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The present work investigates the magnetohydrodynamic (MHD) convective heat transport of hybrid nanofluids in a chamber
with multiple heaters (such as hot microchips). The multiple-relaxation-time (MRT) lattice Boltzmann method (LBM) and
graphics processing unit (GPU) computing are used here. The present study is important due to its relevance to real-world
applications, the use of advanced simulation techniques, the consideration of hybrid nanofluids, the inclusion of
magnetohydrodynamics, and the identification of critical parameters influencing heat transfer. Thermally homogeneous blocks
are set at the bottom of a rectangular enclosure filled with ethylene glycol Cu-Al2O3 hybrid nanofluids with temperature-
dependent viscosity. The cold temperature of the enclosure’s left and right walls and the bottom and top surfaces is kept at
adiabatic conditions. The numerical outcomes for the various parameters Rayleigh number (104 ≤ Ra ≤ 106), volume fraction
(0 00 ≤ ϕ ≤ 0 04), Hartmann number (0 ≤Ha ≤ 60), and viscosity variation parameter (0 ≤ ε∗ ≤ 5) are presented in terms of
streamlines, isotherms, and the peripheral local and average Nusselt numbers for the heated chips. The results demonstrated
that inside the chamber, the Rayleigh number (Ra), the Hartmann number (Ha), and the volume fraction of nanoparticles (ϕ)
have the highest impact on the heat transfer rate for hybrid nanofluid. For increased Ha from 0 to 20, while ϕ = 0 0 and Ra = 1
06, average Nusselt number decreased with 13.65%. For the same case, if the volume fraction was increased to ϕ = 0 04, then
the average Nusselt number decreased 14%. Finally, a sensitivity analysis was done to analyze the system’s correctness and
effectiveness to determine the significance of the specified parameters.

1. Introduction

The recent trend in electronic and mechanical engineering
shows a growing interest in miniaturizing internal and exter-
nal designs, components, and the final assembly of electronic
units. While it provides an opportunity for progression in
equipment design to meet the requirements of the associated
applications, the reduction in thermal resistivity cannot be

avoided due to narrowing the heat dissipation pathway. In
general, heat generation could be excessively high from such
delicate devices. This outcome often leads to a perceptible
reduction in the efficiency and longevity of the unit as a
whole. In fact, in a further complicated design, a microreac-
tor array unit typically contains individual microreactors,
and each source requires local temperature control [1].
One possible solution is to integrate insulation between each
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heated source; however, it makes the process further compli-
cated and expensive in terms of experimental investigations
[2]. Therefore, an effective thermal equipment design through
numerical modeling remains paramount, along with sensitiv-
ity testing, possibly with high-performance computing. There
are different schematics popular among the researchers, such
as considering cavities or enclosures (for example, rectangle,
square, and triangular) [3–5]. This often includes the assump-
tion of heated and cold obstacles or walls to assign the insula-
tion and adiabatic conditions within different shaped cavities
(for example, L-shaped, C-shaped, n-shaped, and wavy sur-
face) [6–8]. In addition, a series of chips within a specified dis-
tance could be another option that thermal insulation can
isolate. As a consequence, the heat transfer mechanism across
each chip could be more controlled locally. These are all
intended to represent the miniature device or one fraction of
the internal component. Although the design methodology
could be improved through the options mentioned above,
considering appropriate internal components to enhance the
thermal efficacy of the system should still be investigated at a
microscale or mesoscale level.

Base fluids like water and oil have restricted working
capacity, and there has been ongoing research for decades to
look for a better option. Nanofluid is considered to be one of
the most efficient alternatives to conventional base fluids due
to possessing greater thermal conductivity [9–13]. The inte-
gration of nanofluids in an electronic cooling system, chip fab-
rication, and metal industry has been discussed recently
[14–16]. While considering a single-phase nanofluid alone
could improve the heat transfer application, the possible
implications in any practical application will be a meticulous
task to achieve. Therefore, mixing a specific volume fraction
of nanoparticles with the base fluids to form a hybrid nano-
fluid has been considered a pragmatic solution in heat transfer
devices [17]. Eastman et al. [18] reported an approximately
40% improved thermal conductivity by merely mixing 0.3%
copper/volume (Cu) with ethylene glycol. The underlying
concepts theoretically seem simpler to achieve, but from a
manufacturer’s perspective, the concerns remain. The amal-
gamation of such nanomaterials will make electronic equip-
ment sophisticated. Therefore, the industries will require
compelling evidence on the applicability of hybrid nanofluid
before the final product in terms of stability and efficacy due
to electrical current and magnetic field. The applied electrical
current induces the magnetic field during the trials and testing
of different equipment. A piece of prospective electronic
equipment containing a hybrid nanofluid and multiple heated
chips will also experience the induced magnetic field. The
presence of a magnetic field typically restricts the mobility of
fluid, which causes a reduction in heat transfer. A realistic
observation should include the influence of magnetic field
strength within the system. This is imposed by the Hartmann
(Ha) number in fluid dynamics, and the concept is known as
magnetohydrodynamics (MHD) [19]. In addition, due to tem-
perature variations, the viscosity of the hybrid nanofluid
should also change and hence should be considered in the sys-
tem concurrently. Considering the above influential parame-
ters, the selection of a highly accurate simulation technique
should be prioritized.

Over the past three decades, researchers/engineers have
paid close attention to lattice Boltzmann method (LBM)
due to its exceptional capabilities in the numerical study of
complicated flows, including multiphase flows, flows
affected by magnetic fields, and combustion simulation
[20]. LBM is one of the popular simulation techniques in
nanofluid flow and heat transfer applications [21–24].
LBM has been proven to be an efficient approach through
a parallel computing framework that reduces computational
timescale with improved accuracy [25, 26]. LBM can be effi-
ciently integrated with GPU computing to determine solu-
tions at the mesoscale or microscale. The method is based
on streaming and relaxation, emphasizing simulating fluid
density on a specified lattice. LBM can be performed by
single-relaxation-time (SRT) or multiple-relaxation-time
(MRT). However, MRT-LBM has been credited to be signif-
icantly better in heat transfer applications [27]. Some recent
works could be discussed in MRT-LBM that considered
nanofluid in heat transfer applications.

In recent years, researchers have been interested in using
magnetic fields to regulate the flow of nanofluid in managing
heat transmission. The presence of a magnetic field regulates
the momentum of flow and heat transfer, and studying this
phenomenon on fluid flow is one of the most fascinating
topics; these studies are referred to as magnetohydrodynam-
ics (MHD) [28]. However, more information is needed to
expand the work to investigate MHD and variable viscosity.
Zhang and Che [29] considered MRT-LBM to study MHD
natural convection of nanofluids with four square heat
sources. The findings also suggested that nanofluid
improved the heat transfer, but the performance was down-
graded with the inclusion of the Ha number. While the
results were significant and straightforward, the possible
implications in heat-exchanging devices will require further
sensitivity analyses and the development of correlations.
Karki and Gangawane [30] considered two obstacles within
their design and investigated the efficiency of hybrid nano-
fluid through case studies. The findings on the impact of
magnetic field strength on plummeting heat transfer rate
were in accord with the generic discussions above. There
have been further developments in MRT-LBM-MHD stud-
ies on hybrid nanofluid to meet specific applications and
associated requirements. However, there still needs to be a
gap in understanding the hybrid nanofluid behavior in the
presence of multiple heated sources. In addition, statistical
analysis of the simulated data was barely reported in the
literature.

This current study is aimed at analyzing the performance of
hybrid nanofluid comparing with Al2O3 and Cu combining
ethylene glycol base fluid and the heat transfer mechanism with
six heated sources with and without magnetic field. LBM-MRT
combination has been considered as the simulation technique.
CUDA C parallel computing has been performed using GPU.
Extensive sensitivity analyses through response surfacemethod-
ology have been conducted to find an optimum solution by
developing correlations among the influential parameters. The
adiabatic condition has been considered between each heated
block to reinforce stability and thermal insulation. This study’s
findings suggested that a hybrid nanofluid within a system
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containing six heated chips could still be modeled for any elec-
tronic equipment. At the same time, enhanced thermal effi-
ciency could be achieved. Furthermore, including a magnetic
field provided a more realistic approach within the cavity,
and the system can still be stabilized in the presence of hybrid
nanofluid and thermal insulations between each heated chip.
The sensitivity analyses provide elaborate explanations on
thresholds and tuning the hyperparameter for industrial test-
ing as needed.

2. Geometry of the Problem

Throughout this investigation, a rectangular cavity has been
taken into consideration. This cavity has a height H and a
width L, where L = 8H is shown in Figure 1. This present
study considers hybrid nanofluids in the cavity. The top wall
and the bottom wall were considered to be adiabatic. Six
heated chips were placed inside the cavity separately, and
the right side and left side walls were considered cold and
hence referred to as Tc. The distance between two heated
chips was considered L2 = 0 859375H, and the distance
between the heated chips was equivalent to L1 = 0 726562H
. A constant magnetic field (B0) was applied in this situation,
and the influence of the magnetic effect on free convection
has been thoroughly investigated. Figure 1 accurately depicts
all boundary conditions applicable to the problem.

The thermophysical properties of ethylene glycol (base
fluid) and Cu and Al2O3 nanoparticles are given in Table 1.

3. Formulation of the Problem

3.1. Dimensional Equations for Heat Transfer and Fluid
Flow. In this section, continuity equation, u momentum,
v momentum, and energy equations have been expressed
as the following [22]:

ŭx̆ + v̆y̆ = 0,

ρhnf ŭt̆ + ŭŭx̆ + v̆ŭy̆ = −p̆x̆ + 2μ̆hnf ŭx̆
x̆
+ μ̆hnf ŭy̆

y̆

+ μ̆hnf v̆x̆
y̆
,

ρhnf v̆t̆ + ŭŭx̆ + v̆v̆y̆ = −p̆y̆ + μ̆hnf v̆x̆
x̆

+ 2μ̆hnf v̆y̆
y̆

+ μ̆hnf ŭy̆
x̆

+ g ρβ hnf T̆ − Tc

− σhnf B
2
ov̆,

T̆ t̆ + ŭT̆ x̆ + v̆T̆ y̆ = αhnf T̆ x̆2 + T̆ y̆2 ,
1

where ρhnf is the effective density and ρβ hnf is the ther-
mal expansion coefficient of the nanofluid. Here, σhnf is

the electrical conductivity of the nanofluid, respectively.
In the following equations, the effective density ρhnf and
thermal expansion coefficient βhnf are defined with these
symbols [32, 33]. ρCp nf

is the heat capacitance. Here,

ρhnf stands for effective density (hybrid nanofluid).

ρnf = ρf 1 − ϕ + ρsϕ,

ρhnf = ρf 1 − ϕ + ϕAl2O3
ρAl2O3

+ ϕCuρCu,

ρCp nf
= ρCp f

1 − ϕ + ρCp s
ϕ

2

Through the following two equations, the heat capaci-
tance coefficient of a hybrid nanofluid is determined [32,
33]:

ρCp hnf
= ρCp 1 − ϕ f + ρCp ϕ,

ρCp hnf
= ρCp f

1 − ϕ + ϕAl2O3
ρCp Al2O3

+ ϕCu ρCp Cu

3

ϕ denotes the volume fraction for a hybrid nanofluid.

ϕ = ϕAl2O3
+ ϕCu,

βhnf = βf 1 − ϕ + βsϕ
4

Electrical conductivity is expressed as follows [32, 33]:

σhnf = σbf 1 +
3 σsbf

/σf − 1 ϕ

σsbf /σbf + 2 − σsbf
/σbf − 1 ϕ

,

σbf = σf 1 +
3 σsf /σf − 1 ϕ

σsf
/σf + 2 − σsf /σf − 1 ϕ

5

Here, αnf is the thermal diffusivity denoted by the fol-
lowing equation [32, 33]:

αhnf =
khnf

ρCp hnf

, 6

where μf is the viscosity of the base fluid.
The effective temperature-dependent thermal conductiv-

ity khnf of hybrid nanofluid is calculated based on the exper-
imental data, reflected through the correlation [34] as

khnf = kbf
ks + 2kbf − 2ϕ kbf − ks
ks + 2kbf + ϕ kbf − ks

,

kbf = kf
ks + 2kf − 2ϕ kf − ks
ks + 2kf + ϕ kf − ks

7
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The Brinkman model [35, 36] combined with the
temperature-dependent viscosity model of Ling and Dibbs
[37] defines the hybrid nanofluid’s effective dynamic viscos-
ity. The hybrid nanofluid’s (μ̆nf ) viscosity may be demon-
strated by the following [32, 33]:

μhnf =
μf

1 − ϕ 2 5 1 + ε T − Tc

8

3.2. Nondimensional Governing Equations. The following are
expressions of the dimensionless equations for continuity, u
momentum, v momentum, and energy [33]:

ux + vy = 0,

ut + uux + vuy = −
ρf

ρhnf
px +

1
1 − ϕ 2 5

Pr Ra
−1

1 − ϕ + ϕρs/ρf

2
μhnf
μf

ux
x

+
μhnf
μf

uy +
μhnf
μf

vx
y

,

vt + uvx + vvy = −
ρf

ρhnf
py +

1
1 − ϕ 2 5

Pr Ra
−1

1 − ϕ + ϕρs/ρf

2
μhnf
μf

vy
y

+
μhnf
μf

uy +
μhnf
μf

vx
x

+
ρfPrβhnf

ρhnfβf
θ −

σhnf
σf

ρf

ρhnf

PrHa2

Ra
v,

θt + uθx + vθy =
αhnf
αf

1
Ra

θxx + θyy

9

The nondimensionalized effective dynamic viscosity μhnf
becomes μ̆hnf

μf
= 1

1 − ϕ 2 5 1 + ε∗θ
10

Here, ε∗ denotes the viscosity variation parameter.

ε∗ = εΔT 11

The following list contains the dimensionless variables
that were utilized to create the nondimensional equations [33]:

x = x̆
H
,

y = y̆
H
,

u = ŭ

αf /H Ra
,

v = v̆

αf /H Ra
,

p = p̆

ρf αf /H
2Ra

,

go

L1 L2 L2 L2 L2 L2 L1d

H

Bo
Ty = u = v = 0

Ty = u = v = 0L1 = 0.7265625
L2 = 0.859375

L = 8H

d = 0.375H

Hybrid nanofuid

Heated
chips

Heated
chips

adiabatic Heated
chips

adiabatic Heated
chips

adiabatic Heated
chips

adiabatic Heated
chips

adiabatic

Adiabatic

Tc Tc

y

x

d d d d d

Figure 1: Physical model of the six heaters in a rectangular cavity and boundary conditions.

Table 1: Thermophysical properties of base fluid ethylene glycol
and Cu and Al2O3 nanoparticles [31].

Properties Ethylene glycol Cu (copper) Al2O3 (alumina)

ρ (kgm−3) 1115 8933 3970

cp (J kg
−1 K−1) 2430 385 765

k (Wm−1 k−1) 0.253 401 40

β (k−1) 57 × 10–5 1 67 × 10–5 0 85 × 10–5

σ (S/m) 1 07 × 10–4 59 6 × 106 35 × 106

μ (Nm−2s) 1 73 × 10–3
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t = t̆ Ra
H2/αf

,

θ = T − TC

ΔT
,

ΔT = Tw − Tc,

Ha =
σf

μf
HB0,

Ra =
gβfΔTH

3

αf νf
12

3.3. Average Rate of Heat Transfer Calculation. Equation (13)
for MHD convection has been used to calculate heat transport
for one chip only by average Nusselt values. In the present
problem, six heated chips were considered. Equation (13) will
change according to the number of chips used in the system.
As each chip has 3 sides, it was needed to calculate the average
Nusselt numbers (Nu) for sides as follows:

For the chip 1 case, the following could be expressed
[38]:

Nu1 =
1
3

1
y2 − y1

y2

y1

−
∂T
∂x

x=x1

dy + 1
y2 − y1

y2

y1

−
∂T
∂x x=x2dy +

1
x2 − x1

x2

x1

−
∂T
∂y

y=y2

dx

13

Therefore, the average Nusselt number Nu for the six
chips could be determined as the following [38]:

Nu = 1
6 Nu1 + Nu2 + Nu3 + Nu4 + Nu5 + Nu6 14

4. Multiple-Relaxation-Time Lattice Boltzmann
Method (MRT-LBM)

The D2Q5 and D2Q9 MRT-LBM theories have been
employed in calculating physical variables for the current
investigation, including fluid velocity, temperature, and sol-
ute concentration [38–41]. Below is a quick discussion of
how the equations were developed.

f r + eiΔt, t + Δt − f r, t = −M−1S m r, t −meq r, t

+M−1 I −
S
2 F r, t ,

15

g r + eiΔt, t + Δt − g r, t = −N−1ST mT r, t −meq
T r, t , 16

where r = x, y and f = f0, f1, f2,⋯⋯ , f8
T . In this

instance, the vector moments are m =
m0,m1,m2,⋯⋯ ,m8

T and meq =
m0

eq,m1
eq,m2

eq,⋯⋯ ,m8
eq T , and the driving forces

include F= F0, F1, F2,⋯⋯ , F8
T . In the same way, for

D2Q5 model, g = g0, g1, g2,⋯⋯ , g4
T are the density-

distributed functions for the thermal field. The forcing
scheme used in Eq. (15) to impose the external force can sig-
nificantly impact result accuracy [42].

The velocity and moment spaces are transformed using a
linear transformation for the momentum equation, consid-
ering m =Mf which means that f =M−1m, where

M =

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1

17

Within equation (15) implies that S represents a diago-
nal collision matrix at the moment space having nine eigen-
values ranging from 0 to 2, presented in

S = diag s0, s1, s2, s3, s4, s5, s6, s7, s8 , 18

where s0 = s3 = s5 = 1 0, s1 = s2 = 1 4, s4 = s6 = 1 2, and s7 =
s8 = 1/τ. In this case, τ = 3νhnf + 12 is the relaxation time,
and νhnf is the kinematic viscosity specified by the following
relation [38]:

νhnf =
1

1 − ϕ 2 5

Pr Ra
−1

1 − ϕ + ϕρs/ρf

μhnf
μf

19

The D2Q9 model’s density distribution function ei is
specified as in [41] in the direction of velocity.

In Equation (15), meq is expressed by [38]

meq = ρ, 2ρ + 3 j , ρ − 3 j , jx,−jx, jy,−jy , j2x − j2y , jx jy ,

20

where jx , jy = ρu, ρv and j = j2x + j2y . Here, [43] provides
the values for ρ and u:

ρ = 〠
8

i=0
f i,

u = 1
ρ
〠
8

i=0
f iei

21
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The collision matrix N for D2Q5 is provided below:

N =

1 1 1 1 1
0 1 0 −1 0
0 0 1 0 −1
−4 1 1 1 1
0 1 −1 1 −1

22

The five eigenvalues of ST for the D2Q5 model are
expressed as follows [38]:

ST = diag s0, sα, sα, se, sν 23

As indicated in eqs. (24) and (25), the explanation and
formulation of si values have been provided in detail in
[38, 43]:

s0 = 1, 1
se

−
1
2 = 1

sν
−
1
2 = 1

6 24

In this case, sα is determined as explained in Mezrhad
et al. [44]:

sα =
1

1/2 + 5α 25

The thermal diffusivity α is determined as follows [38,
43]:

α =
αhnf
αf

1
Ra

26

The effective thermophysical properties of the nanopar-
ticles that have been used in this simulation through equa-
tions (19) and (26) are shown in Table 2.

Equilibrium moments [38, 43] meq
T for the distribution

function gi are

meq
T = T , uT , vT , aT , 0 27

The temperature of the fluid [38, 43], T , are calculated as

T = 〠
4

i=0
gi 28

4.1. The Boundary Conditions. The boundary conditions
used in this fluid simulation problem specify that the walls
in the simulation are modeled using the bounceback condi-
tion. This means that fluid particles that collide with the wall
are bounced back in the opposite direction, preserving the
overall density of the fluid. Additionally, the walls between
the chips are specified as thermally adiabatic, meaning that
they do not exchange heat with the fluid. For these walls,
the zero gradient condition is used, which means that the
temperature gradient at the wall is set to zero.

Figure 2 demonstrates the no-slip condition for the cur-
rent model.

The known temperature of the walls denoted as Twall is
specified and used in the simulation. This temperature is used
to calculate the heat exchange between the fluid and the wall
or to set the wall’s temperature in case of the zero gradient con-
dition. The known temperature Twall is used as follows [44]:

gi r, b = 2Twall
1 + a/4

5 − gci c0 29

Here, a = −2 for D2Q5 model [44].
For an adiabatic wall, the antibounceback conditions are

shown [44]:

gi r, b = gci x, t 30

The geometry for the present problem from Figure 1 fol-
lows two different methods for adiabatic and cold walls. The
temperature condition for the cold and adiabatic walls has
been given below:

(i) The right wall has a cold temperature, and the con-
dition is g3 = −g1

(ii) The left wall has a cold temperature, and the condi-
tion is g1 = −g3

(iii) The adiabatic condition is present on the bottom
wall gi,0 = gi,1

(iv) The adiabatic situation at the top wall is gi,N = gi,N−1

The macroscopic quantities are calculated as follows [44]:

ρ = 〠
8

i=0
hi,

u = 1
ρ
〠
8

i=0
hiei,

T = 〠
4

i=0
gi

31

Table 2: The effective thermophysical properties of the
nanoparticles that have been used in this simulation (here, the
viscosity is calculated for ε∗=0).

ϕ ρhnf /ρf μhnf /μf khnf /kf αhnf /αf

0.0 1.0 1.0 1.0 1.0

0.01 1.047955 1.025444 1.030198 1.028210

0.02 1.095910 1.051804 1.061009 1.056923

0.03 1.143865 1.079122 1.092454 1.086155

0.04 1.191821 1.107444 1.124552 1.115923
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5. Model Validations

The grid independence test is a useful tool for evaluating the
accuracy of a numerical model. The simulation should reach
a consistent solution by fine-tuning the grid or mesh. The
solution is not numerically stable or reliable if the results
drastically vary with changing grid resolutions. Tests for grid
independence assist in identifying the simulation’s conver-
gence behavior. As the grid resolution is raised, convergence
describes the propensity of the solution to become closer to a
steady state. It is easy to determine whether the solution is
convergent or requires more refining by comparing the
results obtained with various grid sizes. The variation in
results from different grid sizes gives a clue as to the mistake
brought about by grid discretization.

5.1. Grid Independence Test. To verify the validity and accu-
racy of numerical simulations, grid independence tests were
performed. These tests assisted in validating numerical cor-
rectness, evaluating convergence behavior, estimating errors,
and optimizing computational resources by comparing
results obtained from different grid resolutions. In Table 3,
three lattice arrangements have been selected for the six

heaters: for case 1: 512 × 64, case 2: 1024 × 128, and case 3:
2048 × 256 along the x × y directions, respectively. For refin-
ing the grid sizes, the errors are decreasing. So, it is evident
from a visual assessment that case 2 (1024 × 128) is enough
for the current investigation.

The grid independence test also provided for velocity
and temperature distribution is depicted in Figures 3(a)
and 3(b), respectively, for the two different Rayleigh num-
bers (Ra = 105 and 106) while Pr = 16 6, ε∗ = 5, ϕ = 0 04,
and Ha = 40 at y = 0 5. These figures show evidence that
the results are very close for the higher two grid
arrangements.

5.2. Code Validation for a Single Heater. The code validation
was performed by comparing the results with the experi-
mental investigation by Nardini et al. [45] for a single heater
placed at the bottom wall in a square cavity. The left and
right vertical walls of the cavity were fixed at a cold temper-
ature of 291.16K, and the heater was at 310.65K. Other than
the heater, the bottom wall was thermally adiabatic. At the
top and bottom walls, a Plexiglas was used with a constant
heat convection coefficient of 8Wm2K1. The qualitative
comparison is shown in Figure 4 regarding the isotherms.

North
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Figure 2: Two-dimensional structure for bounceback condition applied to the walls.

Table 3: Grid independence test for the different Ra and Hartmann number Ha while ε∗ = 5, Pr = 16 6, and ϕ = 0 04 in terms of the average
Nusselt number (Nu).

Lattice size Ha = 0 Ha = 20 Ha = 60
Ra = 105

Grid 1: 512 × 64 4.3423 (0.98%) 3.5212 (1.87%) 1.8921 (3.37%)

Grid 2: 1024 × 128 4.3001 (0.00%) 3.4566 (0.00%) 1.8305 (0.00%)

Grid 3: 2048 × 256 4.2217 (1.82%) 3.4123 (1.28%) 1.8017 (1.57%)

Ra = 106

Grid 1: 512 × 64 9.0412 (8.49%) 6.9632 (7.96%) 4.7051 (2.31%)

Grid 2: 1024 × 128 8.3333 (0.00%) 6.4496 (0.00%) 4.5987 (0.00%)

Grid 3: 2048 × 256 8.1292 (2.45%) 6.3741 (1.17%) 4.5132 (1.86%)
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The agreement was found to be in accord with the published
work of Nardini et al. [45].

5.3. Code Validation for the Magnetic Field Effect. The exist-
ingMRT-LBM code is quantitatively validated for themagnetic
field effects in a side heated square cavity. Table 4 shows the
comparison by Nu. The results exhibit excellent agreement
quantitative with the findings of Rudraiah et al. [46] by the
finite difference method (FDM) for the Navier-Stokes equa-
tion. From this comparison, it was ensured that the numerical
accuracy was satisfactory by the present MRT-LBM.

5.4. Code Validation for the Nanofluid. In Figure 5, another
quantitative comparison of the present average Nusselt num-
bers with the experimental average Nusselt numbers of Ho
et al. [47] for Al2O3-water nanofluid in a side heated square
enclosure has been done for the different Rayleigh numbers
while ϕ = 0 03 and Pr = 7 002. This quantitative comparison
also leads to the validity of the present MRT-LBM code for
the nanofluid flow simulation. The results show that the error
is 0% at Ra = 106 and, in other places, errors are as low as
0.1%, 1.04%, and 0.38%, respectively. That means the numeri-
cal accuracy was satisfactory by the present MRT-LBM.
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Figure 3: Grid independent test for the different Rayleigh numbers in terms of the (a) vertical velocity v and (b) temperature θ while Pr
= 16 6, ε∗ = 5, ϕ = 0 04, and Ha = 40 at y = 0 5.
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6. Results and Discussions

The study of magnetohydrodynamic (MHD) natural convec-
tion of hybrid nanofluids in a chamber with six heaters holds
paramount significance in the realm of thermal and fluid
dynamics research. This sophisticated simulation technique
allows for a detailed and accurate investigation of the complex
interplay between magnetic fields, natural convection, and the
hybrid nanofluids’ intricate heat transfer characteristics. By
employing MRT-lattice Boltzmann methods, researchers gain
a powerful tool to analyze and optimize the thermal perfor-
mance of nanofluids in practical applications. The inclusion of
MHD effects adds a layer of complexity, enabling the explora-
tion of magnetically influenced convective heat transfer. This
simulation serves as a valuable resource in the development of
efficient cooling systems and heat exchangers. For the different
applications, it is necessary to understand and select the accu-
rate value of the parameters to make an efficient design. In
the present study, we set up different values of the parameters
and observed the variation of results due to the effect of change
in the parameter values. The parameters considered for this

work are thermal Rayleigh number (Ra) from 104 to 106, vol-
ume fraction ϕ = 0 00 to 0 04, Hartmann number Ha = 0
to 80, viscosity variation parameter ε∗ = 0 to 5, and Prandtl
number Pr = 16 6. The simulation assumptions of this work
are as follows:

(i) The study is on laminar incompressible natural con-
vection flow

(ii) The fluid is Newtonian

(iii) The thermal conductibility of the fluid is constant

(iv) The present investigation is for the two-dimensional
domain

(v) The investigation is for the single-phase hybrid
nanofluid

6.1. Effects of Thermal Rayleigh Numbers. The ratio of buoy-
ant to viscous forces in a fluid system is described by the
dimensionless thermal Ra number. Convection, mixing,
and heat transfer are just a few of the fluid dynamic pro-
cesses that can be significantly impacted by this parameter.
The fluid is generally stable at low thermal Ra numbers,
and heat is mostly transported by conduction. Convection
takes over as the dominant mode of heat transmission when
the thermal Ra number increases. The heat transmission rate
may become saturated as a result of this. Thermal Ra num-
ber has complicated impacts on fluid systems that rely on
the particulars of the system, such as the fluid characteristics,
the boundaries, and the imposed circumstances.

Figures 6(a)–6(c) depict streamlines and isotherms for
variations in the Rayleigh number Ra = 104, 105, and 106,
and other parameters were set at ε∗ = 2, ϕ = 0 04, and Ha
= 40. Six distinct heated blocks have been taken into consid-
eration in the current investigation. Overall, the streamlines
demonstrated symmetrical patterns in this instance. The
same trend can be seen in isotherms as well. At low Ra num-
bers, flow rates are dominated by conduction. Two mirrored
vortices with opposite rotational characteristics were devel-
oped for each Ra number, one for each enclosure. These
two vortices were found to be stretching themselves as the
Ra numbers increased. The consistency of the vortex was
apparent. According to the stream function, blue and red
were denoted as negative and positive, respectively. The
stream function with the opposite direction also allowed
the observation of the magnitudes of the velocity. As Ra
grows, the magnitude of the stream function grows as well.
The center magnitude grows from 1.91 to 26.63 when Ra
grows from 104 to 106. In the y direction, isolines were
observed to be parallel, indicating the conduction’s domi-
nance. Isotherms nearly appeared to be parallel to the top
and bottom walls, as shown in Figures 6(d)–6(f). Between
the cold walls and the heated chips, a greater temperature
gradient was noticed. Isotherms were seen to be distorted
in the opposite direction from the central area (to the cold
walls). The heated chips were positioned in the cavity’s mid-
dle, primarily aiding in the distortion of the isotherm. Iso-
lines in the central section have a lower temperature

Table 4: Comparison for magnetic field effects on the average
Nusselt number Nu is shown with the results of Rudraiah et al.
[46] where Pr = 0 733, ε∗ = 0, Ha = 0, and ϕ = 0 0. NSE stands for
the Navier-Stokes equation.

Ra = GrPr Ha Present MRT-LBM NSE-FDM [46] % Δ

1 466 × 104
0 2.5444 2.5188 1.006

10 2.2426 2.2234 0.856

50 1.0743 1.0856 1.051

100 1.0122 1.0110 0.119

1 466 × 105
0 5.0121 4.9198 1.842

10 4.8636 4.8053 1.198

50 2.8384 2.8442 0.204

100 1.4613 1.4317 2.026

4
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Figure 5: Present average Nusselt numbers are compared with the
experimental average Nusselt numbers of Ho et al. [47] for Al2O3-
water nanofluid while ε∗ = 0, ϕ = 0 03, Pr = 7 002, and Ha = 0.
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gradient and appear to be spread out toward the cold walls.
When the Ra number was comparatively lower, fluid mobil-
ity got delayed near the center and progressively experienced
augmented mobility as it approached the cold walls. Due to
increased velocity gradients, it was also seen that the iso-
therms were denser toward the edges of the cold walls. By
managing the hybrid nanofluid flow, all isothermal lines
were properly structured, regular, and compressed for the
MHD effect.

As Ra was increased, the core vortex gradually shifted
from being close to the cold walls to being in the middle of
the heated chips, and this was especially true when Ra was
increased to a value of Ra = 106 (Figure 6(f)). Due to the

top wall’s adiabatic state, the adjacent temperature increased
due to increasing the Ra number. However, the temperature
was consistently lower in the proximity of the left and right
walls (cold). It is significant that when Ra grows, fluid veloc-
ity inside the cavity also increases. At first, the hot fluid ini-
tially rises to the top of the cavity, aiding in accelerating the
flow. Eventually, the vortex was surrounded by this hot fluid
inside the cavity. The buoyancy force is another physical
principle behind the acceleration of fluid flow. Buoyancy
force increases along with an increase in Ra value. This force
mostly improves fluid flow. It is important to note that the
magnetohydrodynamic effect was also in charge of the iso-
therm and streamline distortion but was unable to alter the
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Figure 6: Streamlines and isotherms for (a, d) Ra = 104, (b, e) Ra = 105, and (c, f) Ra = 106 while ε∗ = 2 and Ha = 40 are fixed and here solid
lines for ϕ = 0 04 and dashed lines for ϕ = 0 00.
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lower middle region. Due to the magnetic field effect in this
cavity, the Lorentz force was generated, slightly reducing the
convective heat transfer flow rate. Including ϕ within the
system (solid lines) also showed marginal improvement in
both streamlines and isotherms. Despite assigning Ha = 40
within the system, the inclusion of nanoparticles still showed
better stability than the base fluid (ϕ = 0 00).

From the observations mentioned above, the patterns in
the streamlines changed slightly with increasing viscosity. It
caused decrements in fluid flow and lessened the strength of
the vortex point so that it turned two vortices into one. So if
it is required to expand the region of the flow phenomena
within the cavity, it will be prudent to choose the smallest
viscosity. This can control the flow phenomena of a fluid-
changing viscosity parameter.

6.2. Impacts of Hartmann Number. To explain the impact of
magnetic field strength on a flow system, a Ha number is
assigned. The magnetic field impact on fluid flow is minimal
for low Ha numbers. The influence of the magnetic field on
the fluid strengthens as the Ha number increases, and flow
patterns will become more intricate and stable due to
restricted mobility. The interaction of the magnetic field
with the fluid flow can lead to more significant mixing and
heat transfer. The Ha number can affect the behavior of
the suspended nanoparticles in a hybrid nanofluid. The
nanoparticles’ transport and thermal characteristics may
alter due to their alignment or aggregation in the magnetic
field. These phenomena may impact the hybrid nanofluid
system’s total heat transfer performance inside an electronic
equipment or microchip.

The influence of the magnetic field on the streamlines
and isotherms of hybrid nanofluid is depicted in Figure 7.
Other parameters had constant values such as Ra = 105, ε∗
= 3, and ϕ = 0 04. Figure 7 shows the flow field evolution
of the hybrid nanofluid inside the cavity. A rising Ha num-
ber shows that the magnetic field was getting stronger pro-
portionately, which weakened the flow field. Data shows
that when Ha grows from 0 to 80, the magnitude of the
stream function drops from 21.6 to 4.36. It also involves
the Lorentz force. This Lorentz force imposed restrictions
on the mobility of the fluid particles. Consequently, this
characteristic impeded heat convection, resulting in a rela-
tive increase in the conduction process.

Ha = 0 indicated the absence of a magnetic field within
the cavity. Therefore, in this instance, fluid flow did not get
disrupted. It could be seen from Figures 7(a)–7(c) that two
vortices were developed at the interface between the cold
and multiple heaters layer. The density of the streamlines
was reduced as Ha increased from 0 to 80, indicating the
negative effect of the Ha flow function. The flow direction
of each vortex pair remained opposite, as mentioned in the
previous explanation of the effects of Ra number variation.
It showed that while the flow rate got restricted due to the
magnetic field, it did not change the rotational pattern of
the streamlines. Since there was no magnetic field influence
on Figure 7(a) and Ra = 105 was taken into account through-
out this part of the investigation, convection was inferred to
be the dominant mode of heat transmission for fluids since

larger Ra numbers usually reinforce convective heat transfer.
Most of the heat produced by the several heated blocks was
directed toward the cavity’s cold walls.

For the magnetohydrodynamic effect, the considered
hybrid nanofluid for the current study was electrically con-
ducting fluid in the presence of the magnetic field. The diffu-
sive magnetic layer, also known as a Hartmann layer, is
created when the Hartmann number is increased to Ha =
20. These layers have various electric characteristics
[48–50]. The magnetic field created a force that opposed
the flow direction. According to Figures 7(e)–7(h), isother-
mal lines were heavily impacted inside the cavity as Ha
increased concurrently, which caused a reduction in the heat
transfer rate. Fluid convection and velocity once more
diminished due to the Lorentz force and an increased Ha
number. Additionally, it may be claimed that the heat trans-
mission method switched from convection to conduction as
the Ha number increased. It could be observed that Ha = 80
had the greatest impact on fluid velocity and temperature
profile in Figure 7(d). As per Figures 7(e)–7(h), the findings
suggested the control mechanism of heat transfer and asso-
ciated development across each heated chip. If it remains
necessary to locally increase the temperature across chips
2-4, increasing the Ha number provides an immediate solu-
tion. This should also be implemented in the presence of ϕ
as it adds more stability to the system, which will likely
increase the durability of the internal components of elec-
tronic equipment.

6.3. Influence of Temperature-Dependent Viscosity. The
temperature-dependent viscosity can significantly affect
streamlines and isotherms in MHD convection. According
to Figure 8, the viscosity’s variation with temperature
impacted the overall convection patterns, producing compli-
cated and intriguing effects. However, the changes were
more visible in terms of isotherms, as seen in Figures 8(e)–
8(h). The heat transmission rate was slowed down by
increased viscosity. In contrast, a reduced viscosity would
result in more fluid flow, improving heat transmission. The
strength of the magnetic field also affected the magnetic
field’s ability to promote or inhibit the MHD convective pat-
terns. In this case, Ha = 60 was imposed.

The impact on streamlines (Figures 8(a)–8(d) indicated
similar patterns as earlier discussion, including a pair of vor-
tices with opposite rotational characteristics. Since Ha and
Ra numbers were consistent, the flow patterns had no imme-
diate impact. However, temperature-dependent viscosity
exhibited a noticeable impact on isotherms as it is related
to temperature gradients, as shown in Figures 8(e)–8(h).
As ε∗ increased, the isothermal distribution gradually nar-
rowed down. A more influential impact could be observed
at the center (between chip 2 and chip 4). Chips at the center
are within adequate distance from the cold walls to be more
impacted by the viscosity. The values representing isolines
showed an augmentation as ε∗ increased. The observation
indicates that if temperature across the heated chips needs
to be improved without impacting the flow stream, ε∗ varia-
tion is an ideal selection to enhance the temperature gradient
within the electronic equipment or unit.
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Figure 7: Streamlines and isotherms for (a, e) Ha = 0, (b, f) Ha = 20, (c, g) Ha = 60, and (d, h) Ha = 80 while Ra = 105, ε∗ = 3, and ϕ = 0 04.
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6.4. Impact of Rayleigh Number on Local Nusselt Number.
The local Nu number is a dimensionless parameter used to
describe the convective heat transfer rate in a fluid system.
The performance of a hybrid nanofluid system is signifi-
cantly influenced by the local Nu number, which can also
serve as a helpful indicator for assessing the outcomes from
the simulation. Numerous variables, including the fluid
characteristics, the boundary conditions, and the presence
of suspended nanoparticles, might affect the local Nu num-
bers. A hybrid nanofluid system’s local Nusselt number
can be affected by including nanoparticles by altering the
fluid’s thermal conductivity, viscosity, and flow patterns.

As the fluid transfers heat more effectively from one point
to another, a rise in the local Nu number might signify
increased heat transfer capability.

The current study has three cases that compare the sim-
ulation results: the hybrid nanofluid, alumina, and copper.
This section will analyze it chronologically, considering the
peripheral distance of local Nu variations. In plotting the
local Nu number, the peripheral distance refers to the radial
position or distance from a central axis. In this context, the
localNu number is plotted as a function of peripheral distance
to visualize the spatial distribution of heat transfer within the
system. The local Nu number at a given peripheral distance
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Figure 9: Local Nusselt number Nu analysis for the six chips case at (a) Ra = 104, (b) Ra = 105, and (c) Ra = 106 for hybrid case while ϕ
= 0 04, Ha = 40, and ε∗ = 2 are fixed.

14 International Journal of Energy Research



represents the heat transfer rate per unit area at that location.
By plotting the local Nu number as a function of peripheral
distance, it is possible to see how the heat transfer rate varies
with position and identify any spatial variations or trends in
the heat transfer behavior. The peripheral distance is an
important variable when plotting the local Nu number
because it provides information about the heat transfer loca-
tion within the system. This can be useful for understanding
and optimizing the system’s thermal performance and com-
paring simulation results.

To estimate and analyze the influence of the local Nus-
selt number on the chips, the first variation of Ra numbers

has been taken for getting the simulation results where other
parameters were kept constant such as ϕ = 0 04, Ha = 40,
and ε∗ = 2 for Figure 9. The observation indicates the surface
heat transfer rate for the hybrid case. The heated left side of
the chip was represented by A1B1, the chip’s top side by B1
C1, and the chip’s right side by C1D1, allowing for a more
in-depth look at how heat is transferred from the chip to
the surroundings. Six chips have been considered for analyz-
ing the heat transfer rate here in terms of the local Nu num-
ber. It was found that the first and last chips exhibited larger
Nu values, indicating more heat transfer from these two
chips. So, in this case, near the cold walls, a larger
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Figure 10: Local Nusselt number Nu analysis for the six chips case at (a) Ra = 104, (b) Ra = 105, and (c) Ra = 106 for alumina while ϕ = 0 04,
Ha = 40, and ε∗ = 2 are fixed.
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temperature gradient was also found. From Figure 9(a),
from a distance A1-B1 meaning the left side of chip 1 had
the highest local Nu number, and from B1-C1 at this dis-
tance, chip 6 has the highest local Nu number, its gradient
slowly increased from left side to right side and these two
(chip one and chip six) gradients were higher than the rest
of the chips. The observation was further clarified through
Figure 9(b), where the greater peak values of chips 1 and 6
could be observed from A1-B1 and C1-D1, respectively, as
Ra was increased from 104 to 105. The impact of buoyancy
forces could be further cemented from Figure 9(c), where
Ra = 106 was assigned. One thing could be noticed in chip

4, which showcased further dominance in peak values than
chip 2 and chip 3. In this scenario, chip 4 seems to have
improved local heat transfer. This observation could be fur-
ther cross-checked with the findings from Figures 7(e)–7(h),
where isolines across chip four were increasing in terms of
density in the presence Ha number and ϕ. Therefore, the
observation on the hybrid case in terms of local Nu number
suggests that the temperature could be locally controlled
across different chips by simply tuning the buoyancy force
keeping Ha, ε∗, and ϕ constant and nonzero.

Figure 10 depicts the variations in local Nu numbers as a
function of Ra number only in the presence of alumina. It is
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Figure 11: Local Nusselt number Nu analysis for the six chips case at (a) Ra = 104, (b) Ra = 105 and (c) Ra = 106 for copper while ϕ = 0 04,
Ha = 40, and ε∗ = 2 are fixed.
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apparent from Figure 10 that the local Nu number distribu-
tion was less significant for only alumina than that of the
hybrid case, as shown in Figure 9. However, chip one and
chip 6 maintained the dominance as before. The rest of the
chips exhibited substantially lower heat transmission rates
locally. Chips 1 and 6 were the closest to the left and right
cold walls, respectively. Therefore, seeing the corresponding
heated chips showcasing better local heat transfer made
more sense. However, most of the equipment with multiple
blocks or chips will require the rest of the components to
function efficiently concurrently to improve thermal effi-
ciency. In this case, only alumina cannot be a solution to
that. This observation can be further validated with only
the Cu case in the following paragraph.

In the final part of this segment, the impact of only Cu
could be observed on local Nu numbers, as shown in
Figure 11. The overall observation suggested that as Ra
increased, the local heat transfer was more noticeable across
chips 1 and 6, like only the alumina case. This pattern con-
firmed the hypothesis and assumption discussed above, indi-
cating that nonhybrid case may not be entirely suitable for
locally controlled heat transmission across multiple heated
chips despite increasing the Ra number to 106. However, the
three cases mentioned above were only discussed in terms of
variable Ra. It was necessary to observe the changes by varying
Ha and ϕ as well. Instead of repeating the observation for local
Nu, this investigation was conducted forNu in the next section.

6.5. Effects on Average Nusselt Number

6.5.1. Variations in Hartmann Number and Volume Fraction
of Nanoparticles. Figure 12(a) shows the variation of Hart-

mann number for alumina, copper, and hybrid case together
by keeping Ra = 105 and ϕ = 0 04 constant. It could be
observed that Cu showed comparatively better Nu values,
and alumina demonstrated the lowest among the cohort.
Typically, as Ha increased, Nu decreased, which was
expected as the influence of the magnetic field was discussed
earlier in several places. However, the impact of Ha was only
visible at Ha > 30. Although Cu led the parity, the difference
was not mammoth compared to the hybrid. This could be
explained by revisiting Table 1 where Cu had approximately
903% greater thermal conductivity than alumina. Therefore,
Nu got reduced since it only states the mean values of heat
transfer. Furthermore, the maximum Nu value does not nec-
essarily mean the best solution for a specific application. The
overall efficacy could be a significant concern regarding Cu,
which was also observed in local Nu distribution, where
most of the chips remained quite inactive compared to chips
1 and 6. Considering both local and average Nu, the hybrid
option should still be a better selection. This could be further
validated by varying ϕ in the process. Unless Cu varied sig-
nificantly with increasing ϕ, the hybrid should remain the
best alternative in improving the thermal efficiency of the
electronic equipment.

The impact of ϕ on Nu is shown in Figure 12(b).
Including ϕ effectively improved Nu values due to improved
thermal conductivity, regardless of the rheology of the fluid.
However, the marginal dominance of Cu could be observed
here as well as ϕ increased. Each fraction of Cu increases the
overall heat transfer due to more efficient thermal properties.
However, considering the differences with hybrid cases across
different ϕ, Cu alone did not bring massive improvement
within the system. Considering the marginal improvement
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Figure 12: (a) Hartmann number variation where Ra = 105 and ϕ = 0 04 are fixed and (b) volume fraction variation, where Ha = 20 and
Ra = 105 are fixed to show average Nusselt number for Al, Cu, and hybrid case.
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in local heat transfer earlier, Cu cannot be completely an effi-
cient element for multiple heated chips. While it improves the
average heat transfer rate, the improvement was less influen-
tial in local heat transfer. Overall, the hybrid option should
have opted to control a cooling system or appropriate elec-
tronic equipment with multiple heated chips to have more
control over the functional ability. Nevertheless, it will be

interesting to see if the results obtained here remain consistent
for hybrid nanofluid at augmented Ra numbers, which were
not discussed here.

6.5.2. Influence of Rayleigh Number on Hybrid Nanofluid. So
far, hybrid nanofluid has been observed to be comparatively
better overall. However, the sensitivity should also be tested
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Figure 13: For different Rayleigh numbers, (a) variation of Hartmann number where ε∗ = 2 and ϕ = 0 02, (b) variation of volume fraction
where Ha = 40 and ε∗ = 2, and (c) variation of viscosity variation parameter where Ha = 40 and ϕ = 0 02 are fixed to show average Nusselt
number for hybrid case.
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in terms of varying buoyancy within the system. This test
was conducted at three different Ra numbers by varying
Ha, ϕ, and ε∗ in each segment below.

The impact of Ha numbers on Nu on each Ra number
could be seen in Figure 13(a). The observation matched the
earlier discussion and has not been repeated here. However,
the local maxima and minima of Nu kept improving as Ra
augmented. However, the difference almost doubled as Ra
increased from 105 to 106. It is anticipated that the difference
would have gotten greater if a further augmented Ra was
imposed within the system. The impact of Ra = 106 was also
seen in terms of varying ϕ as shown in Figure 13(b). While
the improvement was insignificant at Ra = 104 and 105, the
increased values of Nu could be seen in terms of Ra = 106
despite imposing Ha = 40 within the system. The increasing
rate will be greater at lower or noHa number, but considering
the MHD effect of the present study, this was not imple-
mented. Therefore, Ha = 40 was used as a parameter here.
Similar characteristics were observed in terms of increasing
ε∗ as temperature-dependent viscosity also adds a restriction
to the fluid mobility as shown in Figure 13(c). Combining
Figures 13(b) and 13(c), this was an indication that improving
ϕ alone will not improve thermal efficiency. It is also impor-
tant to augment Ra in such a way that the hybrid nanofluid
can overcome the restrictions imposed due to the Ha number
and ε∗.

6.5.3. Overall Observations and Data Extraction. The overall
observations on Nu have been depicted in Table 5, where the
effects of Ra, ϕ, and Ha numbers on Nu were tabulated for
hybrid nanofluid at a fixed ε∗. The data suggested that
increasing Ra and ϕ augmented Nu values regardless of the
values of Ha number within the system. However, the high-
est values of Nu were recorded in the absence ofHa numbers
as seen from the column stating “Ha = 0” in Table 5. Similar
characteristics were also noticed in Table 6, where ε∗ was
varied keeping ϕ fixed.

For a higher average Nusselt number, the rectangular
cavity wall can rapidly transport heat from the heaters to
the cold walls. While varying the volume fraction, Nu
increases as Ra climbs from 104 to 106. This is evident from
the table that Ra clearly describes the fluid velocity, with a
smaller number implying laminar flow and then a larger
value representing increasing heat transfer more quickly.
As a result, an increase in Ra generates the buoyancy force
to speed up, leading to increased flow circulation intensity
because Ra is relevant to the proportion of buoyancy force
toward the product of thermal viscosity and thermal diffu-
sivity. As a result, the average Nusselt number for Ra = 106
is higher than for Ra = 104 and Ra = 105. Consequently, a
greater buoyancy force helps in effective heat transfer than
the flow attained for Ra = 106. While varying volume frac-
tion 0 00 ≤ ϕ ≤ 0 02 for fixed Ra = 106, the average Nusselt
number increases 1.3% where no magnetic field effect is con-
sidered. Again for varying volume fraction 0 02 ≤ ϕ ≤ 0 04,
average Nusselt number increases with 1.12%. Again if Ha
was considered and if Ha value increased from 0 to 20, ϕ
= 0 00, and Ra = 106, average Nusselt number decreased

with 13.65%. For the same case, if the volume fraction was
increased to ϕ = 0 04 and Ha = 0 ≤ ϕ ≤Ha = 20, the average
Nusselt number decreased 14%. The decrement rate of heat
transfer grew for developing fluids volume fraction and
Hartmann number.

Another case has been considered for seeing the trends
of the Nu number. According to Table 6, the changes of

Table 5: Average Nusselt number Nuavg for hybrid nanofluid
when ε∗ = 2.

Average Nusselt number
Ra ϕ Ha = 0 Ha = 20 Ha = 40 Ha = 60

Ra = 104

0.00 1.8779 1.3244 0.8511 0.6981

0.01 1.8934 1.3348 0.8642 0.7142

0.02 1.9083 1.3449 0.8771 0.7302

0.03 1.9180 1.3548 0.8906 0.7471

0.04 1.9319 1.3644 0.9039 0.7639

Ra = 105

0.00 3.7216 3.0702 2.2539 1.6962

0.01 3.7716 3.1135 2.2849 1.7196

0.02 3.8215 3.1559 2.3148 1.7422

0.03 3.8707 3.1975 2.3438 1.7639

0.04 3.9192 3.2382 2.3719 1.7849

Ra = 106

0.00 7.4462 6.4299 5.1131 4.1871

0.01 7.4143 6.4676 5.1876 4.2517

0.02 7.5448 6.4821 5.2616 4.3162

0.03 7.5761 6.5077 5.3352 4.3803

0.04 7.6304 6.5592 5.4081 4.4437

Table 6: Average Nusselt numbers for Ra and ε∗ variation at a
fixed ϕ = 0 04.

Average Nusselt number
Ra ε∗ Ha = 0 Ha = 20 Ha = 40 Ha = 60

Ra = 104

0 1.5437 1.1649 0.8606 0.7537

1 1.7654 1.2715 0.8905 0.7634

2 1.9318 1.3364 0.9073 0.7677

3 2.0650 1.3817 0.9184 0.7711

4 2.1741 1.4157 0.9266 0.7733

5 2.2652 1.4426 0.9330 0.7752

Ra = 105

0 3.3891 2.9031 2.1967 1.6956

1 3.7151 3.1148 2.3303 1.7559

2 3.9192 3.2384 2.3859 1.7862

3 4.0716 3.3289 2.4204 1.8058

4 4.1953 3.3977 2.4462 1.8197

5 4.3001 3.4566 2.4690 1.8305

Ra = 106

0 5.8888 5.9155 5.0162 4.2258

1 7.2351 6.3661 5.2482 4.3588

2 7.6722 6.6094 5.4082 4.4439

3 7.7848 6.8581 5.5318 4.5069

4 8.0890 6.9502 5.6329 4.5573

5 8.3333 6.4496 5.7173 4.5987
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the Nu were visible, and maximum Nu was obtained for the
lowest value of the Hartmann number, and the opposite
relation was found for the highest Hartmann number. For
volume fraction 0 01 ≤ ϕ ≤ 0 03 and at fixed Ha = 0, the
average Nusselt number increases with the percentage of
5.91. However, at the same range 0 01 ≤ ϕ ≤ 0 03 and at Ha
= 80, this rising rate changed into 1.92. Increasing the vol-
ume fraction helped to grow the average Nusselt number.
Still, the Hartmann number controlled this rate of increasing
Nu slowly, and it lowered the value of Nu, which was in line
with the decreasing heat transfer and flow phenomena of the
selected nanofluid for this project.

To summarise, it could be seen that increasing Ra, ϕ, and
ε∗ improved the heat transfer rate, while increasingHa down-
graded the heat transfer. While the simulated data always con-
tained one or two static variables, analyzing the correlations
within the input parameters concurrently was still significant
to conclude the finding. Therefore, further statistical analyses
have been conducted to develop more confidence in the find-
ings of this study.

7. Sensitivity Analysis

Sensitivity analysis is employed to comprehend how modifi-
cations to one or more input variables or assumptions affect
a model’s or system’s output. This can assist in locating
potential model flaws. Sensitivity analysis is a basic method
for determining a model’s reliability; recognizing influential
variables, uncertainty of input variables, and calculations;
and assisting in making decisions [51, 52]. When input
affects output, evaluation of uncertainty can be measured
through sensitivity analysis [53]. Using the statistical regres-
sion model, the parametric correlations have been obtained
for the average Nusselt number. The regression equation
has been obtained by the Design-Expert software. Based on
our obtained real data, the software suggested the correlation
equation (32). The correlation equation using all parameters

used in this study is as follows:

Nu = 1 3088 + 0 00002Ra − 0 0232Ha + 0 3647ε∗

− 2 86 × 10−8RaHa + 2 28 × 10−7Raε∗

− 0 0034Haε∗ − 0 1647Haϕ + 3 9916ε∗ϕ
− 1 49 × 10−11Ra2 − 0 0658ε∗2

32

The elements that most significantly affected the
response variability can be identified by looking at the corre-
lation equation’s coefficients. For the sensitivity test, we have
taken the first derivative of the correlation (32) in terms of
each parameter we have:

∂Nu
∂Ra = 0 00002 − 2 86 × 10−8Ha + 2 28 × 10−7ε∗

− 2 98 × 10−11Ra,
33

∂Nu
∂Ha = −0 0232 − 2 86 × 10−8Ra − 0 0034ε∗ − 0 1647ϕ,

34

∂Nu
∂ε∗

= 0 3647 + 2 28 × 10−7Ra − 0 0034Ha

+ 3 9916ϕ − 0 1316ε∗,
35

∂Nu
∂ε∗

= −0 1647Ha + 3 9916ε∗ 36

Here, sensitivity toward Ra, Ha, ε∗, and ϕ was calculated
using Equations (33)–(36), respectively. Figure 14 shows the
sensitivity test for all parameters. The bar graph shows that
sensitivity for ϕ is at its highest point. Changing a minimal
volume fraction will have the highest impact on this model.
This model can be controlled in a better way through this
parameter (ϕ). This input variable will have the highest effect
on the model’s output. In this case, increasing the volume
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fraction will increase the average Nusselt number. It will
then increase the fluid flow and heat transfer rate faster, with
a positive sensitivity magnitude. In Figure 14(a), Ra varia-
tion was considered. It is shown that Ra has a positive sensi-
tivity, while Ha shows a negative sensitivity throughout in all
cases. As increasing Ha has the damping effect on fluid flow,
as a result, fluid velocity retards, which is already discussed
in Section 6.2. Among all the parameters, ε∗shows both
characteristics and shows both positive and negative sensi-
tivity depending on the scenario.

8. Conclusion

The 2D multiple-relaxation-time lattice Boltzmann approach
coupled with GPU computing was used in this paper to thor-
oughly examine the effect of MHD on the convection of Newto-
nian hybrid nanofluid by considering six heated chips. The study
is extremely important for thermal and fluid dynamics research.
This advancedmodelingmethod enables a thorough and precise
examination of the complicated interactions between natural
convection, magnetic fields, and complex heat transfer proper-
ties of the hybrid nanofluids. The study investigates the influence
of several dimensionless characteristics such as the Rayleigh
number (104 ≤ Ra ≤ 106), volume fraction (0 00 ≤ ϕ ≤ 0 04),
Hartmann number (0 ≤Ha ≤ 60), and viscosity variation
parameter (0 ≤ ε∗ ≤ 5) in terms of streamlines, isotherms, and
peripheral local and average Nusselt numbers for the heated
chips. Furthermore, the sensitivity test has been done using
response surface methodology to statistically investigate the
influence and correlations among the parameters on Nu. The
findings from this study could be summarised as the following:

(i) Copper is marginally better in producing Nu than
hybrid nanofluid. However, local Nu distribution
was overall better for hybrid nanofluid across all
heated chips. Electronic equipment with multiple
heated blocks will have a much more efficient local
temperature-controlling mechanism across each
chip if a hybrid nanofluid is used over copper or
alumina. In addition, the distance between each
heated chip should have thermal insulation to
improve the equipment’s durability and heat
transferability

(ii) Introducing amagnetic field can lessen the convective
heat transfer and fluid movement in the rectangular
enclosure. Nu decreased as Ha number increased
due to dominance of imposed Lorentz force. If over-
heating or excessive heat generation remains an issue
within a device, imposing a magnetic field through
tuning Ha number is a great alternative. Nu was
obtained to be maximum in the absence of Ha
number

(iii) Increasing buoyancy force within the system sig-
nificantly augmented Nu

(iv) Inclusion of ϕ and ε∗ is a good alternative to con-
trol the thermal efficiency of a unit with multiple
heated chips

(v) The present research’s robustness has been ana-
lyzed through sensitivity analysis

(vi) For increased Ha from 0 to 20, while ϕ = 0 0 and
Ra = 106, average Nusselt number decreased with
13.65%. For the same case, if the volume fraction
was increased to ϕ = 0 04, then the average Nusselt
number decreased 14%

(vii) While varying volume fraction 0 00 ≤ ϕ ≤ 0 02 for
fixed Ra = 106, the average Nusselt number
increases 1.3% where no magnetic field effect is
considered

(viii) It is shown that Ra has a positive sensitivity, while
Ha shows a negative sensitivity throughout in all
cases, and ϕ has the highest sensitivity to the over-
all system

(ix) The present problem can be extended for the vari-
ous non-Newtonian model. Using more advance
numerical model, the present work can be
upgraded with more robust results

(x) The knowledge of the present problem can be used
in more advance and practical applications of
hybrid nanofluid with magnetic field effect for con-
trolling heat transfer rate

Nomenclature

B0: Magnetic force (kg s−2A−1)
Cp: Specific heat (J kg−1K−1)
f : Probability distribution function for the velocity field
go: Gravitational acceleration (ms−2)
g: Probability distribution function for the temperature

field
Ha: Hartmann number
k: Thermal conductivity (Jm−1 s−1K−1)
m: Vector moments
M: Collision matrix for the velocity field
N : Collision matrix for the temperature field
Nu: Nusselt number (average)
Pr: Prandtl number
Ra: Rayleigh number
T : Temperature (K)
To: Bulk temperature (K)
ŭ, v̆: Dimensional mid-x and mid-y velocity components

(ms−1)
u, v: Dimensionless mid-x and mid-y velocity components
x, y: Dimensional coordinates (m)
x, y: Dimensionless coordinates.

Greek Letters

ε∗: Viscosity variation parameter
α: Thermal diffusivity (m2 s−1)
β: Thermal expansion coefficient (K−1)
μ: Dynamic viscosity (kgm−1 s−1)
ν: Kinematic viscosity (m2 s−1)
ρ: Fluid density (kgm−3)
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σ: Electrical conductivity (S/m)
ϕ: Volume fraction
ψ: Dimensionless stream function.
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