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The boundedness of Bessel-Riesz operators defined on Lebesgue spaces and Morrey spaces in measure metric spaces is discussed
in this research study. The maximal operator and traditional dyadic decomposition are used to study the Bessel-Riesz operators.
We investigate the interaction between the kernel and space parameters to get the results and see how this affects kernel-bound

operators.

1. Introduction

The Bessel-Riesz operator is a type of singular integral
operator which acts on a function by convolving it with
a Bessel-Riesz kernel. These operators are defined on metric
spaces and are particularly useful in the study of measure
spaces. They possess many important properties such as
being bounded, compact, and having a certain degree of
regularity. The study of Bessel-Riesz operators is a funda-
mental tool in harmonic analysis and has applications in
other areas of mathematics such as partial differential
equations and complex analysis.

The Schrodinger’s equation has been used to derive the
Bessel-Riesz operators. The wave function or state function
of a quantum mechanical system 1is described by
Schrodinger’s equation has been used to derive the Bes-
sel-Riesz operators. Schrédinger’s equation is a linear partial
differential equation. In quantum physics, Schrodinger’s
equation is analogous to Newton’s law. Kurata et al. [1]
investigated Schrodinger’s operator and the boundedness of
integral operators on generalized Morrey spaces in 1999.

According to Garca-Cuerva and Eduardo Gatto [2],
Riesz potential is limited between Lebesgue spaces in terms

of Euclidean settings. In Kokilashvili [3] (see also Edmunds,
[4], Chapter 6), the nondoubling measure is covered in great
detail, including conclusions addressing the boundedness of
the fractional integral operator on Lebesgue spaces with the
nondoubling measure. Theorems of the Sobolev and Adams
types for fractional integrals built on quasimetric measure
spaces were used to show the result for potentials in Eu-
clidean settings [3]. Garcia-Cuerva and Jos Mara [5] dem-
onstrate that fractional integrals on measure metric spaces
are bounded. Adams [6] and Peetre [7] studied the Riesz
potential in Euclidean situations using Morrey spaces.
According to Eridani’s proof [8], fractional integral
operators are constrained in weighted Morrey spaces with
quasimetric measure spaces. In [9, 10], it was proven that
maximum and fractional integral operators in classical
Morrey spaces are bounded. The boundedness of these
operators in Morrey spaces was recently established by Idris
et al. ([11], Theorem 6, pp.3). They found similar results to
the Chiarenza result [12] about the boundedness of frac-
tional integral operators on Morrey spaces. Additionally,
results for weighted Morrey spaces and generalized Morrey
spaces can be found in [13-17]. The examination by Eridani
et al. [8] of the boundedness of fractional integral operators
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in Morrey spaces based on quasimetric measure spaces is
novel in this study. The paper by Idris et al. [11] also includes
some discoveries on Young with weight and demonstrates
that these operators on Young are bound in Euclidean
contexts. Euclidean spaces are the most straightforward way
to represent metric spaces.

A separate approach will be used to demonstrate the
boundedness of these operators on Young in measure metric
spaces. We shall also discover that the norm of the kernels
constrains the norm of the operators. In [18], Young in-
equality was utilized to demonstrate that Bessel-Riesz op-
erators are bounded. With measure metric spaces, we will
look into the boundedness of these integral operators on
Lebesgue and Morrey spaces. The Young inequality cannot
be used indefinitely to produce the same results. To dem-
onstrate that Bessel-Riesz operators are bound on Young,
we will employ the maximal operator. The boundedness of
Bessel-Riesz operators on quasimetric spaces, a recent sci-
entific innovation, is demonstrated in this article as an
extension of the findings [19] from earlier work on Morrey
spaces. The kernels of the operators hold some parameters.
The usual dyadic decomposition and the Hardy-Littlewood
maximal operator will all be applied in the proofs as before.
We will find that the norm of the kernels dominates the
norm of these integral operators. This paper will discuss an
integral operator’s boundedness in measure metric spaces.

The following Table 1 contains a list of notations used in
this article.

2. Preliminaries

2.1. Measurable Spaces

Definition 1. A distinguished collection X of subsets of X is
called sigma algebra if it satisfies the following axioms:
(1) If AeX, then A° € X,
Q) IfALA,,. ..
URA; €2,
(3) The intersection of countable sets also belongs to X
ie, NP A €

are countable family of sets in X then

Definition 2. A measure y defined on sigma-algebraZ, is
a function y: £ — R, such that
(1) u() =0, where & is an empty set.

(2) If A}, A,, ... is a sequence of disjoint sets in %, then

#(:Q Ai) = 2#(/&-)- (1)

If £ is o-algebra of subsets of X, then the pair (X, X) is
said to be a measurable space and members of T are called =
-measurable sets. Moreover, if (X, X) is a measurable space,

and if y is a measure on X, then the triplet (X, Z, ) is said to
be a measure space.

Definition 3 (see [8]). We assume that X := (X, d,u) is
a topological space, endowed with a complete measure y
such that the space of compactly supported continuous
functions is dense in L' (X, u) and there exists a function

(quasimetric) 8: X x X — [0,00) satisfying  the
conditions:
(i) 6(x, y)>0forallx + y,and § (x,x) = Oforall x € X;
(ii) There exists a constant ay>1, such that
0(x,¥)<ayd(y,x) for all x,y € X;
(iii) There exists a constant a,<1, such that

0(x,¥)<a,(0(x,2) +6(z,y)) for all x,y,z € X.

We assume that the balls B(a,r) == x € X: §(a,x)<r
are y-measurable and 0<u(B(a,r))<oo for a € X,r>0.
For every neighborhood V' of x € X, there exists r >0 such
that B(x,r) c V. We also assume that y(X) = co,u(a) =0
and B(a,r,)/B(a,r;)#+ @ for all a € X,0<r, <r, <oo. The
triple (X, 6, u) will be called quasimetric measure space.

Definition 4 (see [20]). In measure metric spaces (X, 6, u),
we will have the properties y(B) ~rf for every balls
B:=B(a,r). For 0<a<f,y>0, we define

5(x, y)*F

“r T 1+ 0(x, D) @

For any x in X, the function G, may be regarded as the
product of two kernels, J v be a Bessel kernel, and G, be
a Riesz kernel. We define L? (y) as any measurable functions
f such that 1< p<oco.

1/
If: 27 ()| =<JX|f(t)|de(t)> " o (3)

If y = 0, then we have G, which also referred to as Riesz
Potentials or fractional integrals. Since the 1920s, research
on Riesz potentials has been conducted. These operators’
boundedness has been studied by Hardy [21, 22] and
Sobolev [23]. See [1], for example, of using the aforemen-
tioned operators in settings involving Euclidean spaces. We
have evidence that Eridani [8] citation of the G, bound-
edness results is correct. Spanne [2] has demonstrated the
boundedness of I, on Morrey spaces. Additionally, Adams
[6] and Chiarenza [12] derived a stronger conclusion about
the boundedness of Riesz operators. Using the multiplica-
tion operator W, Kurata et al. [1] demonstrated that the
G,,, f (x) function is confined on generalized Morrey spaces.
The boundedness of G, f (x) on Young in Euclidean set-
tings was discussed by Idris et al. [11] in the cited article. In
this section, we will talk about Bessel-Riesz operators with
boundedness in measure metric spaces. For everya € X, and
r>0, then
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TaBLE 1: The list of notations used in this paper.

R The real numbers

R* The positive real numbers

R The Euclidean spaces

> Sigma-algebra

7 A measure defined on sigma-algebra

) Quasimetric function

LP (u) The class of Lebesgue measurable set (1< p<co)
¢ Function R* — R*

Lg (1) (Classical) Morrey space (1< p<gq)

X Quasimetric measure space with a complete measure y and quasimetric function §
B B(a,r) Centered at a € X with radius >0

B B(a, 2r) Centered at a € X with radius 2r >0
G,, Bessel-Riesz kernel 0 <a<y,y >0

G,, f (x) Bessel-Riesz operators 0 <a <y,y>0

M, f (x) Hardy-Littlewood maximal operator

d = d ~ i} :

2kr<§(a,x)<2k+1r

We know that G, , € L' (1), provided that 0<a<y. space, we use the formula Lg (p) = Lg (X, u) is the set of all

Now, we introduce the following operator: functions, where f € Lf: - (X) for

a-1 1/
(wa(x)): = JMQ[;(}/), x € X. (5) "f LP(‘M)” JBlf(y)lde(y)) p<oo'

1
J+8(x ) ¢ (B) <@

Here, fi B) = B)).
2.2. Hardy-Littlewood Maximal Operator. The M, operator ere, we define ¢ (B) = ¢ (u(B))

which includes Hardy-Littlewood maximal operator defined 3 ppad Results
as follows [11]: )

Theorem 1. For 1< p<o00,0<a<min{l,y}, there exists

1/q
M, f (x): =(sup (B)J If(;v)lqd#(y)) . () C>0 such that

x€B
Gy f (x): LF (y)" < C|GM: ' (y)“ f: 22 ().

A typical outcome for M, is that it is constrained by '
LP (u) for 1<g< p<oo.

Proof. Suppose f >0, and for every r >0, x € X, we have

Definition 5. Morrey Spaces [8] For 1< p< oo and an ap-
propriate ¢: R* — R*. In order to define the Morrey

_ S ) f(y) B
G(X,Yf(x)’ —( Js(x,y)<r + J xy)>r) m d[l (y) =: Il (x, r) + 12 (x, 1’).

It is easy to see that the following estimates is holds. Then
we have

S ) f(y)
soy<r (1+38(x, )

-1 a-1
-y J 8(x, ) f(y)dﬂ(y)

koo 2kr <8 (x,y) < 2k 1r (1 + S(X, y))y

I,(x7) =J du ()
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> E o
szoo(1+2kr)y B(x,zlwlr)f yyauly

<CM,f(x) |G,y L' ()],
-y 3G ()
IZ (-x’ r) - kgo JZkrg(S(x,y)<2k*1r (1 + (S(X, y)))/ d#(y)
a- (10)
()
~ ) —t— d
ok k+1 \~ VP
ol g E) @) T
<l IS
<Cr G, L (y)“ . ”f L? (y)".
00 8 a-1
So, for every x € X, and r >0, we have ‘(Ga,yfz (X))‘ = Z JZkr<8 () <2 lrw du(y)
(Gayf )|z C(M, £ )+ 72| f: 17 (0)]))|Gayi L' ) .
( B i il O
If we choose 7 > 0 such that M, f (x) = r~ V2| f: L? ()|, k:1(1+2 r) B(w2r)
then
2k+1
| (Gayf ()| <CM, f () [Goy L' @], (12) <C|f: Ly @) Z Lr)f)
and this finish the proof. (QED).
Next, by using Definition 5 of Morrey spaces, we have < C(p(r)” f: Lf; L' (y)”,
(16)

Theorem 2. Suppose 1< p<00,0<a<min{l,y}, and ¢ is

a decreasing functions. Then there exists C >0 such that

Gy f (0 LY ()] <C[ Gy L' 0| - | £: L5 )] (13)

Proof. Suppose for B := B(a,r), and B := B(a, 2r), we define
f=hi+fi=fag+fag felyw (14)

Since [|f: LP ()l < ¢ (B)u(B)"?If: L§ (W)l <o, then
f1 € LP (). By the previous result for every B, we have

and this complete the proof. (QED).
Suppose 0 < < 1,and 1 < p < 00, for every r > 0, we have

J v (zkr)“'P(“—l)

, (17)
k )PY
€ LP (), provided that 1 < p<1/(1 — a).

G Pdu(x) ~
ar O] i (1+2%

and G,

Theorem 3. For 1< p<o00,0<a<min{l,y}, there exists
C>0 such that

j Gy f1 () ()’)|Pdﬂ()/)) Guyf (0: L @) £C| Gy P @] - |f: L] (18)
< |Gy f1r ) LP (@) < €| Gy L' @] - £ L7 )]
Proof. Suppose f>0, and for every r>0,x¢€X,
<Co(Bu(B)"?|G,,: L' )| - | L5 ) |Gyl € LP (1) we have
(15)
It is easy to see that for every x € B(a,r), we have the
following estimate:
5 , 1+p(a—1)
Ga)y f(x) ) <J5(x)’)<r " Jﬁ(x}’)>r> ()(Cl}-ll-)(S(x y))fy}gy) d,“(y) =h Con+ h Con. (19
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It is easy to see that the following estimates is holds. That
is, we have

8()6, y)1+p(oc— 1)f ()/)
(1+8(x, y))'P

Il(x,r)=J du(y)

8 (x,y)<r

-1 ) , 1+p(a—1)
-y J (%, y) f(y)d#(y)

B (1+0(x, y)?

koo 2kr <8(x,y) < 2k+1r

21 (zkr)1+p(oc—l)

T L d
k;oo (1 + Zk}’)py JB(X,ZkH’,)f(y) /"()’)

<M |

Gy L)

(e} Ey , 1+p(a-1)
I (x,1) = ZJ () F)

(1+8(x, y)'? )

=0 2kr <8 (x,y) < 2k+1r

o (zkr)ler(le 1)

YL R d
1;) (1 +2kr)‘oy «[B(x,zkﬂr)f(y) ()

(2kr)“(1+l’)(2k+1r)* 1/p
(1 + Zkr)m)

[ee]
<clf: |2
k=0

SCril/P‘

Goy: LW 1f: 1 @]
(20)
So, for every x € X, and r >0, we have

|Gay | f () <C(M, £ () + 7 V2| f: LP (w)])

Gy I ()]
(21)

Gurf:9] 2 Y. |
k=1

(zkr) 1+p(a— 1)

ey
<l 5] 3.

<Co)|f: Liw]-|

and this complete the proof (QED).

At infinity, the Bessel-Riesz kernel disappears more
quickly than the fractional integral operator does. By
accomplishing this, we can demonstrate that the Bes-
sel-Riesz kernel is a member of some Lebesgue spaces. First,

2kr <8 (x,y) < 2k+1r

If we choose r > 0 such that M, f (x) = r~ V2| f: L? ()|,
then

Gy

fFI<CM,f ()|

and this finish the proof. (QED).
Next, by using Definition 5, the following theorem exists:

G,y LP (/,t)'

; (22)

Theorem 4. Suppose 1< p<00,0<a<min{l,y}, and ¢ is
a decreasing functions. Then there exists C >0 such that

|Gy f G0 Ly ()] <C| Gy L2 @] - | £: LE )] 23)

Proof. Suppose for B := B(a,r), and B := B(a, 2r), we define
f=fi+fa=fag+fag fely. (24)
Since || f: L2 (@)l <¢ (B)u(B)"?Il f: L§ (w)ll < 00, then

f1€LP(p) and G, € LP(u) By the previous result, for
every B, we have

([ 6w ss 0l auin)

Gy f1 () L7 ()

Guyt L@ - I 17 )]
<CoBuB)"|G,: L @ | £: L5 ).

It is easy to see that for every x € B(a,r), we have the
following estimate:

|

(25)
sC|

8(x, )PV £ ()
(1+8(x, y))'?

du(y)

1 )|f()’)|d.“()’)

B (x,zk‘r (26)

kr)“(1+P)¢(2k+1r)

(1 + 2kr)Py

Ga,},: Lr (‘u)“,

the following lemma, which is helpful to demonstrate that
G,,, belongs to some Lebesgue spaces.

Lemma 1. If y(B(a,r)) ~ P, then
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Let
JXGa,y (x, y)du(y) < oo, (27)
where
8(x, y)*F
= 28
Gey (%) A0 ) (28)
sz > d = J G(X 5 d J G(X N d ,
I x & (%, y)du(y) Sy)<r y (6 )du(y) + - oy (% )du(y) (29)

by simplifying

J'a(x’y)qu(x,y)dy(y): i J

k=—00

-1

- Y e

k=—0c0

2kR< §(x,y) <2k1R

G,y (x, y)du(y)

Gy (%, )4
5(x,y)<2k+1R xy (x y) .I’l(y)

-1

<0 Y (2R Pu B )

k=-—00

-1

=c, Y (2"R)“ <C,R" < 00, (30)

k=—00

(9]

Js(x,y)zRG“”’ (e 7)du(y) = Z J-

k=0

(o)

=CZZ

k=0

k=0
For every x € X, and R>0, (3) implies
- o a-p-y
JXGa)y(x,y)dy(y) =C(R*+R ). (31)
Hence, we obtain
J G,y (x, y)du(y)<oco Vx e X. (32)
X

To prove that G, is the member of some Lebesgue
spaces, we have the following theorem:

2kR < 8(x,y) < 2kF1R

(2k+1 )“*/3

Gy (26 y)du(y)

s ()"

Mg

<C
(1+2k+1R)V< 2}; (sz)Y

(ZR)T <R <o

Theorem 5. If 0<a<f and y € (0,00), then we have for
every R>0,

) (a=P)p+B

P P
Sﬁ+y—a<p<ﬁ—d
(33)

» (2R
Ge ]~ kZZ (2*r)”

Proof. For every R >0, we have
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I,

Gy ()| du(y) = [Gay G| ds ()

Jose
5(x, y)@ PP
ZJ z

ZkR<§(xy<2k+1Rm du(y)
(34)
(2R)"”
d
Z;(1 +( )) 2KR<8 (x,y)<2k*1R “(y)
(sz)( ~B)p+p

2R

Using .Lemma 1, for 1< p < 0o, we define G, € L? (p), if Morrey spaces, so G, € L‘Z (). Accordingly, we have the
and only if following theorem.

Jou,: 1=(].,

Up
G,y (%, y)|Pd‘u(y)> <co. (35)  Theorem 7. Let 0<a<f3, 0<7y, then we have

From the above definition, it easy to see that ' "‘Yf(x)| 10 =Cni q1| Gy A (m"fuLP1 o (39)
Lp||<oo(:>1_ B <p< B _ (36) for every f e LPrii(X), where 1<p,<q,<p, 1<s<p,
B+y-«a B-a B/B+y-—a<p<p/B—a 1/p,=1/p,—q/p,p and 1/q, =
1/q, = 1/p.
With the result of the membership of G, on Lebesgue /4= V/p
spaces, we can prove the boundedness of G, f(x) on Suppose O<a<p 0<y and take
Lebesgue spaces by using Young inequality. BIf+y—a<p<plif-aml<s<p. Let feLP(X),
, 1<p;<qy<p.Foreveryx € X,G,, f(x):=1,(x) + I, (x),
Theorem 6 (see [18]). Assume p,q,r € [1,00] with where I (x) = S(xy)<r 0 (%, »)* /;ﬁf(y)/(l +38(x, y)'du(y)
1.1 1_1 (37) and I,(x) = S(x)z r0 (%, WP +8(x, )du(y).
rp q To estimate I, and I,, we use dyadic decomposition. Now,
estimate I;:
. a-p
If feL?(R") and g € L4(R"), then f * g exists and & (2R)
(R LesC Y A f (Dlde(y)
belongs to L" (R"). Moreover, | 1 | 1k;1 (1 N ZkR)y 2RSS (x)<2H R Fldu(y
1 * gl <11, gl (38) |
- kp\&= BBIs (ko \Bls
o (2R 2*R
SCZqu(x)Z( ) k(y )
3.1. Boundedness of the Bessel-Riesz Operators on Morrey k1 (1 +2 R)
Spaces. This section will cover Bessel-Riesz operators on (40)
Morrey spaces in measure metric spaces and their bound-
edness. In the previous section, we have G, ,, € L (X), where By using Holder’s inequality, we get

BIB+y—-a<p<pP/f-a and the inclusion property of

—00 a-Rs+B\ S / _ o 1s
|1 (x)|<C M, f(x) Z M Z (sz)ﬁ
= £ (1+2kR)” Z
(41)

(Fitepra Gy 5 )u1)
REQ-110)

<CM, f (x) <Cc M, f(x)Rm’.

ayliL? (H)

Holder’s inequality is used again to estimate I,:
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oo (2"R)H
|1, (x)| < Cs kZ::,) (1 N sz)V FRE6(xy) < 2R

Lf (»)Idu(y)

(42)
“R)” i ,
& (2°R) N N
<C - J L ()P du( )) KRV
’ kgo (1 + sz)Y( 2R <8 (x,y) < 2M1R f uly ( )
Next, we write
a=p+p-pl Us
11, G| < Col Flpn 3 (R (et )
2 =6 Lpra1 :
o (1+ 2kR)y (sz)B/
(43)
1/s
<Cel Il i (IszS6<x,y><zkﬂR5(X» VLI +8(x, y))yd#(y)>
=6 LP1a . : ’
k=0 (sz)ﬁ/ql ﬂ(sz)/s/
and we obtain
v ﬁ/bfﬁ/% /_ 1
|12 (x)| SC6||f"LP1#11 Ga’y Lg () Z (sz) SC7||f"LF1-q1 Ga,y Lg (#)Rﬁ(l/}’ 1/q ) (44)
k=0
1/' 1- 1//

Summing the two estimates, we get Ga,}’f(x)| <C|G,, Lg (y)llfllﬁ,,f’q1 M,f(x)"4P. (46)
G‘Wf(x)l =l )(qu(x)Rﬁ/p +"f||LP1vq1Rﬁ/P_ﬁ/q‘), Define 1/p, = 1/p, — q,/p,p and 1/q, = 1/q, — 1/p. For

" arbitrary r >0, we have

(45)

for each x € X. Assume that M, f is finite everywhere and f
is not a wunique instance of 0. Make sure that
RFar = | fll oo /M, f (x). We get

(J@(x,ykr

Divide by r#/P="F/%2 and take supremum to get

Gy f ()

Gy,

1/p, 1/p,
2 - 1/ 2 1
du (x)) <ClGup 105" (L(mqwq f )P dy (x)) . (47)
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P 1/p,s
<L;(x)y)<r Gy f ()| du (x)>
|G“’Vf (x)|LPM2 = SUPr>0 rﬁ/Pz‘/sl‘h
» 1/p,
<C'G | ||1—P1/Pz(Ja(x,ykrIqu(x) ld[,t(x)> (48)
= VL Slera PlpPla
_ 1-p,/p, 202
= C|Ga, oI (M
Using the boundedness of M on Morrey spaces Acknowledgments

(Chiarenza-Frascas theorem [2]), we obtain an inequality

1-p,/p
|Gy f ) N I i

ay

< C|
Lp2D2

(49)

Corollary 1. Suppose we have p,=q,,p, =¢q, and
s=pl<f/f+y—a<p<f/f-a If for some C,>0,
u(B(a,r)) <C,rb, f e LPi(u), and Gy € L° (u), then there
exist C, >0 such that

|Gay f )+ L (0] <G

Gy (5 ) L @[ I 17 )]s
(50)

By the above corollary, we can say that G, f (x) is
bounded from L (y) to L% (u). Moreover, norm of
G,,, f (x) is dominated by norm of kernel Bessel-Riesz. For
the boundedness of G,y f (20).

4. Concluding Remark

This paper has investigated the existence of Morrey space for
the Bessel-Riesz operators that are dominated by the Bes-
sel-Riesz kernel. The standard dyadic decomposition and
maximal operators were used to further establish the
boundedness of Bessel-Riesz operators. Additionally, Saba
et al. [24], have shown that the generalized Bessel-Riesz
operator is bounded. Future consideration will be an ongoing
research direction that is to extend the study of Bessel-Riesz
operators to more general settings such as weighted spaces,
variable exponent spaces, and other metric measure spaces.
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