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Tis paper is an attempt to establish the existence and multiplicity results of nontrivial solutions to singular systems with sign-
changing weight, nonlinear singularities, and critical exponent. By using variational methods, the Nehari manifold, and under
sufcient conditions on the parameter η which represent some physical meanings, we prove some existing results by researching
the critical points as theminimizers of the energy functional associated with the proposed problem (2) on the constraint defned by
the Nehari manifold, which are solutions of our system, under some sufcient conditions on the parameters α, β, μ, and η. To the
best of our knowledge, this paper is one of the frst contributions to the study of singular systems with sign-changing weight,
nonlinear singularities, and critical exponent.

1. Introduction

Te proposed problem (2) is important in many felds of
sciences, and it arises in biological applications (e.g., pop-
ulation dynamics) or physical applications (e.g., models of
a nuclear reactor) and has drawn a lot of attention; see [1, 2]
and references therein.

A natural question that arises in concert applications is to
see what happens if these elliptic problems (degenerate or
nondegenerate) are afected by certain singular perturbations.

Te degeneracy and singularity occur in system (2); thus,
standard variational methods are not applied which means
that in our work, we research the critical points as the
minimizers of the energy functional associated with the
proposed problem (2) on the constraint defned by the
Nehari manifold, which are solutions of our system, under
some sufcient conditions on the parameters α, β, μ, and η.

In recent years, much attention has been paid to the
existence of nontrivial solutions for problems (Pa,η,μ) of the
type as follows:

− div |x|
− 2a∇u􏼐 􏼑 − μ|x|

− 2(a+1)
u � h(x)|x|

− 2∗b|u|
2∗− 2

u + nf(x), inΩ,

u � 0, on zΩ.

⎧⎨

⎩ (1)

Wang and Zhou [3] have proved that (P0,μ,1), for
f(x) ≡ h(x) ≡ 1 and a � 0, has at least two distinct solu-
tions when 0≤ μ< μ0 ≔ ((N − 2)/2)2 and under some suf-
fcient conditions on f. In [4], Bouchekif and Matallah have
shown the existence of two nontrivial solutions of (Pa,η,μ)

when 0< μ≤ μa, − ∞< a< (N − 2)/2, a≤ b< a + 1, and

η ∈ (0,Λ∗) with Λ∗ a positive constant and under some
appropriate conditions on functions f and h.

Many existing results are available for regular and critical
problems that arise from potentials; see, for example, [5–7].
However, to our knowledge, there are few results for singular
systems (see [8, 9]).

Hindawi
International Journal of Differential Equations
Volume 2024, Article ID 5582231, 8 pages
https://doi.org/10.1155/2024/5582231

https://orcid.org/0000-0002-0075-8837
mailto:med.mokhtar66@yahoo.fr
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2024/5582231


Tis paper is organized as follows. In Section 2, we give
our system and main results. In Section 3, we cite some
preliminaries. Conclusion is presented in Section 4.

2. The Mathematical Model and Main Results

Tis paper deals with the existence and multiplicity of
nontrivial solutions to the following proposed problem:

− div |x|
− 2a∇u􏼐 􏼑 − μ

u

|x|
2(a+1)

� (α + 1)h(x)
|u|

α− 1
u|v|

β+1

|x|
2∗b

+ η
|u|

− 1− θ

|x|
c u, inΩ,

− div |x|
− 2a∇v􏼐 􏼑 − μ

v

|x|
2(a+1)

� (β + 1)h(x)
|u|

α+1
|v|

β− 1
v

|x|
2∗b

+ η
|v|

− 1− θ

|x|
c v, inΩ,

u � v � 0, on zΩ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

where Ω is a bounded regular domain in RN (N≥ 3)

containing 0 in its interior, − ∞< a< (N − 2)/2, a≤ b<
a + 1, 0≤ c<N(α + β + 1 + θ)/(α + β + 2), 0< θ < 1, 2∗ �

2N/(N − 2 + 2(b − a)) is the critical Cafarelli–Kohn–
Nirenberg exponent, − ∞< μ< μa ≔ ((N − 2(a + 1))/2)2, α

and β are positive real such that α + β � 2∗ − 2, η is a real
parameter, and h is a function defned on Ω.

ByHμ ≔Hμ(Ω), we denote the completion of the space
C∞0 (RN) with respect to the norm as follows:

‖u‖μ,a � 􏽚
Ω

|x|
− 2a

|∇u|
2

− μ|y|
− 2(a+1)

|u|
2

􏼐 􏼑dx􏼒 􏼓
1/2

, for − ∞< μ< μa. (3)

Using the Hardy inequality, this norm is equivalent to
‖u‖0,a. More explicitly, we have

��������������
1 − max(μ, 0)

μa

􏼠 􏼡

􏽳

‖u‖0,a ≤ ‖u‖μ,a ≤

��������������
1 − min(μ, 0)

μa

􏼠 􏼡

􏽳

‖u‖0,a.

(4)

Te space H ≔Hμ × Hμ is endowed with the norm

‖(u, v)‖μ,a � ‖u‖
2
μ,a +‖v‖

2
μ,a􏼐 􏼑

1/2
. (5)

Since our approach is a variational method, we defne the
functional I ≔ Iη on H by

I(u, v) ≔ (1/2)‖(u, v)‖
2
μ,a − P(u, v) − Q(u, v), (6)

where

P(u, v) ≔ 􏽚
Ω

h(x)
|u|

α+1
|v|

β+1

|x|
2∗b

dx,

Q(u, v) ≔
η

1 − θ
􏽚
Ω

(u + ω)
1− θ

− ω1− θ

|x|
c +

(v + ω)
1− θ

− ω1− θ

|x|
c􏼢 􏼣dx.

(7)

A couple (u, v) ∈H is a weak solution of the proposed
problem (2) if it satisfes

〈I′(u, v), (φ,ψ)〉 ≔ R(u, v)(φ,ψ) − S(u, v)(φ,ψ) + − T(u, v)(φ,ψ)

� 0, for all (φ,ψ) ∈H,
(8)
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with

R(u, v)(φ,ψ) ≔ 􏽚
Ω

∇u∇φ + ∇v∇ψ
|x|

2a
− μ

uφ + vψ
|x|

2(a+1)
􏼠 􏼡,

S(u, v)(φ,ψ) ≔ 􏽚
Ω

h(x)
(α + 1)|u|

α
|v|

β+1φ +(β + 1)|u|
α+1

|v|
βψ

|x|
2∗b

,

T(u, v)(φ,ψ) ≔ η􏽚
Ω

φ
(u + ω)

θ
|x|

c
+

ψ
(v + ω)

θ
|x|

c
􏼢 􏼣dx.

(9)

Here, 〈., .〉 denotes the product in the duality H′, H.
We list here a few integral inequalities. Te frst one that

we need is the Cafarelli–Kohn–Nirenberg inequality [10],

which ensures the existence of a positive constant Ca,b such
that

􏽚
RN

|x|
− 2∗b|v|

2∗dx􏼒 􏼓
2/2∗
≤Ca,b􏽚

RN
|x|

− 2a
|∇v|

2dx, for all v ∈ C∞0 R
N

􏼐 􏼑. (10)

In (10), as b � a + 1, then 2∗ � 2, and we have the fol-
lowing weighted Hardy inequality [11]:

􏽚
RN

|x|
− 2(a+1)

v
2dx≤

1
μa

􏽚
RN

|x|
− 2a

|∇v|
2dx, for all v ∈ C∞0 R

N
􏼐 􏼑. (11)

Let

Sμ ≔ inf
u∈Hμ\ 0{ }

‖u‖
2
μ,a

􏽒Ω|u|
2∗/|x|

2∗bdx􏼐 􏼑
2/2,

􏽥Sμ ≔ inf
(u,v)∈H (0,0){ }

‖(u, v)‖
2
μ,a

􏽒Ω|u|
α+1

|v|
β+1/|x|

2∗bdx􏼐 􏼑
2/2∗

.

(12)

From [12], Sμ is achieved.

Lemma 1. Let Ω be a domain (not necessarily bounded),
− ∞< μ< μa, and α + β≤ 2∗ − 2. Ten, we have

􏽥Sμ ≔
α + 1
β + 1

􏼠 􏼡

(β+1)/2∗
+

β + 1
α + 1

􏼠 􏼡

(α+1)/2∗
⎡⎣ ⎤⎦Sμ. (13)

For simplicity of writing, let us note the quantity
[(α + 1/β + 1)(β+1)/2∗ + (β + 1/α + 1)(α+1)/2∗] by K(α, β).

Proof. Te proof is essentially given in [1] with minor
modifcations.

We set assumptions on the function h which is some-
where positive but which may change sign in Ω

(H1) h ∈ C(Ω) and h+ � max h, 0{ }≇ 0 in Ω
(H2) Tere exists η0 > 0 such that |h+|∞ � h(0) �

maxx∈Ωh(x)> η0
As regards, problems containing the weight function

h(x) change sign; see [13–15] and references therein.
Here, we can address some background works on the

critical points; see, for example, [16, 17].
Let Λ0 be a positive number such that

Λ0 ≔
2∗ 2∗ − 2( 􏼁

h
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌∞􏼐 􏼑

1/2∗− 2( )
A 2∗ 2∗ − 1( 􏼁􏼂 􏼃

2∗− 1( )/ 2∗− 2( )
[K(α, β)]

2∗/2 2∗ − 2( ) Sμ􏼐 􏼑
2∗/2 2∗− 2( )

, (14)
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where

A �
2π(N/2)(α + β + c)

NΓ(N/2)(α + β + c) − θ(α + β + 1)
􏼢 􏼣

α+β+c/α+β+1

R
N/α+β+1(α+β+c)− θ
0 > 0, (15)

with

0≤ θ <
N

α + β + 1
(α + β + c). (16)

Ten, we obtain the following results. □

Theorem 2. Assume that − ∞< a< (N − 2)/2, a≤ b< a + 1,
0≤ c<N(α + β + 1 + θ)/(α + β + 2), 0< θ< 1, − ∞< μ<
μa ≔ ((N − 2(a + 1))/2)2, α + β + 2 � 2∗ (H1), and η real
parameter satisfying 0< η<Λ0, then (2) has at least one
nontrivial solution.

Theorem 3. In addition to the assumptions of Teorem 2, if
(H2)̧ holds and η verifes 0< η< (1/2)Λ0, then (2) has at least
two nontrivial solutions.

3. Preliminaries

Defnition 4. Let c ∈ R, E be a Banach space and I ∈ C1

(E,R).

(i) (un, vn)n is a Palais–Smale sequence at level c (in
short (PS)c) in E for I if

I un, vn( 􏼁 � c + on(1) and I
′

un, vn( 􏼁 � on(1), (17)

where on(1) tends to 0 as n goes at infnity.
(ii) We say that I satisfes the (PS)c condition if any

(PS)c sequence in E for I has a convergent
subsequence.

3.1. NehariManifold. It is well known that J is of class C1 in
H and the solutions of (2) are the critical points of I which is
not bounded below on H. Consider the following Nehari
manifold:

M � (u, v) ∈H\ 0,0{ }: 〈I′(u, v), (u, v)〉 � 0􏼚 􏼛. (18)

Tus, (u, v) ∈M if and only if

‖(u, v)‖
2
μ,a − 2∗P(u, v) − Q(u, v) � 0. (19)

Note that M contains every nontrivial solution of
problem (2). Moreover, we have the following results.

Lemma 5. I is coercive and bounded from below on M.

Proof. Let R0 > 0 such that Ω ⊂ B(0, R0) � x ∈ RN: |x|<􏼈

R0}. If u ∈M, then, by (19) and the Hölder inequality, we
obtain

􏽚
Ω

u
+

( 􏼁
1− θ

|x|
c dx≤C1‖u‖

1− θ

withC1 � AS
− (1− θ)/p
1 ,

(20)

where

S1 ≔ inf
u∈H\ 0{ }

‖u‖
p

􏽒Ω|u|
1− θ/|x|

cdx􏼐 􏼑
p/(1− θ)

, (21)

and we deduce that

I(u, v)≥
(α + β − 1)

2(1 + α + β)
􏼠 􏼡‖(u, v)‖

2
μ,a + − 2η

(α + β + θ)

(α + β + 1)(1 − θ)
􏼠 􏼡A‖(u, v)‖

1− θ
μ,a K(α, β)S

− (1− θ)/2
1 , (22)

for 0≤ c<N/α + β + 1(α + β + θ).
Tus, I is coercive and bounded from below on M.
Defne

ϕ(u, v) �〈I′(u, v), (u, v)〉. (23)

Ten, for (u, v) ∈M,

〈ϕ′(u, v), (u, v)〉 � 2‖(u, v)‖
2
μ,a − 2∗( 􏼁

2
P(u, v) − ηQ(u, v)

� ‖(u, v)‖
2
μ,a − 2∗ 2∗ − η( 􏼁P(u, v)

� 2∗ − η( 􏼁Q(u, v) − 2∗ − 2( 􏼁‖(u, v)‖
2
μ,a.

(24)

Now, we split M into the following three parts:

M
+

� (u, v) ∈M: 〈ϕ′(u, v), (u, v)〉 > 0􏼚 􏼛,

M
0

� (u, v) ∈M: 〈ϕ′(u, v), (u, v)〉 � 0􏼚 􏼛,

(25)

and M− � (u, v) ∈M: 〈ϕ′(u, v), (u, v)〉< 0􏽮 􏽯.
We have the following results. □

Lemma 6. Suppose that (u0, v0) is a local minimizer for
IonM. Ten, if (u0, v0) ∉M0, (u0, v0) is a critical point of I.
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Proof. If (u0, v0) is a local minimizer for I on M, then
(u0, v0) is a solution of the optimization problem

min
(u,v)/ϕ(u,v)�0{ }

I(u, v). (26)

Hence, there exists a Lagrange multiplier ξ ∈ R such that

I
′

u0, v0( 􏼁 � ξϕ′ u0, v0( 􏼁 inH′(dual of H). (27)

Tus,

〈I′ u0, v0( 􏼁, u0, v0( 􏼁〉 � ξ 〈ϕ′ u0, v0( 􏼁, u0, v0( 􏼁〉. (28)

However, 〈ϕ′(u0, v0), (u0, v0)〉≠ 0, since (u0, v0) ∉M0.
Hence, ξ � 0. Tis completes the proof. □

Lemma 7. Tere exists a positive number Λ0 such that, for all
η verifying

0< η<Λ0, (29)

we have M0 � ∅.

Proof. Let us reason by contradiction.
Suppose M0 ≠∅ such that 0< η<Λ0. Ten, by (24) and

for (u, v) ∈M0, we have

‖(u, v)‖
2
μ,a � 2∗ 2∗ − 1( 􏼁P(u, v)

� 2∗ − η( 􏼁/ 2∗ − 2( 􏼁( 􏼁Q(u, v).
(30)

Moreover, by the Hölder inequality and the Sobolev
embedding theorem, we obtain

‖(u, v)‖μ,a ≥ [K(α, β)]
2∗/2 2∗− 2( ) Sμ􏼐 􏼑

2∗/2 2∗− 2( ) 2∗ 2∗ − 1( 􏼁 h
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌∞􏼐 􏼑

− 1
􏼔 􏼕

− 1/ 2∗− 2( )
, (31)

and

‖(u, v)‖μ,a ≤ 2∗ − 1( 􏼁η 2∗ − 2( 􏼁
− 1

􏼐 􏼑A􏽨 􏽩. (32)

From (31) and (32), we obtain η≥Λ0, which contradicts
our hypothesis.

Tus, M � M+ ∪M− . Defne

c ≔ inf
u∈M

I(u, v), c
+ ≔ inf

u∈M+
I(u, v) and c

− ≔ inf
u∈M−

I(u, v).

(33)

For the sequel, we need the following Lemma. □

Lemma 8

(i) For all η such that 0< η<Λ0, one has c≤ c+ < 0.
(ii) For all η such that 0< η< (1/2)Λ0, one has

c
− >C1 � C1 η, Sμ, h

+
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌∞􏼐 􏼑, (34)

where

C1 ≔
2∗ − 2

2∗2A 2∗ 2∗ − 1( 􏼁 h
+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌∞􏽨 􏽩

2/ 2∗ − 2( )
[K(α, β)]

2∗/ 2∗− 2( ) Sμ􏼐 􏼑
2∗/ 2∗ − 2( )

+

− 2∗ − 2( 􏼁/2∗( 􏼁η.

(35)

Proof

(i) Let (u, v) ∈M+. By (24), we have

1/2∗ 2∗ − 1( 􏼁􏼂 􏼃‖(u, v)‖
2
μ,a >P(u, v), (36)

and so

I(u, v) � (− 1/2)‖(u, v)‖
2
μ,a + 2∗ − 1( 􏼁P(u, v)

< − 2∗ − η( 􏼁/2∗2( 􏼁‖(u, v)‖
2
μ,a.

(37)

We conclude that c≤ c+ < 0.
(ii) Let (u, v) ∈M− . By (24), we get

1/2∗ 2∗ − 1( 􏼁􏼂 􏼃‖(u, v)‖
2
μ,a <P(u, v). (38)

Moreover, by Sobolev embedding theorem, we have

P(u, v)≤ [K(α, β)]
− 2∗/2 Sμ􏼐 􏼑

− 2∗/2
h

+
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌∞‖(u, v)‖
2∗
μ,a. (39)

Tis implies

‖(u, v)‖μ,a > 2∗ 2∗ − 1( 􏼁􏼂 􏼃
− 1/ 2∗ − 2( )A[K(α, β)]

2∗/2 2∗− 2( ) Sμ􏼐 􏼑
2∗/2 2∗− 2( )

, for all u ∈M−
. (40)
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By (20), we get

I(u, v)≥
2∗ − 2( 􏼁

2∗2
􏼠 􏼡‖(u, v)‖

2
μ,a + − 1 − 1/2∗( 􏼁( 􏼁η‖(u, v)‖μ,a.

(41)

Tus, for all η such that 0< η< (1/2)Λ0, we have
I(u, v)≥C1.

For each (u, v) ∈H, we write

tm ≔ tmax(u, v) �
‖(u, v)‖μ,a

2∗ 2∗ − 1( 􏼁􏽒Ω|u|α+1|v|β+1h|x|− 2∗bdx
⎡⎢⎣ ⎤⎥⎦

1/ 2∗ − 2( )

> 0. (42)

□
Lemma 9. Let η satisfy 0< η<Λ0. For each (u, v) ∈H with
􏽒Ω|u|α+1|v|β+1h|x|− 2∗bdx> 0, one has the following:

(i) If Q(u, v)≤ 0, then there exists a unique t− > tm such
that (t− u, t− v) ∈M− and

I t
−

u, t
−

v( ) � sup
t≥0

(tu, tv). (43)

(ii) If Q(u, v)> 0, then there exists unique t+ and t− such
that 0< t+ < tm < t− , (t+u, t+v) ∈M+, and (t− u, t− v)

∈M−

I t
+
u, t

+
v( 􏼁 � inf

0≤t≤tm

I(tu, tv) and I t
−

u, t
−

v( ) � sup
t≥0

I(tu, tv). (44)

Proof. With minor modifcations, we refer to [18].
Taking the idea of the work of Brown–Zhang [18], we

prove the following result. □

Proposition 1 

(i) For all η such that 0< η<Λ0, there exists a (PS)c+

sequence in M+

(ii) For all η such that 0< η< (1/2)Λ0, there exists
a (PS)c− sequence in M−

4. Conclusion

In our work, we have searched the critical points as the
minimizers of the energy functional associated with the
problem on the constraint defned by the Nehari manifold
M, which are solutions to our problem. Under some
sufcient conditions on coefcients of the proposed
problem (2) such that − ∞< a< (N − 2)/2, a≤ b< a + 1,
0≤ c<N(α + β+ 1 + θ)/(α + β + 2), 0< θ< 1, 2∗ � 2N/
(N − 2 + 2 (b − a)), − ∞< μ< μa ≔ ((N − 2(a + 1))/2)2,
α + β � 2∗ − 2, 0< β < 1, and 0< η< (1/2)Λ0, we split M
into two disjoint subsets M+ and M− ; thus, we obtain that
(2) has two nontrivial solutions (u+

0 , v+
0 ) ∈M+ and

(u−
0 , v−

0 ) ∈M− . Since M+ ∩M− � ∅, this implies that
(u+

0 , v+
0 ) and (u−

0 , v−
0 ) are distinct.

Appendix

A. Proof of Theorem 2

Drawing on the works of [18, 19], we establish the existence
of a local minimum for I on M+.

Proposition 11. For all η such that 0< η<Λ0, the functional
I has a minimizer (u+

0 , v+
0 ) ∈M+ and it satisfes

(i) M(u+
0 , v+

0 ) � c � c+

(ii) (u+
0 , v+

0 ) is a nontrivial solution of (2)

Proof. If 0< η<Λ0, then by Proposition 10(i), there exists
a (un, vn)n (PS)c+ sequence in M+; thus, it is bounded by
Lemma 5. Ten, there exists (u+

0 , v+
0 ) ∈H, and we can ex-

tract a subsequence which will be denoted by (un, vn)n such
that

un, vn( 􏼁⇀ u
+
0 , v

+
0( 􏼁weakly inH,

un, vn( 􏼁⇀ u
+
0 , v

+
0( 􏼁weakly in L

2∗ Ω, |x|
− 2∗b􏼐 􏼑􏼐 􏼑

2
,

un⟶ u
+
0 a.e inΩ,

vn⟶ v
+
0 a.e inΩ,

un⟶ u
+
0 strongly inL

1− β Ω, |x|
− c

( 􏼁,

vn⟶ v
+
0 strongly in L

1− β Ω, |x|
− c

( 􏼁,

(45)

and we have

lim
n⟶∞

􏽚
Ω

un + ω
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1− β

|x|
α dx � 􏽚

Ω

u
+
0 + ω

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
1− β

|x|
α dx + o(1),

lim
n⟶∞

􏽚
Ω

vn + ω
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
1− β

|x|
c dx � 􏽚

Ω

v
+
0 + ω

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
1− β

|x|
c dx + o(1).

(46)

Tus, by (45), (u+
0 , v+

0 ) is a weak nontrivial solution of (2).
Now, we show that (un, vn) converges to (u+

0 , v+
0 ) strongly in

6 International Journal of Diferential Equations



H. . Suppose this is not true, then by the lower semicontinuity
of the norm, either‖u+

0 ‖μ,a < lim infn⟶∞ ‖un‖μ,a or
‖v+

0 ‖μ,a < lim infn⟶∞‖vn‖μ,a, we obtain

c≤ I u
+
0 , v

+
0( 􏼁 �

2∗ − 2( 􏼁

2∗2
􏼠 􏼡 u

+
0 , v

+
0( 􏼁

����
����
2
μ,a

− 1 −
1
2∗

􏼠 􏼡􏼠 􏼡ηQ u
+
0 , v

+
0( 􏼁

< lim
n⟶∞

inf I un, vn( 􏼁 � c.

(47)

We get a contradiction. Terefore, (un, vn) converges to
(u+

0 , v+
0 ) strongly inH. Moreover, we have (u+

0 , v+
0 ) ∈M+. If

not, then by Lemma 9, there are two numbers t+
0 and t−

0 ,
uniquely defned so that (t+

0u+
0 , t+

0v+
0 ) ∈M+ and (t− u+

0 , t− v+
0 )

∈M− . In particular, we have t+
0 < t−

0 � 1. Since

d

dt
I tu

+
0 , tv

+
0( 􏼁⇃t�t+

0
� 0 and

d
2

dt
2 I tu

+
0 , tv

+
0( 􏼁⇃t�t+

0
> 0, (48)

there exists t+
0 < t− ≤ t−

0 such that I(t+
0u+

0 , t+
0v+

0 )< I(t− u+
0 ,

t− v+
0 ). By Lemma 9, we get

I t
+
0u

+
0 , t

+
0v

+
0( 􏼁< I t

−
u

+
0 , t

−
v

+
0( 􏼁< I t

−
0u

+
0 , t

−
0v

+
0( 􏼁 � I u

+
0 , v

+
0( 􏼁,

(49)

which is a contradiction. □

B. Proof of Theorem 3

Next, we establish the existence of a local minimum for I on
M− . For this, we require the following lemma.

Lemma 12. For all η such that 0< η< (1/2)Λ0, the func-
tional I has a minimizer (u−

0 , v−
0 ) in M− , and it satisfes

(i) I(u−
0 , v−

0 ) � c− > 0
(ii) (u−

0 , v−
0 ) is a nontrivial solution of (2) in H

Proof. If 0< η< (1/2)Λ0, then by Proposition 10(ii), there
exists a (un, vn)n, (PS)c− sequence inM− ; thus, it is bounded
by Lemma 5. Ten, there exists (u−

0 , v−
0 ) ∈H, and we can

extract a subsequence which will be denoted by (un, vn)n

such that

un, vn( 􏼁⇀ u
−
0 , v

−
0( 􏼁weakly inH,

un, vn( 􏼁⇀ u
−
0 , v

−
0( 􏼁weakly in L

2∗ Ω, |x|
− 2∗b􏼐 􏼑􏼐 􏼑

2
,

un⟶ u
−
0 a.e inΩ,

vn⟶ v
−
0 a.e inΩ,

un⟶ u
+
0 strongly in L

1− β Ω, |x|
− c

( 􏼁,

vn⟶ v
+
0 strongly inL

1− β Ω, |x|
− c

( 􏼁.

(50)

Tis implies

P un, vn( 􏼁⟶ P u
−
0 , v

−
0( 􏼁, as n⟶∞. (51)

Moreover, by (24), we obtain

P un, vn( 􏼁> 2∗ 2∗ − 1( 􏼁􏼂 􏼃
− 1

un, vn

����
����
2
μ,a

, (52)

thus, by (31) and (52), there exists a positive number

C2 ≔ 2∗ 2∗ − 1( 􏼁K(α, β)􏼂 􏼃
2∗/ 2∗ − 2( ) Sμ􏼐 􏼑

2∗/ 2∗− 2( )
, (53)

such that

P un, vn( 􏼁>C2. (54)

Tis implies that

P u
−
0 , v

−
0( 􏼁≥C2. (55)

Now, we prove that (un, vn)n converges to (u−
0 , v−

0 )

strongly inH. Suppose this is not true, then either ‖u−
0‖μ,a <

lim infn⟶∞‖un‖μ,a or ‖v−
0‖μ,a < lim infn⟶∞‖vn‖μ,a. By

Lemma 9, there is a unique t−
0 such that (t−

0u−
0 , t−

0v−
0 ) ∈N− .

Since

un, vn( 􏼁 ∈M−
, I un, vn( 􏼁≥ I tun, tvn( 􏼁, for all t≥ 0, (56)

we have

I t
−
0u

−
0 , t

−
0v

−
0( 􏼁< lim

n⟶∞
I t

−
0un, t

−
0vn( 􏼁≤ lim

n⟶∞
I un, vn( 􏼁 � c

−
,

(57)

and this is a contradiction. Hence,

un, vn( 􏼁n⟶ u
−
0 , v

−
0( 􏼁 strongly inH. (58)

Tus,

I un, vn( 􏼁 converges to I u
−
0 , v

−
0( 􏼁 � c

− as n tends to +∞.

(59)

By (54) and Lemma 6, we may assume that (u−
0 , v−

0 ) is
a nontrivial solution of (2).

Now, we complete the proof of Teorem 3. By Propo-
sition 11 and Lemma 12, we obtain that (2) has two non-
trivial solutions (u+

0 , v+
0 ) ∈M+ and (u−

0 , v−
0 ) ∈M− . Since

M+ ∩M− � ∅, this implies that (u+
0 , v+

0 ) and (u−
0 , v−

0 ) are
distinct.
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Finally, for every ω ∈ (0, 1), problem (2) has a solution
uω ∈H such that I(uω, vω) � 0. Tus, there exist ωn􏼈 􏼉 ⊂
(0,1) with ωn⟶ 0 as n⟶∞. Ten, we get (u, v) �

limn⟶∞(uω, vω). □
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