
Estimation Using EM 

1. Model of BGG 

BGG assumes that the observed signals of all the probes in either dye (ݕ௜௝௞ೕ) follow Gamma 

distribution, while the scale parameter (ߠ) of this Gamma distribution also follows a Gamma 
distribution. Then, a global probability (݌) indicating the proportion of differential probes and 
non-differential probes between two samples is defined to integrate Bernoulli distributed 
properties over the Gamma-Gamma distributions. (݅ is the index of each probe (݊ is maximum of 
݅); ݆ is the label of either sample (r is red dye and g is green dye); ௝݇ represents the index of each 

replicate in ݆ sample; ܭ௝ equals ∑ ௝݇) 

The null hypothesis Η଴ is that the probe doesn’t show differential between samples. The marginal 
probability p଴ሺݕ௜௥,  .௜௚ሻ is derived as followingݕ

Η଴: ௜௥ߠ ൌ ௜௚ߠ ൌ ݎሺ			௜ߠ ് ݃ሻ 

,௜௥௞ೝ~Γሺܽݕ ,௜ሻߠ ,௜௚௞೒~Γሺܽݕ ,௜ሻߠ ,Γሺܽ଴	~	௜ߠ  ሻߥ

p଴ሺݕ௜௥, ௜௚ሻݕ ൌ pሺݕ௜௥௞ೝ, ,௜௚௞೒ݕ ,ܽ|௜ߠ ܽ଴, ሻߥ ൌ
Γሺܽܭ௥ ൅ ௚ܭܽ ൅ ܽ଴ሻ

߁ሺܽ଴ሻ߁
௄ೝା௄೒ሺܽሻ

∙
∏௔బሺߥ ௜௥௞ೝ௞ೝݕ ∏ ௜௚௞೒௞೒ݕ ሻ௔ିଵ

ሺߥ ൅ ∑ ௜௥௞ೝ௞ೝݕ ൅ ∑ ௜௚௞೒௞೒ݕ ሻ௔௄ೝା௔௄೒ା௔బ
 

The alternative hypothesis Η୅ is that the probe differentially regulated between samples. The 
marginal probability p஺ሺݕ௜௥,  .௜௚ሻ is derived as followingݕ

Η୅: ௜௥ߠ ് ݎሺ			௜௚ߠ ് ݃ሻ 

,௜௥௞ೝ~Γሺܽݕ ,௜௥ሻߠ ,௜௚௞೒~Γ൫ܽݕ ,௜௚൯ߠ ,Γሺܽ଴	~	௜௥ߠ ,ሻߥ ,Γሺܽ଴	~	௜௚ߠ 	ሻߥ

p஺൫ݕ௜௥, ௜௚൯ݕ ൌ pሺݕ௜௥௞ೝ, ,௜௚௞೒ݕ ,௜௥ߠ ,ܽ|௜௚ߠ ܽ଴, ൌ	ሻߥ
୻ሺ௔௄ೝା௔బሻ୻ሺ௔௄೒ା௔బሻ		

௰మሺ௔బሻ௰
಼ೝశ಼೒ሺ௔ሻ

∙ 	
ఔమೌబ∙ሺ∏ ௬೔ೝೖೝೖೝ ∏ ௬೔೒ೖ೒ೖ೒ ሻೌషభ

ሺఔା∑ ௬೔ೝೖೝೖೝ ሻೌ಼ೝశೌబሺఔା∑ ௬೔೒ೖ೒ೖ೒ ሻೌ಼೒శೌబ
	

When setting ݖ௜ as the probability of differentially regulated for ݅௧௛ probe and ݌ as the success 
probability of Bernoulli distribution, the log-likelihood is  

,ሺܽࢉ࢒ ܽ଴, ,ߥ ሻ݌ ൌ ∑ ൛ݖ௜logp୅൫ݕ௜௥, ௜௚൯ݕ ൅ ሺ1 െ ,௜௥ݕ௜ሻlogp଴൫ݖ ௜௚൯ݕ ൅ ݌௜logݖ ൅ ሺ1 െ ௜ሻlogሺ1ݖ െ ሻൟ௜݌   

As the summary of this mixture model, the observed values, parameters and missing values are 
ሼݕ௜௥௞ೝ, ,௜௚௞೒ሽ, ሼܽݕ ܽ଴, ,ߥ  .௜ሽ, respectivelyݖሽ and ሼ݌

E-Step:  

௜ݖ̂ ൌ P ቀݖ௜ ൌ 1ቚݕ௜௥௞ೝ, ,௜௚௞೒ݕ ܽ, ܽ଴, ,ߥ ቁ݌ ൌ
௣⋅୮ఽ൫௬೔ೝ,௬೔೒൯

௣⋅୮ఽ൫௬೔ೝ,௬೔೒൯ାሺଵି௣ሻ୮బ൫௬೔ೝ,௬೔೒൯
  

M-step:   

̂݌ ൌ ଶା∑ ௭̂೔೔

ଶ⋅ଶା௡
  

ሺ ොܽ, ܽ଴ෞ, ሻߥ̂ ൌ argmax௔,௔బ,ఔ ,௖ሺܽ࢒ ܽ଴, ,ߥ   ሻ̂݌

Parameters ොܽ, ܽ଴ෞ,  .are numerically optimized by function nlminb in R ߥ̂

EM iterations terminated when reaching the convergence which was defined as no more than 0.01% 
changes on log-likelihood. 

 2. Model of BNGG 



On the basis of BGG, BNGG further considered the normal distributed biases between different 
probes (ߜ௜௝௞ೕ), with mean as 0 and standard deviation as ߬௜. The model we used here is given:  

௜௝௞ೕݕ ൌ ௜௝ߟ ൅ ݆݆݇݅ߜ , ,Νሺ0~݆݆݇݅ߜ ߬௜
ଶሻ 

The null hypothesis Η଴ is that the probe doesn’t show differential between samples. The marginal 
probability p଴ሺݕ௜௥,  .௜௚ሻ is derived as followingݕ

Η଴: ௜௥ߠ ൌ ௜௚ߠ ൌ ݎሺ			݅ߠ ് ݃ሻ	
,௜௥ߟ௜௥௞ೝ~Ν൫ݕ ߬௜

ଶ൯, ,௜௚ߟ௜௚௞೒~Ν൫ݕ ߬௜
ଶ൯, ,௜௥~Γሺܽߟ ,௜ሻߠ ,௜௚~Γሺܽߟ ,௜ሻߠ ,Γሺܽ଴	~	௜ߠ 	ሻߥ

p଴൫ݕ௜௥, ௜௚൯ݕ ൌ
Γሺ2a ൅ a଴ሻ
ΓଶሺaሻΓሺa଴ሻ
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Where TN stands for ‘Truncated Normal Distribution’; E stands for ‘Expectation’; ∆௜௝ is given:  

∆௜௝ൌ ඨ
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The alternative hypothesis Η୅ is that the probe differentially regulated between samples. The 
marginal probability p஺ሺݕ௜௥,  .௜௚ሻ is derived as followingݕ

Η୅: ௜௥ߠ ് ݎሺ			௜௚ߠ ് ݃ሻ	
,௜௥ߟ௜௥௞ೝ~Ν൫ݕ ߬௜

ଶ൯, ,௜௚ߟ௜௚௞೒~Ν൫ݕ ߬௜
ଶ൯, ,௜௥~Γሺܽߟ ,௜௥ሻߠ ,௜௚~Γ൫ܽߟ ,௜௚൯ߠ ,Γሺܽ଴	~	௜௥ߠ ,ሻߥ ,Γሺܽ଴	~	௜௚ߠ 	ሻߥ

p஺൫ݕ௜௥, ௜௚൯ݕ ൌ ቄ ୻
ሺ௔ା௔బሻ
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ቅ
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When setting ݖ௜ as the probability of differentially regulated for ݅௧௛ probe and ݌ as the success 
probability of Bernoulli distribution, the log-likelihood is  

ሺ߬ଵࢉ࢒
ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ ሻ݌ ൌ ∑ ൛ݖ௜logp୅൫ݕ௜௥, ௜௚൯ݕ ൅ ሺ1 െ ,௜௥ݕ௜ሻlogp଴൫ݖ ௜௚൯ݕ ൅ ݌௜logݖ ൅ ሺ1 െ ௜ሻlogሺ1ݖ െ ሻൟ௜݌   

As the summary of this mixture model, the observed values, parameters and missing values are 
ሼݕ௜௥௞ೝ, ௜௚௞೒ሽ, ሼ߬ଵݕ

ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ  .௜ሽ, respectivelyݖሽ and ሼ݌

E-Step:  

௜ݖ̂ ൌ P ቀݖ௜ ൌ 1ቚݕ௜௥௞ೝ, ,௜௚௞೒ݕ ߬ଵ
ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ ቁ݌ ൌ

௣⋅୮ఽ൫௬೔ೝ,௬೔೒൯

௣⋅୮ఽ൫௬೔ೝ,௬೔೒൯ାሺଵି௣ሻ୮బ൫௬೔ೝ,௬೔೒൯
  

M-step:   

̂݌ ൌ
ଶା∑ ௭̂೔೔

ଶ⋅ଶା௡
  

ሺ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ොܽ, ܽ଴ෞ, ሻߥ̂ ൌ argmaxఛభమ,…,ఛ೙మ ,௔,௔బ,ఔ ௖ሺ߬ଵ࢒

ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ  ሻ̂݌

Parameters ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ොܽ, ܽ଴ෞ,  are numerically optimized by function nlminb in R. In detail, Hill Climbing was used to ߥ̂

optimize these parameters for the iteration of each M-step, to efficiently cut down the time cost of function nlminb. 

EM iterations terminated when reaching the convergence which was defined as no more than 0.01% 
changes on log-likelihood. 



3. Model of BNNGG 

In addition to BNGG, pixel biases (ߝ௜௝௞ೕ) of probes were further considered in model of BNNGG. 

We assumed that it follows normal distribution with mean as 0 and standard deviation as ߪ௜௝௞ೕ.The 

model we used here is given: 

௜௝௞ೕݕ ൌ ݆݅ߟ ൅ ௜௝௞ೕߝ ൅ ,௜௝௞ೕߜ ,௜௝௞ೕ~Νቀ0ߝ ௜௝௞ೕߪ
ଶ ቁ , ,௜௝௞ೕ~Νሺ0ߜ ߬௜

ଶሻ 

The null hypothesis Η଴ is that the probe doesn’t show differential between samples. The marginal 
probability p଴ሺݕ௜௥,  .௜௚ሻ is derived as followingݕ

Η଴: ௜௥ߠ ൌ ௜௚ߠ ൌ ݎሺ			௜ߠ ് ݃ሻ	

,௜௥ߟ௜௥௞ೝ~Ν൫ݕ ௜௥௞ೝߪ
ଶ ൅ ߬௜

ଶ൯, ௜௚௞೒~Νݕ ቀߟ௜௚, ௜௚௞೒ߪ
ଶ ൅ ߬௜

ଶቁ , ,௜௥~Γሺܽߟ ,௜ሻߠ ,௜௚~Γሺܽߟ ,௜ሻߠ ,Γሺܽ଴	~	௜ߠ 		ሻߥ

p଴ሺݕ௜௥, 	௜௚ሻൌݕ
୻ሺଶ௔ା௔బሻ

୻మሺ௔ሻ୻ሺ௔బሻ
⋅ ௔బߥ ⋅ ∆௜௥ ⋅ ∆௜௚ ⋅

E ቈ
ቀߟ೔ೝߟ೔೒ቁ

ೌషభ

ቀߟ೔ೝାߟ೔೒ାఔቁ
మೌశೌబ቉

୘୒൭
∑ ቄ೤೔ೝೖೝ ∏ ቀ഑೔ೝ೘

మ శഓ೔
మቁ೘ಯೖೝ ቅೖೝ

∑ ቄ∏ ቀ഑೔ೝ೘
మ శഓ೔

మቁ೘ಯೖೝ ቅೖೝ
,

∏ ሺ഑೔ೝೖೝ
మ శഓ೔
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మ శഓ೔
మቁ೘ಯೖೝ ቅೖೝ
;
∑ ൜೤೔೒ೖ೒ ∏ ቀ഑೔೒೘

మ శഓ೔
మቁ೘ಯೖ೒ ൠೖ೒

∑ ൜∏ ቀ഑೔೒೘
మ శഓ೔

మቁ೘ಯೖ೒ ൠೖ೒

,
∏ ሺ഑೔೒ೖ೒

మ శഓ೔
మሻೖ೒
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మ శഓ೔

మቁ೘ಯೖ೒ ൠೖ೒
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Where	∆௜௝ is given: 	

ൌ࢐࢏∆ ඨ
૚

૛࢐ࡷష૚࢐ࡷ࣊ష૚ ∑ ቄ∏ ቀ࢓࢐࢏࣌
૛ ା࢏࣎

૛ቁ࢓ಯ࢐࢑
ቅ࢐࢑

∗ ࢋ
ି
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ష࢐࢑࢐࢏࢟
ሻ૛ ∏ ቀ࢓࢐࢏࣌

૛ శ࢏࣎
૛ቁ࢓ಯ࢓,࢐࢒ಯ࢐࢑
ൠ࢐࢒ಯ࢐࢒,࢐࢑ಬ࢐࢑

૛∗∑ ൜∏ ቀ࢓࢐࢏࣌
૛ శ࢏࣎

૛ቁ࢓ಯ࢐࢑
ൠ࢐࢑   

The alternative hypothesis Η୅ is that the probe differentially regulated between samples. The 
marginal probability p஺ሺݕ௜௥,  .௜௚ሻ is derived as followingݕ

Η୅: ௜௥ߠ ് ݎሺ			௜௚ߠ ് ݃ሻ	

,௜௥ߟ௜௥௞ೝ~Ν൫ݕ ௜௥௞ೝߪ
ଶ ൅ ߬௜

ଶ൯, ,௜௚ߟ௜௚௞೒~Νቀݕ ௜௚௞೒ߪ
ଶ ൅ ߬௜

ଶቁ , ,Γሺܽ	~	௜௥ߟ ,௜௥ሻߠ ,Γ൫ܽ	~	௜௚ߟ ,௜௚൯ߠ ,Γሺܽ଴	~	௜௥ߠ ,ሻߥ ,Γሺܽ଴	௜௚~ߠ 	ሻߥ

p୅൫ݕ௜௥, ௜௚൯ݕ ൌ

ቄ ୻
ሺ௔ା௔బሻ
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When setting ݖ௜ as the probability of differentially regulated for ݅௧௛ probe and ݌ as the success 
probability of Bernoulli distribution, the log-likelihood is  

ሺ߬ଵࢉ࢒
ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ ሻ݌ ൌ ∑ ൛ݖ௜logp୅൫ݕ௜௥, ௜௚൯ݕ ൅ ሺ1 െ ,௜௥ݕ௜ሻlogp଴൫ݖ ௜௚൯ݕ ൅ ݌௜logݖ ൅ ሺ1 െ ௜ሻlogሺ1ݖ െ ሻൟ௜݌   

As the summary of this mixture model, the observed values, parameters and missing values are 
ሼݕ௜௥௞ೝ, ,௜௚௞೒ݕ ௜௥௞ೝߪ

ଶ , ௜௚௞೒ߪ
ଶ ሽ, ሼ߬ଵ

ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ  .௜ሽ, respectivelyݖሽ and ሼ݌

E-Step:  

௜ݖ̂ ൌ P ቀݖ௜ ൌ 1ቚݕ௜௥௞ೝ, ,௜௚௞೒ݕ ௜௥௞ೝߪ
ଶ , ௜௚௞೒ߪ

ଶ , ߬ଵ
ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ ቁ݌ ൌ

௣⋅୮ఽ൫௬೔ೝ,௬೔೒൯

௣⋅୮ఽ൫௬೔ೝ,௬೔೒൯ାሺଵି௣ሻ୮బ൫௬೔ೝ,௬೔೒൯
   

M-step:   



̂݌ ൌ
ଶା∑ ௭̂೔೔

ଶ⋅ଶା௡
  

ሺ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ොܽ, ܽ଴ෞ, ሻߥ̂ ൌ argmaxఛభమ,…,ఛ೙మ ,௔,௔బ,ఔ ௖ሺ߬ଵ࢒

ଶ, … , ߬௡ଶ, ܽ, ܽ଴, ,ߥ  ሻ̂݌

Parameters ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ොܽ, ܽ଴ෞ,  are numerically optimized by function nlminb in R. In detail, Hill Climbing was used to ߥ̂

optimize these parameters for the iteration of each M-step, to efficiently cut down the time cost of function nlminb. 

EM iterations terminated when reaching the convergence which was defined as no more than 0.01% 
changes on log-likelihood. 

4. Model of BLNN 

In model BLNN, all the observed signals (ݕ௜௝௞ೕ) were firstly logarithmically transformed to ݕᇱ௜௝௞ೕ. 

We assumed that ݕᇱ௜௝௞ೕ consists of the true intensity of each probe (ߟ௜௝) and normal distributed 

biases between different probes (ߜ௜௝௞ೕ). The model we used here is given: 

ᇱ௜௝௞ೕݕ ൌ ݆݅ߟ ൅ ݆݆݇݅ߜ , ݆݆݇݅ߜ 	~	Νሺ0, ߬݅
2ሻ  

The null hypothesis Η଴ is that the probe doesn’t show differential between samples. The marginal 
probability p଴ሺݕᇱ௜௥, ݕ

ᇱ
௜௚ሻ is derived as following. 

Η଴: ௜௥ߟ ൌ ௜௚ߟ ൌ ݎሺ			௜ߟ ് ݃ሻ	
,௜ߟᇱ௜௥௞ೝ~Νሺݕ ߬௜

ଶሻ, ,௜ߟᇱ௜௚௞೒~Νሺݕ ߬௜
ଶሻ, ,ߤΝሺ	~	௜ߟ ߮ଶሻ	

p଴ሺݕᇱ௜௥, ݕ
ᇱ
௜௚ሻ 	ൌ

∆௜௥∆௜௚
ܤܣ√ߨ2 ൅ ܥܤ ൅ ܥܣ

∗ ݁
ି
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మሺಲಳశಳ಴శಲ಴ሻ  

where A, B, C, D, E, F and ∆௜௝ are given: 
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; ܤ ൌ ߬݅

2

݃ܭ
; ܥ ൌ ߮ଶ; ܦ ൌ

∑ ቄ௬ᇲ೔ೝೖೝቅೖೝ

ݎܭ
; ܧ ൌ

∑ ቄ௬ᇲ೔೒ೖ೒ቅೖ೒

݃ܭ
; ܨ ൌ 		ߤ

∆௜௝ൌ ට
1

െ1݆߬݅ܭߨെ1݆ܭ2
2ሺ݆ܭെ1ሻ

݆ܭ
∗ ݁

ሺ∑ ቊ೤ᇲ೔ೕೖೕ
ቋೖೕ
ሻమష݆ܭ ∑ ቊ೤ᇲ೔ೕೖೕ

మ
ቋೖೕ

݆݅߬ܭ2
2

		

The alternative hypothesis Η୅ is that the probe differentially regulated between samples. The 
marginal probability p஺ሺݕᇱ௜௥, ݕ

ᇱ
௜௚ሻ is derived as following. 

Η୅: ௜௥ߟ ് ݎሺ			௜௚ߟ ് ݃ሻ		

,௜௥ߟᇱ௜௥௞ೝ~Νሺݕ ߬௜
ଶሻ, ,௜௚ߟᇱ௜௚௞೒~Ν൫ݕ ߬௜

ଶ൯, ,ߤΝሺ	~	௜௥ߟ ߮ଶሻ, ,ߤΝሺ	~	௜௚ߟ ߮ଶሻ		

p஺ሺݕᇱ௜௥, ݕ
ᇱ
௜௚ሻ ൌ

∆೔ೝ∆೔೒
ଶగඥሺ஺ା஼ሻሺ஻ା஼ሻ

݁
ିሺ

ሺವషಷሻమ

మሺಲశ಴ሻ
ା
ሺಶషಷሻమ

మሺಳశ಴ሻ
ሻ		

When setting ݖ௜ as the probability of differentially regulated for ݅௧௛ probe and ݌ as the success 
probability of Bernoulli distribution, the log-likelihood is  

൫߬ଵࢉ࢒
ଶ, … ߬௜

ଶ, … , ߬௡ଶ, ,ߤ ߮ଶ, ൯݌ ൌ ∑ ቄݖ௜logp஺ሺݕᇱ௜௥, ݕ
ᇱ
௜௚ሻ ൅ ሺ1 െ ,ᇱ௜௥ݕ௜ሻlogp଴ሺݖ ݕ

ᇱ
௜௚ሻ ൅ ݌௜logݖ ൅ ሺ1 െ ௜ሻlogሺ1ݖ െ ሻቅ௜݌   

As the summary of this mixture model, the observed values, parameters and missing values are 
ሼݕᇱ௜௥௞ೝ, ݕ

ᇱ
௜௚௞೒

ሽ, ሼ߬12, … ߬݅
2, … , ߬݊

2, ,ߤ ߮2,  .௜ሽ, respectivelyݖሽ and ሼ݌



E-Step:  

௜ݖ̂ ൌ P ቀݖ௜ ൌ 1ቚݕᇱ௜௥௞ೝ, ݕ
ᇱ
௜௚௞೒

, ߬ଵ
ଶ,… , ߬௡ଶ, ,ߤ ߮ଶ, ቁ݌ ൌ

௣⋅୮ಲሺ௬ᇲ೔ೝ,௬
ᇲ
೔೒ሻ

௣⋅୮ಲሺ௬ᇲ೔ೝ,௬
ᇲ
೔೒ሻାሺଵି௣ሻ୮బሺ௬

ᇲ
೔ೝ,௬

ᇲ
೔೒ሻ
   

M-step:   

̂݌ ൌ ଶା∑ ௭̂೔೔

ଶ⋅ଶା௡
  

ሺ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ,ߤ̂ ߮ଶ෢ሻ ൌ argmaxఛభమ,…,ఛ೙మ ,ఓෝ,ఝమ෢ ௖ሺ߬ଵ࢒

ଶ, … , ߬௡ଶ, ,ߤ ߮ଶ,  ሻ̂݌

Parameters ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ,ߤ̂ ߮ଶ෢  are numerically optimized by function nlminb in R. In detail, Hill Climbing was used to 

optimize these parameters for the iteration of each M-step, to efficiently cut down the time cost of function nlminb. 

EM iterations terminated when reaching the convergence which was defined as no more than 0.01% 
changes on log-likelihood.  

5. Model of BLNNN 

In addition to BLNN, pixel biases (ߝ௜௝௞ೕ) of probes with standard deviation ߪ௜௝௞ೕwere further 

considered in model of BLNNN. ߝ௜௝௞ೕ  need to be transferred to coefficient of variations ߝᇱ௜௝௞ೕ , as 

corresponding of logarithmic transformation from ݕ௜௝௞ೕ  to ݕᇱ௜௝௞ೕ.We assumed that ߝᇱ௜௝௞ೕ  follow 

normal distribution with mean as 0 and standard deviation as ߪᇱ௜௝௞ೕ , which are derived from 

microarray. The model we used here is given: 

ᇱ௜௝௞ೕݕ ൌ ݆݅ߟ ൅ ߝ
ᇱ
௜௝௞ೕ ൅ ݆݆݇݅ߜ , ߝ

ᇱ
௜௝௞ೕ	~	Ν ቀ0, ߪ

′
݆݆݅݇

2
ቁ , ݆݆݇݅ߜ 	~	Νሺ0, ߬݅

2ሻ 

The null hypothesis Η଴ is that the probe doesn’t show differential between samples. The marginal 
probability p଴ሺݕᇱ௜௥, ݕ

ᇱ
௜௚ሻ is derived as following. 

Η଴: ௜௥ߟ ൌ ௜௚ߟ ൌ ݎሺ			௜ߟ ് ݃ሻ	

,௜ߟᇱ௜௥௞ೝ~Ν൫ݕ ߪ
ᇱ
௜௥௞ೝ
ଶ ൅ ߬௜

ଶ൯, ᇱ௜௚௞೒~Νݕ ቀߟ௜, ߪ
ᇱ
௜௚௞೒
ଶ ൅ ߬௜

ଶቁ , ,ߤ௜~Νሺߟ ߮ଶሻ	

p଴ ቀݕᇱ௜௥, ݕ
ᇱ
௜௚ቁ ൌ

∆௜௥∆௜௚
ܤܣ√ߨ2 ൅ ܥܤ ൅ ܥܣ

∗ ݁
ି
ಲሺಶషಷሻమశಳሺವషಷሻమశ಴ሺವషಶሻమ

మሺಲಳశಳ಴శಲ಴ሻ  

where A, B, C, D, E, F and ∆௜௝ are given: 

ܣ ൌ
∏ ൫ߪ௜௥௞ೝ

ଶ ൅ ߬௜
ଶ൯௞ೝ

∑ ൛∏ ൫ߪ௜௥௠
ଶ ൅ ߬௜

ଶ൯௠ஷ௞ೝ ൟ௞ೝ

; ܤ ൌ
∏ ቀߪ௜௚௞೒

ଶ ൅ ߬௜
ଶቁ௞೒

∑ ቄ∏ ൫ߪ௜௚௠
ଶ ൅ ߬௜

ଶ൯௠ஷ௞೒ ቅ௞೒

; ܥ ൌ ߮ଶ; 

ܦ ൌ
∑ ൛ݕ௜௥௞ೝ ∏ ൫ߪ௜௥௠

ଶ ൅ ߬௜
ଶ൯௠ஷ௞ೝ ൟ௞ೝ

∑ ൛∏ ൫ߪ௜௥௠
ଶ ൅ ߬௜

ଶ൯௠ஷ௞ೝ ൟ௞ೝ

; ܧ ൌ
∑ ቄݕ௜௚௞೒ ∏ ൫ߪ௜௚௠

ଶ ൅ ߬௜
ଶ൯௠ஷ௞೒ ቅ௞೒

∑ ቄ∏ ൫ߪ௜௚௠
ଶ ൅ ߬௜

ଶ൯௠ஷ௞೒ ቅ௞೒

; ܨ ൌ 	ߤ

	 	 ∆௜௝ൌ ඨ
ଵ

ଶ಼ೕషభగ಼ೕషభ ∑ ቄ∏ ቀఙ೔ೕ೘
మ ାఛ೔
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∗ ݁
ି
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The alternative hypothesis Η୅ is that the probe differentially regulated between samples. The 
marginal probability p஺ሺݕᇱ௜௥, ݕ

ᇱ
௜௚ሻ is derived as following. 

Η୅: ௜௥ߟ ് ݎሺ			௜௚ߟ ് ݃ሻ	



,௜௥ߟᇱ௜௥௞ೝ~Ν൫ݕ ߪ
ᇱ
௜௥௞ೝ
ଶ ൅ ߬௜

ଶ൯, ,௜௚ߟᇱ௜௚௞೒~Νቀݕ ߪ
ᇱ
௜௚௞೒
ଶ ൅ ߬௜

ଶቁ , ,ߤΝሺ	~	௜௥ߟ ߮ଶሻ, ,ߤΝሺ	~	௜௚ߟ ߮ଶሻ		

p஺ ቀݕᇱ௜௥, ݕ
ᇱ
௜௚ቁ ൌ

݃݅∆ݎ݅∆

ሻܥ൅ܤሻሺܥ൅ܣඥሺߨ2
݁
െሺ
ሺܦെܨሻ2

2ሺܣ൅ܥሻ
൅
ሺܧെܨሻ2

2ሺܤ൅ܥሻ
ሻ
  

When setting ݖ௜ as the probability of differentially regulated for ݅௧௛ probe and ݌ as the success 
probability of Bernoulli distribution, the log-likelihood is  

൫߬ଵࢉ࢒
ଶ, … ߬௜

ଶ, … , ߬௡ଶ, ,ߤ ߮ଶ, ൯݌ ൌ ∑ ቄݖ௜logp஺ሺݕᇱ௜௥, ݕ
ᇱ
௜௚ሻ ൅ ሺ1 െ ,ᇱ௜௥ݕ௜ሻlogp଴ሺݖ ݕ

ᇱ
௜௚ሻ ൅ ݌௜logݖ ൅ ሺ1 െ ௜ሻlogሺ1ݖ െ ሻቅ௜݌   

As the summary of this mixture model, the observed values, parameters and missing values are 
ሼݕᇱ௜௥௞ೝ, ݕ

ᇱ
௜௚௞೒

, ᇱ௜௥௞భߪ
ଶ , ᇱ௜௚௞మߪ

ଶ ሽ, ሼ߬ଵ
ଶ, … ߬௜

ଶ, … , ߬௡ଶ, ,ߤ ߮ଶ,  .௜ሽ, respectivelyݖሽ and ሼ݌

E-Step:  

௜ݖ̂ ൌ P ቀݖ௜ ൌ 1ቚݕᇱ௜௥௞ೝ, ݕ
ᇱ
௜௚௞೒

, ᇱ௜௥௞భߪ
ଶ , ᇱ௜௚௞మߪ

ଶ , ߬ଵ
ଶ,… , ߬௡ଶ, ,ߤ ߮ଶ, ቁ݌ ൌ

௣⋅୮ಲሺ௬ᇲ೔ೝ,௬
ᇲ
೔೒ሻ

௣⋅୮ಲሺ௬ᇲ೔ೝ,௬
ᇲ
೔೒ሻାሺଵି௣ሻ୮బሺ௬

ᇲ
೔ೝ,௬

ᇲ
೔೒ሻ
   

M-step:   

̂݌ ൌ
ଶା∑ ௭̂೔೔

ଶ⋅ଶା௡
  

ሺ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ,ߤ̂ ߮ଶ෢ሻ ൌ argmaxఛభమ,…,ఛ೙మ ,ఓෝ,ఝమ෢ ௖ሺ߬ଵ࢒

ଶ, … , ߬௡ଶ, ,ߤ ߮ଶ,  ሻ̂݌

Parameters ߬ଵ
ଶ෢,… , ߬௡ଶ෢, ,ߤ̂ ߮ଶ෢  are numerically optimized by function nlminb in R. In detail, Hill Climbing was used to 

optimize these parameters for the iteration of each M-step, to efficiently cut down the time cost of function nlminb. 

EM iterations terminated when reaching the convergence which was defined as no more than 0.01% 
changes on log-likelihood.  
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