − hβ)
2

(h + εθ)(1 + hβ)
2 x1 − hx2(  .

(44)

According to the primary decomposition theorem, the
constraint (A − λ2I)|Ker((A—λ2I)

2) must be nilpotent.
+en, with x � (x1, x2, x3) ∈ Ker((A − λ2I)2), we
obtain

A − λ2I( x � −

2β
1 − hβ

1 0

4β2

(1 − hβ)
2 −

2β
1 − hβ

0

β
h + εθ

1 − hβ
h + εθ

β(1 + hβ)

1 − hβ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x1

x2

(1 − hβ)
2

(h + εθ)(1 + hβ)
2 x1 − hx2( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

2β
1 − hβ

x1 + x2

−
4β2

(1 − hβ)
2x1 −

2β
1 − hβ

x2

2β
(1 + hβ)(h + εθ)

x1 +
1 − hβ

(1 + hβ)(h + εθ)
x2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(45)
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Because (A − λ2I) x≠ 0,∀x ∈ Ker((A − λ2I)2), we
conclude that matrix A − λ2I has nilpotency order 2,
and in accordance with the theorem of the
canonical form of nilpotent matrices, we must
consider x ∈ Ker((A − λ2I)2) so that (A − λ2I)x≠ 0.

We must consider the following:

x �

(h + εθ)(1 + hβ)

2β

0

(1 − hβ)
2

2β(1 + hβ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Ker A − λ2I( 
2

 ,

A − λ2I( x �

(h + εθ)(1 + hβ)

1 − hβ

− 2β(h + εθ)(1 + hβ)

(1 − hβ)
2

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(46)

As usual, we note

V2 � A − λ2I( x,

V3 � x.
(47)

It follows that the canonical form of Jordan for A is
given by

2β
hβ − 1

0 0

0
2β

hβ − 1
0

0 0 − β

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (48)

+en, A is not diagonalizable.
+e solution of the inhomogeneous problem is as
follows:

π

π′

r′

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� k1e

λ1t
V1 + k2e

λ2t
tV2 + V3(  + k3e

λ2t
V2 +

μ −
n(h + εθ)

θ

0

−
n

θ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (49)

or, equally

π � (h + εθ)(1 + hβ) k2
t

1 − hβ
+

1
2β

  +
k3

1 − hβ
 e

(2β/(hβ− 1))t
+
θμ − n(h + εθ)

θ
,

π′ � −
2β(h + εθ)(1 + hβ)

(1 − hβ)
2 k2t + k3( e

(2β/(hβ− 1))t
,

r′ � k1e
− βt

+ k2
(1 − hβ)

2

2β(1 + hβ)
+ t  + k3 e

(2β/(hβ− 1))t
−

n

θ
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(50)

where k1, k2, and k3 are real arbitrary constants.
Moreover, by integrating the last equation, we can
obtain the following real interest rate (where k4 is a real
arbitrary constant):

r � k4 −
k1

β
e

− βt
−

n

θ
t −

(1 − hβ)

2β

· k2
(1 − hβ)

2

2β(1 + hβ)
+
1 − β(h − 2t)

2β
  + k3 e

(2β/(hβ− 1))t
.

(51)
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Case 2 (Δ> 0): the eigenvalues are as follows:

λ1 � − β,

λ2 �
− αθ(1 − hβ) +

��
Δ

√

2(h + εθ)
,

λ3 �
− αθ(1 − hβ) −

��
Δ

√

2(h + εθ)
.

(52)

We have the following decomposition of R3 in direct
sum:

R
3

� Ker A − λ1I( ⊕Ker A − λ2I( ⊕Ker A − λ3I( . (53)

A simple calculation shows

Ker A − λ1I( (  � x1, x2, x3(  ∈ R3
; x1 � x2 � 0 ,

Ker A − λiI( (  � x1, x2, x3(  ∈ R3
; x2 � λix1, x3 �

β + (1 − hβ)λi

(h + εθ) β + λi( 
x1 (i � 2, 3).

(54)

It follows that

V1 �

0

0

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Ker A − λ1I(  takex3 � 1( ,

V2 �

2(h + εθ) + αhθ(1 − hβ) + h
��
Δ

√

2

��
Δ

√
− αθ(1 + hβ)

2

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Ker A − λ2I(  takex1 � (h + εθ) 1 − hλ3( ( ,

V3 �

2(h + εθ) + αhθ(1 − hβ) − h
��
Δ

√

2

−
��
Δ

√
− αθ(1 + hβ)

2

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Ker A − λ3I(  takex1 � (h + εθ) 1 − hλ2( ( .

(55)

It follows that matrix A is diagonalizable and

π

π′

r′

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� k1e

λ1t
V1 + k2e

λ2t
V2 + k3e

λ3t
V3 +

μ −
n(h + εθ)

θ

0

−
n

θ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (56)

8 International Journal of Differential Equations



or, equally

π � k2
2(h + εθ) + αhθ(1 − hβ) + h

��
Δ

√

2
 e

λ2t
+ k3

2(h + εθ) + +αhθ(1 − hβ) − h
��
Δ

√

2
 e

λ3t
+
θμ − n(h + εθ)

θ
,

π′ � k2

��
Δ

√
− αθ(1 + hβ)

2
 e

λ2t
+ k3

−
��
Δ

√
− αθ(1 + hβ)

2
 e

λ3t
,

r′ � k1e
− βt

+ k2e
λ2t

+ k3e
λ3t

−
n

θ
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(57)

where k1, k2, and k3 are arbitrary real constants. With a
simple integration, we obtain the following real interest
rate (where k4 is a real arbitrary constant):

r � −
k1

β
e

− βt
+

k2

λ2
e
λ2t

+
k3

λ3
e
λ3t

−
n

θ
t + k4. (58)

Case 3 (Δ< 0): the eigenvalues are as follows:

λ1 � − β,

λ2 � c + σi,

λ3 � λ2 � c − σi,

(59)

where

c � −
αθ(1 − hβ)

2(h + εθ)
,

σ �

���
− Δ

√

2(h + εθ)
,

c
2

+ σ2 �
βαθ

h + εθ
.

(60)

We now have the following decomposition of R3 in
direct sum:

R
3

� Ker A − λ1I( ⊕Ker A − λ2I( . (61)

For eigenvalue λ1 � − β, we have

Ker A − λ1I( (  � x1, x2, x3(  ∈ R3
; x1 � x2 � 0 . (62)

Making calculations, we obtain the following equation:

Ker A − λ2I(  � x1, x2, x3(  ∈ C3
; x2 � λ2x1, x3 �

β(β + c) +(1 − hβ) c(β + c) + σ2  − σhβ2i

(β + c)
2

+ σ2 (h + εθ)
x1

⎧⎨

⎩

⎫⎬

⎭. (63)

+e above is a complex line. To establish its direction, we
can take x1 � h + εθ, and from here,

x2 � −
αθ(1 − hβ)

2
+ i

���
− Δ

√

2
,

x3 �
β(β + c) +(1 − hβ) c(β + c) + σ2  − σhβ2i

(β + c)
2

+ σ2
.

(64)

As with the other two cases, we can take the following
equation:

V1 �

0

0

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ∈ Ker A − λ1I( . (65)
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A real-valued basis of Ker(A − λ2I) is obtained by taking
the real and imaginary parts of the components of the
complex eigenvectors, that is to say,

V2 �

h + εθ

(h + εθ)c

β(β + c) + (1 − hβ) c(β + c) + σ2 

(β + c)
2

+ σ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

V3 �

0

σ(h + εθ)

− σhβ2

(β + c)
2

+ σ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(66)

It follows that Jordan’s canonical form of matrix A is as
follows:

− β 0 0

0 c σ

0 − σ c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (67)

+en, A is not diagonalizable. +e solution to the in-
homogeneous problem is as follows:

π

π′

r′

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
� k1e

− βt
V1 + k2e

ct
V2 cos(σt)(

− V3sen(σt) + k3e
ct

V2sen(σt) + V3 cos(σt)( 

+

μ −
n(h + εθ)

θ

0

−
n

θ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(68)

or, equally

x3

x2x1

Figure 3: Qualitative behavior of the solutions when β> 1/h.

Table 1: Parameter values and initial and equilibrium values of
model variables (Δ � 0).

Values
Parameters
ψ 1.1
g 3.99
c 0.12
δ � ψ/(1 − c) 1.25
θ � g/(1 − c) 4.534
ε 0.6
h 0.15
μ 0.05
β 0.21
α � 4β(h + εθ)/[θ(1 − hβ)2] 0.56694
n 0
y0p 1
Variables
π0 0.10334
r0 0.0607
π0′ 0.001326
r0′ − 0.001679
πE 0.05
rE 0.05513
(π′)E 0
yE 1.00004
YE 2.7183
(r′)E 0
(πe)E 0.04998

x3

x2
x1

Figure 1: Qualitative behavior of the solutions when β � 1/h.

x3

x2
x1

Figure 2: Qualitative behavior of the solutions when 0< β< 1/h.
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Table 3: Parameter values and initial and equilibrium values of the
model variables (Δ< 0).

Values
Parameters
ψ 1
g 0.288
c 0.03
δ 1.03092
θ 0.2969
ε 0.01
h 0.1
μ 0.05
α 0.9
β 9
n 0
yp0 1
Variables
π0 0.1
r0 0.20312
π0′ − 0.0017
r0′ − 1.1017
πE 0.05
rE 0.008
(π′)E 0
yE 1.00718
yE 2.7379
(r′)E 0
(πe)E 0.0435

Table 4: Parameter values and initial and equilibrium values of the
model variables (Δ � 0 and β � β0 � 10).

Values
Parameters
ψ 1
g 0.288
c 0.03
δ � ψ/(1 − c) 1.030928
θ � g/(1 − c) 0.29691
ε 0.01
h 0.1
μ 0.05
β � β0 � 1/h 10
α 0.9
n 0
yp0 1
Variables
π0 0.1
r0 0.1987
π0′ 0.0052
r0′ − 1.1071
πE 0.05
rE 0.09
(π′)E 0
yE 1.00421
yE 2.7297
(r′)E 0
(πe)E 0.0462

×10-3

×10-3

E

Phase Portrait: IS-LM-AS Model

I

2

1

0

-1

-2
0.04 0.05 0.06 0.07 0.08 0.09π

π′

r′

0.1 0.11
-8

-6
-4

-2
0

2

Figure 4: ree-dimensional phase portrait.

Table 2: Parameter values and initial and equilibrium values of the
model variables (Δ> 0).

Values
Parameters
ψ 1.1
g 3.99
c 0.12
δ 1.25
θ 4.534
ε 0.45
h 0.01
μ 0.04
α 0.7
β 0.25
n 0
yp0 1
Variables
π0 0.19987
r0 0.00345
π0′ − 0.0447
r0′ 0.027
πE 0.04
rE 0.05513
(π′)E 0
yE 1.00004
yE 2.71837
(r′)E 0
(πe)E 0.03998

Table 5: Initial values of the endogenous variables of the model
(Δ< 0 and β⋚β0 � 10).

β values β � 1 β � β0 � 10 β � 19
Start point Variables Values

I1
π0 0.5
π0′ 0.005245478
r0′ − 0.1

I2
π0 − 0.2
π0′ 0.005245478
r0′ 0.1
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π�(h+εθ)ect k2 cos(σt)+k3sen(σt)[ ]+
θμ − n(h+εθ)

θ
,

π′�(h+εθ)ect σk3+ck2( )cos(σt)+ ck3 − σk2( )sen(σt)[ ],

r′�k1e
− βt+ect[ϕcos(σt)+ωsen(σt)] −

n

θ
,




(69)

where k1, k2, and k3 are real arbitrary constants and where

ϕ �
β(β + c) +(1 − hβ) c(β + c) + σ2[ ][ ]k2 − σhβ2k3

(β + c)2 + σ2
,

ω �
β(β + c) +(1 − hβ) c(β + c) + σ2[ ][ ]k3 + σhβ2k2

(β + c)2 + σ2
.




(70)

Integrating the above, we obtain the real interest rate as
follows (where k4 is a real arbitrary constant):

r� −
k1
β
e− βt +

(ϕc − ωσ)cos(σt)+(ϕσ +ωc)sen(σt)
c2 +σ2

[ ]ect −
n

θ
t+k4.

(71)

Note that, from equation (11), in any of the three cases,
we can determine an explicit formula for expected in�ation,
and from (7), we can also obtain an explicit formula for
GDP.

2.4. Qualitative Analysis. Let us recall that parameter β
appears in equation (6) and gives us an idea of how future
in�ation expectations are corrected at each t instant pro-
portional to the error that has beenmade in the forecast.is
leads us to consider the following equation:

Aβ �

0 1 0

− αβθ
h + εθ

−
αθ(1 − hβ)
h + εθ

0

β
h + εθ

1 − hβ
h + εθ

− β





, (72)

as a family of matrices Aβ{ } indexed by parameter β> 0. We
are going to analyze the qualitative behavior of this family of
matrices as parameter β changes; for this, we need some
de�nitions and results that can be found in Benazic [31],
Lima [32], and Palis and de Mello [33].

We say that matrix A ∈ Rnxn is hyperbolic if and only if
all its eigenvalues have nonzero real part. We denote the set
of all hyperbolic matrices through Hip(Rn).erefore, every
hyperbolic matrix is invertible, but there exist invertible
matrices that are not hyperbolic.

If A ∈ Hip(Rn), we can de�ne its index i(A) as the
number of eigenvalues with negative real parts (counting
multiplicity).

e two matrices, A and B, are topologically conjugate
if and only if there exists a homeomorphism h: Rn⟶ Rn

that carries solutions of A in solutions of B, respecting
time. Intuitively, two matrices are topologically conjugate
by h if and only if the solutions of the linear system of
di�erential equations generated by matrix A are ho-
meomorphic (similar) to the solutions of the linear system
generated by B.

We say that a matrix is structurally stable if and only if
every matrix B ∈ Rnxn is topologically conjugate to A.

Intuitively, to say that a matrix is structurally stable
means that if we perturb it a little bit, then the structure of
the solutions of the perturbed system is similar to that of the
initial system.

We obtain the following results:

0.04 0.05 0.06 0.07
π

0.08 0.09 0.1 0.11
-2
-1
1
2

r′

10-3

π

r′

10-3

0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11
-10

-8
-6
-4
-2
0

π′

r′

10-3

10-3
-10 -8 -6 -4 -2 0 2

-2
-1
1
2

Figure 5: Projections in R2 of the three-dimensional phase portrait.
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(i) 0 ∈ Rn is a global, exponentially asymptotic
attractor if and only if i(A) � n.

(ii) 0 ∈ Rn is a global repellor (sourcer) if and only if
i(A) � 0.

(iii) e two matrices A, B ∈ Hip(Rn) are topologically
conjugate if and only if i(A) � i(B).

(iv) A is structurally stable if and only if A ∈ Hip(Rn).

If we go back to the study of family Aβ{ }, we obtain the
following:

(1) If 0< β< 1/h, then i(Aβ) � 3
(2) If β � 1/h, then Aβ is not hyperbolic
(3) If β> 1/h, then i(Aβ) � 1

us, for parameter β � 1/h, the system ceases to be
structurally stable, and therefore, any disturbance, however
small, produces a signi�cant change in the con�guration of
the solutions. In particular, if it is a negative real root and

Phase Portrait: IS-LM-AS Model

E

I
0.02

0.01

0

-0.01

-0.02

-0.04-0.035-0.03-0.025-0.02-0.015
-0.0050 0.005

-0.01

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18π

π′

r′

Figure 7: ree-dimensional phase portrait.
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Figure 6: Time paths of the interest rate, real GDP, in�ation, expected in�ation, and instantaneous rates of change of the interest rate and
in�ation.
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two pure imaginary roots, the solutions of the associated
system roll up in a cylinder, having as boundary a cir-
cumference in x1x2 (see Figure 1).

If we take β slightly less than 1/h, then the solutions
converge asymptotically to the origin (see Figure 2), while if
β is slightly greater than 1/h, then the solutions whose initial
value is not on the x3 axis are divergent (see Figure 3).

In this case, we say that, in parameter β � β0 � 1/h
family, Aβ undergoes a Hopf bifurcation of the degenerate
type.

2.5. Numerical Simulations. To carry out the numerical
simulations of the three asymptotically stable cases and of
the degenerate Hopf bifurcation using MATLAB (the
MATLAB programming codes used in each simulation can
be found in the appendix “A” of this article), we have
adopted values for the parameters and exogenous variables
of the model based on values, in some cases approximate and
in other cases di�erent from those used by other researchers
in their scienti�c papers.

For example, Smith [34] used β � 0.1 in his simulations
of a dynamic IS-LM model. Kodera, Sladký, and Vošvrda
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(see [35]) used ε � 0.4, β � 0.1, and h � 0.06 for their sim-
ulations of a dynamic IS-LM-P (rice) MC (Marginal Cost)
model. Nozaki (see [11]) used α � 0.3 in simulations of
dynamic IS-LM-PCmodels. Murakami and Zimka (see [26])
used α � 0.3, ε � 1.2, β � 0.12, and h � 0.2 in the compu-
tational simulations of a medium-term dynamic Keynesian
model. In addition, Moroney (see [36]) reported that, for the
period 1980–1993 and for a group of 21 countries with an
average GDP growth rate of 2.4% and with an average in-
�ation rate of 2.9%, the average money growth rate
amounted to 5.9%. In this paper, we use μ � 0.04 and
μ � 0.05.

It is important to highlight that we adopted n � 0 be-
cause, otherwise, the real interest rate will tend to be an
in�nitely negative value in the long run. Finally, the
remaining values of the parameters and/or exogenous
variables of the model have been assumed to satisfy the
assumptions adopted in the model and the signs of the
discriminant for each case presented here, as shown in
Tables 1–5, respectively.
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in�ation.

0.5
0

-0.5
-1

π

r′

π′0 0.02 0.04 0.06 0.08 0.1 0.12
-0.3

-0.2
-0.1

0
0.1

0.2
I

E

Phase portrait: IS-LM-AS model

Figure 13: ree-dimensional phase portrait.

-1
-0.5

0
0.5

r′

0 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10.01

π

-1
-0.5

0
0.5

r′

-0.3 -0.1 0 0.1 0.2 0.3-0.2

π′

-0.2
-0.1

0
0.1
0.2

π′

0 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10.01

π

Figure 14: Projections at R2 of the three-dimensional phase
portrait.

International Journal of Di�erential Equations 15



2.5.1. Case 1: Null Discriminant (�ree Real Eigenvalues: Two
of �em Repeated). Table 1 shows the parameter values
adopted for the case of negative real eigenvalues (two of
them repeated). In addition, this table shows the initial
values and the stationary equilibrium values of the model
variables for these parameters.

Figure 4, for the values in Table 1, shows the phase path
of the economy that at instant “t � 0” starts at I � (π0, π0′, r0′)
and in the long run converges to the steady state “E.” In
addition, in this �gure, the projections of the phase path in
the coordinate planes are observed. Figure 5 shows the R2

projections of the phase path of the economy. Finally,

Figure 6 shows the time paths of the interest rate, real GDP,
in�ation, expected in�ation, and the instantaneous rates of
change of the interest rate and in�ation. is last �gure
shows that all the paths converge to their respective sta-
tionary equilibrium values in the long run in a generally
monotonic manner.
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Figure 15: Time paths of the interest rate, real GDP, in�ation, expected in�ation, and instantaneous rates of change of interest rate and
in�ation (case β � β0 � 10).
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β � 1 and β � β0 � 10).
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2.5.2. Case 2: Positive Discriminant (�ree Real and Di�erent
Eigenvalues). Table 2 shows the parameter values adopted
for the case of negative and di�erent real eigenvalues
(positive discriminant). is table also shows the initial
values and the stationary equilibrium values of the model
variables for these parameters.

Figure 7, for the values in Table 2, shows the phase path
of the economy that at instant “t � 0” starts at I � (π0, π0′, r0′)
and converges to the steady state E in the long term. In
addition, the projections of the phase path in the coordinate
planes are shown in this �gure. Figure 8 shows the R2

projections of the phase path of the economy. Finally,
Figure 9 shows the time paths of the interest rate, real GDP

(Y � ey), in�ation, expected in�ation, and the instantaneous
rates of change of the interest rate and in�ation. In this last
�gure, it can be seen that all the paths converge to their
respective stationary equilibrium values in the long term,
generally in a monotonic fashion.

2.5.3. Case 3: Negative Discriminant (1 Real Eigenvalue and 2
Conjugate Complex Eigenvalues). Table 3 shows the pa-
rameter values adopted for the case of conjugate complex
eigenvalues with negative real part (∆< 0). In addition, this
table shows the initial values and the stationary equilibrium
values of the model variables for these parameters.

Figure 10, for the values in Table 3, shows the phase path
of the economy, which at instant “t � 0” starts at
I � (π0, π0′, r0′) and converges to the steady state E in the long
term. In addition, the projections of the phase path in the
phase planes are shown in this �gure. Figure 11 shows the
projections in R2 of the phase path of the economy. Finally,
Figure 12 shows the time paths of real GDP (Y � ey), the
interest rate, in�ation, expected in�ation, and the instan-
taneous rates of change of the interest rate and in�ation. In
this last �gure, all the paths converge to their respective
stationary equilibrium values in the long term in an oscil-
lating fashion.

2.5.4. Degenerate Hopf Bifurcation. Table 4 shows the pa-
rameter values adopted for the case of conjugate complex
eigenvalues with zero real part (∆< 0). Additionally, this
table shows the initial values and the stationary equilibrium
values of the model variables for these parameters.

Figure 13 shows the phase path of the economy for the
values in Table 4 that at instant t � 0 starts at I � (π0, π0′, r0′)
and oscillates around the steady state E. is �gure also
shows the projections of the phase path on the coordinate
planes. Figure 14 shows the projections in R2 of the phase
path of the economy.

Finally, Figure 15 shows the time paths of the interest
rate, real GDP in levels (Y � ey), in�ation, expected
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Figure 18: Time paths of the interest rate and instantaneous rates
of change of in�ation and the interest rate (for I1 and with
β � 19> β0).

-0.5
0

0.5
Inflation rate

π

2510 15 20 300 5
t

-4
-2
0
2
4

Instantaneous rate of change of the real interest rate

r′

2510 15 20 300 5
t

-2
-1
0
1
2

Instantaneous rate of change of the inflation rate

π′

0 5 15 20 25 3010
t

Figure 19: Time paths of the interest rate and instantaneous rates
of change of in�ation and the interest rate (for I2 and with β � 1 and
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inflation, and the instantaneous rates of change of the in-
terest rate and inflation. In this last figure, all the paths
oscillate periodically and permanently around their re-
spective stationary equilibrium values.

Moreover, Table 5 shows for the parameter values given
in Table 4, the initial values I1 and I2 for β less than, equal to,
and greater than the Hopf degenerate bifurcation value, that
is, for the following values of β: β � 1< β0, β � β0 � 10, and
β � 19> β0.

Figure 16 evidences that for the values of the parameters
in Table 4, whether the economy starts at I1 or at I2
(according to the values given in Table 5), it is found that (i)
for values of β< β0, the phase paths are spirals (red color and
blue color curves) converging to the stationary equilibrium
E; (ii) for values of β � β0, the phase paths form closed orbits
(purple and yellow colored curves) around the stationary
equilibrium point, and (iii) for values of β> β0, the phase
paths are spirals (light blue and green colored curves) di-
vergent with respect to the stationary equilibrium E. Spe-
cifically, the economywould enter periods of an inflationary/
deflationary spiral in the case where β> β0 (see top panels of
Figures 17 and 18).

Figure 17 shows the time paths of π, π′, and r ′ for the
parameter values given in Table 5 for the initial point I1,
given in Table 5, and for β � 1< β0 and β � β0 � 10. It can be
observed that for β � 1< β0, the paths of π, π′ and r′
converge in an oscillating fashion (albeit with relatively little
variability) to their respective stationary equilibrium values.
For β � β0 � 10, the time paths of the three variables oscillate
periodically between an upper and a lower bound without
permanently converging to the stationary equilibrium but
without moving infinitely far from it.

For its part, Figure 18 shows the time paths of π, π′, and
r′ for the parameter values given in Table 5 for the initial
point I1 in Table 5 and for β � 19> β0. In this case, the three
paths diverge in an oscillating manner from their respective
stationary equilibria.

Figure 19 distinguishes the time paths of π, π ′, and r ′ for
the parameter values in Table 5 for initial point I2 in Table 5
and for β � 1< β0 and β � β0 � 10. For β � 1< β0, the paths
of π, π ′, and r ′ converge in an oscillating fashion (albeit
with relatively little variability) to their respective stationary
equilibrium values. For β � β0 � 10, the time paths of the
three variables oscillate periodically between an upper and a
lower bound without permanently converging to stationary
equilibrium and without moving an infinite distance away
from it.

Figure 20 shows the time paths of π, π′, and r′ for the
parameter values in Table 5, for initial point I2 in Table 5, and
for β � 19> β0. In this case, as in the case related to Fig-
ure 18, the three paths diverge from their respective sta-
tionary equilibria in an oscillating manner.

3. Results and Discussion

According to Vercelli (see [37]), “if a dynamic system is
perturbed by an external shock and the perturbed system is
equivalent to the original one, it can be considered robust or
structurally stable in the sense that it maintains some basic

structural characteristics despite the shocks.” For Vercelli
(see [37]), “an economic system is dynamically unstable
whenever it moves it away from its equilibrium position, it
tends to diverge progressively from equilibrium. In this view,
the instability of a system depends exclusively on its dynamic
behavior with reference to a given equilibrium configuration
while the functional and parametric structure of the model
remains unchanged.” Moreover, for Vercelli (see [37]), “a
system is structurally unstable when as a consequence of a
small shock, it undergoes a significant and abrupt change in
its structural functions and parameters, which alters the
qualitative properties of its dynamic behavior.”

Taking into consideration our theoretical analysis and
the result of our numerical simulations for the three cases
considered in this article, it can be stated that the model is
structurally unstable (presenting a degenerate Hopf bifur-
cation) when the speed with which economic agents adjust
their expectations about future inflation (parameter β is
equal to the inverse of the semi-elasticity of real money
demand with respect to the nominal interest rate (1/h) be-
cause qualitative changes in the dynamic nature of the
model’s phase paths, in the neighborhood of its equilibrium
point, occur as a consequence of a small variation in the
parameter β, ceteris paribus. Nevertheless, paraphrasing to
Gabisch and Lorenz (see [38], p. 216), if (economic) reality is
stable (in a structural sense), then structurally unstable sys-
tems may nevertheless be well-suited to describe actual
phenomena as long as the system does not operate in the
neighborhood of bifurcation values (degenerate Hopf).
However, real economies do not have to be structurally stable.

As pointed out by Vercelli, “the new classical economists
apply structurally unstable models (rational expectations
models characterized by a saddle point equilibrium) to a
reality presented as structurally stable” ([39], p. 54). Fur-
thermore, like Vercelli pointed out, “a model characterized
by a saddle point is structurally unstable in the sense that a
small disturbance that moves the economy from the con-
vergent trajectory (the stable branch of the saddle) radically
modifies the behavior of the system and makes it unstable”
([39], p. 101). However, these types of models are not free
from questioning (see, for example, George [40]).

Now, in reference to the literature, it is important to
highlight that our model adopts assumptions very similar to
those assumed by de La Fuente [1], Shone [3, 4], and Gaspar
[2]. However, these researchers carry out a qualitative
analysis for systems of first-order ODEs inR2. Following the
theoretically approach of Szomolányi et al. [5], and through
appropriate transformations of variables, we were able to
express the dynamics of our model, represented by a system
of second-order ODEs inR2, through a system of first-order
ODEs in R3. +is procedure has allowed us to extend the
qualitative and numerical analysis of the aforementioned
research studies to the spatial domain and, in turn, obtain
analytical solutions for the three dynamic and asymptotically
stable cases analyzed here.

On the other hand, the results of the theoretical analysis
carried out by Szomolányi et al. (see [5]) show that their
model presents oscillating solutions when the fulfillment of
the next condition is verified: [α< 4β(lyyr + lr)/(yr(1+
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βlr)
2)∧β≠ − 1/lr]∨β � − 1/lr (where “lr< 0” is the elasticity

of the speculative money demand with respect to the
nominal interest rate, “ly> 0” is the elasticity of the trans-
action money demand with respect to the real output, and
“yr< 0” is the elasticity of the real output with respect to the
real interest rate). Furthermore, these researchers found that
the solutions of their model are periodic when the condition
β � − 1/lr is fulfilled. In our case, our model presents os-
cillating solutions when α< 4β(h + εθ)/(θ(1 − hβ)2)∧β< 1/h
and its solutions are periodic when β � 1/h. Likewise, the
structural instability shown by our model is consistent with
the possible instability of the model of Szomolányi et al. [5] if
the next condition is not met: β< − 1/lr. In our case, in
particular, the structural instability occurs when β � 1/h.
Finally, as our expected, we have obtained the same result of
Gaspar [2] in relation to the emergence of a degenerate Hopf
bifurcation in the model when the adaptative expectations
parameter match the inverse value of the semi-elasticity of
real money demand with respect to the nominal interest rate.
Nevertheless, like complement to his theoretically analysis,
we also carry out the numerical analysis of this intrinsic
characteristic to the model but in R3.

4. Conclusions

In this paper, we have carried out the structural stability
analysis in a dynamic IS-LM-AS macroeconomic model
based on the work of de La Fuente [1], Gaspar [2], and Shone
[3, 4], but extending their bidimensional qualitative analysis
to the three-dimensional space phase. In addition, following
the work of Szomolányi et al. [5] and through suitable
transformations of variables, we were able to characterize the
dynamics of our model by means of an ordinary differential
equation system in R3. Moreover, we have explored the
conditions under which a qualitative change in the dynamical
behavior of the model’s phase paths occurs in the neigh-
borhood of its equilibrium point. For this purpose, specific
functional forms were adopted for both the demand function
for goods and services and the demand function for money.

+erefore, we were able to obtain analytical solutions for
three locally and asymptotically stable cases, and we could
prove that the model presents a local degenerate Hopf bi-
furcation when the adaptive expectations parameter β is
equal to the inverse of the semi-elasticity of real money
demand with respect to the nominal interest rate, 1/h. In
addition, we proved both analytically and numerically that
for values of 0< β< 1/h, the system is locally and asymp-
totically stable (oscillating solutions converging to the sta-
tionary equilibrium) (in this case, the locally stable
equilibrium of themodel guarantees that the time paths of its
endogenous variables converge to a new equilibrium in the
face of small changes in the values of the model’s param-
eters), while for values of 0< β � 1/h, the system is neutral or
marginally stable (solutions that oscillate periodically
around the stationary equilibrium with relatively constant
amplitude). For values of 0< 1/h< β, the system becomes
unstable (solutions oscillating and diverging from the sta-
tionary equilibrium), that is, when β is increased from
β< 1/h to β> 1/h, the equilibrium point of the system

changes its stability because the real part of two of its ei-
genvalues becomes positive. However, the linearity of our
model with respect to its endogenous variables eliminates
the possibility of the occurrence of a limit cycle.

Taking into consideration our results, it can be stated that
the model is structurally unstable when β � 1/h because the
periodic solutions are lost when β undergoes some small
change, ceteris paribus. Moreover, our simulations show that,
specifically, in the case of pure conjugate complex eigenvalues
(with zero real part), the economy could enter periods of an
inflationary/deflationary spiral in the case where β> β0, re-
gardless of its initial state. In addition, notably, there are
different configurations that are not analyzed in this paper for
which the solutions of the model diverge from the stationary
equilibrium (for cases in which all eigenvalues have a positive
real part or for cases in which at least one of them has a positive
real part and at least another one has a negative real part).

Finally, as a potential line of future research, the option
of using functional forms that incorporate nonlinear ele-
ments into the model remains open so that it is possible to
analyze under what circumstances a single limit cycle could
arise, which would allow the endogenous representation of
the permanent periodic fluctuations that characterize the
cycle of the main economic aggregates.

On the other hand, in recent years several studies on IS-
LM business cycle models with time delay have appeared
(see [22–24, 41–43]). +e qualitative study of the system of
functional (delay) differential equations shows that the finite
lag may give rise to a wide variety of dynamic behaviors. An
important scenario arising from the analysis is the existence
of limit cycles generated by sub-critical and supercritical
Hopf bifurcations. In [30], the business cycle (BC) is de-
scribed by a delayed time-fractional-order model (DTFOM)
with a general liquidity preference function and an in-
vestment function. Fractional-order delayed systems, also
appears in other areas such as neural networks (Huang et al.
[44], Xu et al. [45], Xu et al. [46], and Xu et al. [47]), bank
data (Xu et al. [48]), and eco-epidemiological models (Wang
et al. [49]). In all these models, it is important to study
stability and propose control strategies to Hopf bifurcations.

In that order of ideas, another line of future research is to
consider dynamic IS-LM-AS models with delay and to analyze
their stability. +ere is very little literature on this subject.
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+e MATLAB programming codes used in each simulation
in this article can be found in the appendix “A” of this
document. Appendices A.1, A.2, A.3, and A.4 show the
programming codes used in the simulations of case 1 (Null
discriminant: 3 real eigenvalues and 2 of them repeated),
case 2 (Positive discriminant: 3 real and different eigen-
values), case 3 (Negative Discriminant: 1 real eigenvalue and
2 complex conjugated eigenvalues), and case 4 (Degenerate
Hopf Bifurcations), respectively. (Supplementary Materials)
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Monetaria y la Tasa de Interés Nominal Nula en una Econ-
omı́a Nuevo Keynesiana de Expectativas Estáticas,” Revista
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