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In this study, the classical Lie symmetry method is successfully applied to investigate the symmetries of the time-fractional
generalized foam drainage equation with the Riemann-Liouville derivative. With the help of the obtained Lie point symmetries,
the equation is reduced to nonlinear fractional ordinary differential equations (NLFODEs) which contain the Erdélyi-Kober
fractional differential operator. The equation is also studied by applying the power series method, which enables us to obtain extra
solutions. The obtained power series solution is further examined for convergence. Conservation laws for this equation are
obtained with the aid of the new conservation theorem and the fractional generalization of the Noether operators.

1. Introduction

Fractional calculus, which deals with fractional integrals and
derivatives of arbitrary order, emerged towards the end of
the 17th century. Since then, numerous researchers have
dedicated their efforts to understanding, studying the
properties, and applying fractional order differential equa-
tions. The interpretation, properties, and applications of
such equations have garnered significant attention within
the scientific community [1-3]. In recent years, there has
been a surge of interest in studying fractional differential
equations (FDEs) as they prove to be effective in describing
various physical phenomena and processes across diverse
fields. These equations have found applications in hydrology,
viscoelasticity, mechanics, physics, fluid dynamics, biology,
chemistry, control theory, electrochemistry, and finance
[4-6]. Numerous efficient methods have been developed to
obtain both analytical and numerical solutions for fractional
order differential equations. Some prominent methods in-
clude homotopy perturbation method, subequation method,
the first integral method, and Lie group method; for more
details see [7-10].

The Lie symmetry method was initially introduced by
Sophus Lie (1842-1899) in order to study the (DE) of integer

order. This method is an algorithmic procedure to obtain the
point symmetry which leaves the considered differential
equation invariant. Later, Gazizov proposed the general-
ization of the Lie symmetry method for fractional differential
equations (FDEs) by developing prolongation formulas for
fractional derivatives. Since then, numerous studies have
been conducted to investigate FDEs using the Lie symmetry
method, see [11-13].

Conservation laws play a significant role in investigating
various properties of nonlinear partial differential equations
(PDEs). The relationship between the Lie symmetry group
and conservation laws of PDEs was established by Noether’s
theorem [14] which provides a powerful framework for
constructing conservation laws of differential equations. In
recent developments, Ibragimov [15] has introduced a new
conservation theorem based on the concept of nonlinear
self-adjoint equations to study the conservation laws for
arbitrary differential equations.

The analysis on the equations of foam drainage is of
considerable significance as foams omnipresent in daily
activities, either naturel or industrial. The generalized foam
drainage equation describes the evolution of the vertical
density of foam under the gravity, for more details see
[16-19].
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In this study, we are interesting in the following frac-
tional generalized foam drainage equation:
ou
5 (u"uy), +2uu, =0, 0<a<l,
where 0ju is the Riemann-Liouville (R-L) fractional de-
rivative of order a with respect to t. In [20], the generalized
fractional foam drainage equation with « = 1 is reduced to
the following classical generalized foam drainage equation:

(2)

for m = (1/2), equation (1) becomes the well-known foam
drainage equation which has been studied in both cases,
fractional and integer order by using Lie symmetry analysis
see ([21, 22]), also for the case and m = 1,2 the equation is
studied in [21].

The paper is structured as follows. In Section 2, we
provide some of the most important Lie symmetry analysis
results in the context of fractional partial differential

(1)

u, — (u"uy), + 2uu, =0,
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d
.1 )t,
at”g(x )

(24

i 1) =
at"‘g(x )

10 Jf (-

F(n—a)? 0

where g (x,t) is a real valued function, and n € N* (the set of
natural numbers).

The Lie symmetry method is based on assuming that
equation (3) is invariant under the following trans-
formations introduced by

T=t+er(xt,u)+0(e),

X =x+€eE(x t,u) +0(e),
u=u+en(x,t,u)+0(e),
= uy +er; (x,t,u) + O(e), ©

U =u, +en (x,t,u) + O(e),

U =u,, +en (x,t,u) +O(e),
where (5) is a one-parameter Lie group and € is the group
parameter and &,7,and# are the infinitesimals and
n* and #** are the extended infinitesimals of order 1 and 2
and are given by the following explicit form:
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equations FPDEs in general. In Section 3, we present Lie
point symmetries and similarity reduction of generalized
fractional foam drainage equation. In Section 4, we propose
another type of solutions in the form of power series solution
by using the power series method. By using the nonlinear
self-adjointness method, the conservation laws of equation
(1) are calculated in Section 5. Finally, some conclusions are
given in Section 6.

2. A Review on Lie Symmetry Analysis

The main idea of this section is to describe the Lie symmetry
method for FPDEs; so, let us consider a general form of the
FPDE expressed as follows:

u(x,t)

= (3)

F(x,t,u,uy, tyy),

where the subscripts indicate the partial derivatives and
(0%/0t*) is R-L fractional derivative operator presented by

if x =n,
(4)
s g(x,s)ds, 0<n-1<a<n,
M =D, (1) —u.D, (&) -u,D, (1),
= 1+ (1 = § )ty — Tyt = E 10y — T,
N =Dy (") = Dy (§) —uy Dy (7) ©
= e+ (2 = Euc )it = Tuoethy + (s = 2610115
- 2Txuuxut - Euuui - Tuuugzcut + (’114 - fo)uxx
- fouxt - 3£uuxuxx - Tuuxxut - 2Tuuxuxx’
where D,, is the total derivative operator with respect to x,
defined by
Dx:i+u a+u 9 +.... (7)

ox ou  fou, ou,

Now, the explicit form of the extended infinitesimal #; of
order « is written as follows:

1n; =D} (n) + &D; (u,) - D} (¢u,) + D} (D, (1)u) - D‘t"f1 (tu) + TD;XH (),

o (04 (44 N o 1 a
:at (’7)+(’7u_0‘Dt(T))at”_”at (’7u)+."‘+z<n> t’7u_<n+

n=1

where DY is the total time fractional derivative, and u is given
by

® 8
o owru 3 oroar e
n=1\ 1
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co n mkl/f & n r 1 tnia
. r;mz—u;zrm(n)(m)(k)Hm

m an m+k

(9)
g M
o " ou n-ma k-
We should mention here that y vanishes when the in-
finitesimal # (x, ¢, u) is linear in the variable u, that is,
n(x,t,u) =u(xt) f(x,t) + h(x, ). (10)
One can now present the Lie algebra of the one-

parameter Lie group (5), which is generated by the vector
fields in the following form:

d 0
§+E(x,t,u)a

The prolonged X(*? operator of the infinitesimal
generator X of order (a,2) is written in the following form:

X =1(x,t,u) +;7(x,t,u)%. (11)

XX a
n : (12)

X =X g 9 e 9 +
u ! ou, ou,,

Xf=0= T(x,t,u)

(ii) u = f (x,t) satisfies equation (3).

3. Application of the Proposed Method for
Generalized Foam Drainage Equation

Suppose that equation (1) is invariant under equation (5), so
we have that

m-1_ 2

nf‘—[m(m—l)u u, +mu™

Substituting the explicit expressions #*, n**, and #{ into
(17) and equating powers of derivatives up to zero, we obtain
the determining equations, by analyzing the determining
equations with the initial condition (14), and the in-
finitesimals are determined as follows:

T(t, x,u)
E(t,x,u)
n(t, x,u) = uaCy,

=Cymt - 2C\t,
= C,amx — C,ax + C,, (18)

where C, and C, are arbitrary constants. The corresponding
Lie algebra is written as follows:

X = (Camx - Clocx+C2)a %+(uacl)§
u

(19)

+(Cymt - 2C,t)

+£(x,tu)

Uy, — 2ux]17 + Z(u — ™!

Theorem 1 (Infinitesimal criterion of invariance). Equation
(1) is invariant under (5), if and only if equation (1) satisfies
the following invariant condition described by

X (M) (A=0) =0,A=0'u-F. (13)

Remark 2 (Invariance condition). In equation (3), the lower
limit of the integral must be invariant under (5), which
means

X | gogy = 0= T(x,6,4) | 1o = 0. (14)

Definition 3. A solution u = f (x, ) is an invariant solution
of (5) if it satisfies the following conditions:

(i) u = f (x,t) is an invariant surface of (11), which is
equivalent to

+11(x,tu) f 0. (15)
(—;%? (ﬁm") + 21t = 0, (16)

with u = u(t,x) satisfies equation (1). Now, we start by
applying the second prolongation X(*? to (1), then the
infinitesimal criterion (13) becomes

ux)ﬂx -u"y =0. (17)

If we set
X - 0
L7 ox’
(20)
X, =( —2)t2+ (m-1) i+ —
,=(m 3 a(m xax ocuau.

It is clear to show that the vector fields X, X, are closed
under the Lie bracket defined by [X;, X;] = X, X, - X;X;;
thus, the Lie algebra X is generated by the vectors fields X; (1,
2) and is rewritten as follows:

X =C, X, +C,X,. (21)
In order to find the reduced form and exact solution, we

should solve the characteristic equation corresponding of
each infinitesimal generator, which is described by
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dt dx du

= = , 22
T(x, t,u)  E(x,t,u) n(xtu) (22)
Case 4. Reduction with X, = (9/0x).
By integrating the characteristic equation
at _dx_du o)
0 1 0

the symmetry, X, leads to the group invariant solution
u=f(), (24)
and f (t) satisfies
D{f(t)=0. (25)

Therefore, the group invariant solution corresponding to
X, is given by

u, = k", (26)

with k, as an arbitrary constant.
Figure 1 presents the graph of solution u, (x,t) for = Ficure 1: The solution u, (x,t) for equation (1) for K; = 1 and

some different values of a, (=== a=0.9, o =0.75, = === = 0.5, and ---+---- a = 0.25).
u, = kt* !, (27)
. . . z= t,f(Z) =u, (29)
with k, as an arbitrary constant. Figure 1 presents the graph
of solution u, (x,t) for some different values of «. xt("‘“’m)/m’z),f(z) _pcamd) (30)
Case 5. Reduction with X, = (m —2)t(9/0t) + a(m — 1)x Therefore,
(0/0x) + au(d/ou). (alm-2) (a(1-m)/m-2)
The similarity variable z and similarity transformation u=t""0f (xt e ) (1)

f(2) corresponding to the infinitesimal generator X, is

obtained by solving the associated characteristic equation ) . L
Y & 4 Theorem 6. Using the abovementioned similarity trans-

given by formation (30) in (1), we find that the time fractional foam
dt _ dx drainage equation is transformed into a nonlinear ODE of
(m-2)t a(m-1)x fractional order in the following form:
(28) o m)im >0
_du (Poamtmry “F)@ = (" f)+(fF), =0, (32)
au with (Pi’“f)(() is the Erdélyi-Kober differential operator
then, for m #2, 1, the similarity variables are given by

m-1 d Seom [al +1, a¢N,
(PYF)(©) <6+1 T d(>(K NG m = (33)

i=0 a, aeN,

where Kf’“ is the Erdélyi-Kober fractional integral operator
introduced by

(K@ =115 [ = 07Tz avo,
(34)

f(()) a=0.
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Proof. By using the Riemann-Liouville fractional derivative We have
definition for the similarity transformation, we have

u= t(oc/m—Z)f(xt(u(l—m)/m—Z))’ (35)

aau a" 1 t n—o— 1 (a/m—2) a(l-m)/m=2)
e t— ds|. 36
T at”[( oc)J( 9 fls! )as B0
Let = (t/s), we have ds= (-t/v?), so the above-
mentioned expression can be expressed as follows
aau an n—(a(m-3)/m-2) 1 o0 n—a—1_—(n+l—(a(m-3)/m-2)) (a(m-1)/m-2)
= =5 e a)J (v-1) v f(zv )dv ,
(37)
an n—(a(m-3)/m— a/m-2)n—a
= = [T (K oy f) ()]
On the other hand, we have thus
0 _ a(l- m) (1-m)/m=2)-1
t§¢(z)—txﬁ (/)(Z)
(38)
_a(l-m)
Ri— z¢ (2),
" 0" [0/ (ame 3ym) p1samDna
A [E(f (K Syatm-nf) @) |5
(39)

(m-3) 2 2 it
o _cx’(/;:n— 1)Z$>(Ktm g/azm 1)f)(z)):|

an* 1
_ tn—(zx(m— 3)/m-2)-1 n—
m-—2

- atﬂfl

We repeat this procedure n—1 times, we get

(m-3) m—2 b a2
)(Ki(MZ)/;(ml))f) (2) )]

m-—2 _oc(m—l)zaz

-1
0"u _ 0" - (a(m=3)/m=2)-1 @
" o] "

— t(a(3—m)/m—2)(P( a(3-m)/m-2)+ f) (Z)

a(m-3) ( 3) 5 3
T ox(m — . m— (a/m=2),n—a
=t m-2 (1— — —(x(m_ 1)25)(K(W, 2)/a(m— 1)f)(z) (m=2)/a(m-1)
(40)

(a(3—m)/m=2)+ m—-1 2 m
z)-m - +2 =0,

Continuing further by calculating u, and u,, for (31) ( (m=2)/a(m-1) f)( JmmfT S et 2]
and replacing in equation (1) we find that time-fractional (41)
generalized foam drainage equation is reduced to a FODE 1.1 oo o quivalent to

written as follows:



(Pﬁffz{f?ffﬁ i )@ = (f"f2). ( )xZO- (42)

So, the proof becomes complete. O

4. Conservation Laws

In this present section, some of the conservation laws of the
foam drainage equation are derived.

The conservation laws of equation (1) are that each
vector (C,,C,) can be satisfied by the following conservation
equation for all solutions of equation (1)

Dt (Ct) +Dx (Cx) =0, (43)
where D, and D, are the total derivative operators with
respect to t and x, respectively. So, by observing equation (1),

we can easily see that equation (1) can be rewritten as
follows:

- 2uu, = Dt(Da_lu) + Dx(—umu,c + uz),
(44)

up = (u"uy),

thus, C, = D* 'uand C, = —u™u, + u? is a conserved vector
of equation (1).

Now, let us introduce the formulation of formal La-
grangian which is written as follows:

& = (v () = (") + 20m,), (45)

with y(x,t) as a new dependent variable. The adjoint
equation of the foam drainage equation is determined by
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(D) presents the adjoint operator of D
(Df)" = (-1)"Pr*(Dp),

t (48)
= cD;x’
with
. 1 ¢ flxs)
P:n af(x’t)zr(m_a)J ftlﬂx—m
t (S - ) (49)
m=[a] +1,

and (D{)* is the right-side Caputo operator. The con-

struction of CLs for FPDEs is in the same way of PDEs;
therefore, the fundamental Noether identity is given by

x @ D,(1)+D, (&) = Wi% + D, (N;) + D, (N,),
(50)

where N, N, are Noether operators, X (*? is defined by
(12), and W; is the characteristic function represented as
follows:

W, =mn; - tu, — §u,. (51)

For the x-component of the Noether operator, it is clear
to define N, as follows:

d 9 0
NX=E+Wi[@—Dx(au ):|+Dx(Wi)W’ (52)

XX XX

0% For the R-L time fractional derivative, N, is determined
— =0, (46) by
ou
where (6/0u) is the Euler-Lagrange operator described by
6 0 0 0 0
—=—+(DY" -D D’
5u - aut P 5y Py Py
(47)
S 0 0
~)*D* " *(W,)Df g - (-1)"1[ W, D}"
L A L)) )
where I is presented by Now, we apply (50) to (45) for X; (1, 2), and for all
lutions, we conclude that X*? + D, (7)& + D, ()F = 0;
1 f(@0h($x) 0 ’ t * :
I(f,h) = ——= — g Iso, we h 0%/6u) = 0, theref
(f>h) T(m — oc)J L T dpdr.  (54)  also, we have (6F/du) erefore

D,(N,&)+ D, (N,&) =0, (55)
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which is identical to the definition of conservation laws of

(1). So, the components of the conserved vector become

C, = N%}—T%+Z( 1" D"k (w,

k=0
a1k « 0%
_Z( DD (W)DtaD
C,=N,g= E%+W[——D(
ou

_w | 98 0%
=Wi [aux D’“(aux)] +Dx

Now, we can compute the conservation laws of equation
(1) by using (56). As we have seen in the previous section, the
time-fractional foam drainage equation admits two in-
finitesimals generators defined in Section 3 by
0
X, =—,
ox
(57)

X, =( —2)t3+ (m-1) 3+ 9
,=(m 3 a(m xax ocuau.

The characteristic functions corresponding to each
generator are given by the following formulas:

W, =-u,,
(58)
W, =au+ (2 -m)tu, + a(l - m)xu,.

Substituting Wi (i = 1;2; 3) into the vector components
(56), we obtain the conserved vectors of equation (1) as
follows:

Ci =D (w) + 1 (-up vr),
Cl=—u, [Z(M —mu™ 'y )1//+ D, (u"y )] + D, (—uy,) (-u"y),
= “2yun, + ymu™ '~y ™ + g,

(59)

5. Power Series Solution

In this section, by using the power series method, we can
extract another type of exact solution in the form of power

)] na

(W3)

7
5% m m 0%
ol
(56)

XX

0%

ou,,

series solution. Moreover, the convergence of power series
solutions is shown.

With the aid of the fractional complex transformation
given by

u(x,t) =u(z),

vt” (60)

zZ=cX———,
X I'(l+a)

where C and v are two arbitrary constants, and equation (1)
is reduced to a nonlinear ODE by substituting (60) into (1),
so we get

—ou =~ Crmd™ W ¥ 2cuu = 0. (61)
Now, we integrate (61) with respect to z and obtain
—ou—-CPmd"u +Cu + k=0, (62)

where k is an integration constant. Then, we assume that
the solution of (62) is in a power series form written as
follows:

u(z) = i a,z",

n=0

0 ut® n
=) ( - F(1+oc))

n=0

(63)

moreover, we have
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00 i therefore
u, = Z (n+1a,, (", (64)
n=0
substituting (63) and (64) into (62), we obtain
0 [ee] m [ee]
—vZanZ"—sz Zanz" Z (n+1a,, "
n=0 n=0 n=0
o 2
+C Z az" | +k
n=0
=0, (65)
n Jm-1
—UZ“ —C’”ZZZ Z(” AV 085 a4 2"
n=0 j;=0 j,=0 j (66)
+CZZan ;2" +k=0,
=0 j=0
1 n
Comparing the coefficient of z, when n=0, we get A1 =5 | v, +C Z a,a;\n=12...,
Gk C'm(n + 1)a, i=0
-va, a
a=——>_—0 - (67) (68)
C'ma,

the second case is when n>0

[ee]
u(()=ay,+a;z+ Z a,, 2"

n=1

thus, the power series solution of equation (1) can be
expressed as

(o8]

2 a
:a0+(_va°2_C(32+k><Cx— vt
C'may I'(1+a)

Vi n+l
X(Cx' r( +(x)) ’

where g, is an arbitrary constant, and by using (67) and (68),
all the coefficients of sequence {a,};” can be calculated. It
remains to prove the convergence of the power series
solution.

We can see that

n
|an+1| SM[|an| + Z
i=0

i=l

o —

where M = max{|v/mC2aj|, |1/mCaj'|}. Now, we take an-
other power series of the form

Q=Q(2)

00
_ n
- Z qn< >
n=0

(71)

Z p i|: va, +C ) anjaj] (69)
j=0

nlCm(n+1a0 )

with
9o =|a0|,
=la
q I 1|‘1n+1 (72)
n
= M{quqnjqj], n=12,....
i=0
We can observe that |a,|<q,, for n=0,1,2,..., then

Q(2) = ¥,209,2" is a majorant series of (63). We continue
by showing that Q(z) has a positive radius of convergence

Q@) =dy+az+ M|y 2"+ ) qn_jqu”“}
=1 n=1i=0

=do+ @12 + M[(Q-qo)z +(Q-4) (Q+gp)z].
(73)
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FIGURE 2: The solution u; (x, t) for equation (1), when =0.25,a, =2,C=1,v=2,k=9.(a) m=1,n=6, (b) m=4, n=10, and (c) m =10,

n=15.

FiGURre 3: The solution u; (x,t) for equation (1), when a=1,a, =2,C=1,v=2,k=9.(a) m=1, n=6, (b) m=4, n=10, and (c) m=10,

n=15.

then, we constitute the implicit functional equation with
respect to the independent variable z

B(2,8) =6 -qy— g1z - M[(Q~q)z +(Q~gy) (Q+)z]-
(74)

We can conclude from (74) that B(z, §) is analytic in the
neighborhood of (0, q,), with

B(0,g0) =0,

(75)
B, (0,qy) = 1#0.

By using the implicit function theorem given in [23, 24],
Q(z) is analytic in a neighborhood of (0, q,) with a positive
radius, which shows that the power series
Q=Q(2) = Y,2g,2" converges in a neighborhood of
(0,gp); therefore (63) is convergent in a neighborhood
of (0,q,).

Finally, we can present the graph of the power series
solutions given in the following Figures 2 and 3 by choosing
the suitable parameters and different values of a.

Case 1: a = 0.25
Case 2: a = 1.

6. Conclusion

In this paper, the Lie symmetry method is used to study the
fractional generalized foam drainage equation based in
Riemann-Liouville derivative. Lie symmetries are calculated
and used to reduce the foam drainage equation to an or-
dinary differential equation of fractional order connected to
the Erdélyi-Kober fractional operator, and an additional
solution of equation is given by mean of the power series
method. Some of CLs are obtained by using Ibragimov’s
method. The power series method and the fractional Lie
symmetry analysis technique offer valuable and effective
mathematical methods for researching other FDEs in
mathematical physics and engineering.
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