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A The gs model

We can first consider a 3-cluster partition of gene probes via our marginal
mixture distribution model:

e gene probes for cases have larger dispersion than those for controls
e gene probes for cases have the same dispersion as those for controls

e gene probes for cases have smaller dispersion than those for controls

Let X = (X1, Xo, ..+, Xonoy Xonot1s Xonet2s - - o Xonogm, )L, @am x 1 vector,
be the transformed gene profile for a randomly selected gene over m tissue
samples (m = m. + m,,, where m, is the number of abnormal tissue samples
and m,, normal tissue samples). We assume that data have been normalized
to remove the effects of confounding factors, such as dye effect, chip effect,
batch effect, etc.. The distribution of X is assumed a three-component
mixture of multivariate Normal distributions with marginal density:

f(x]01,02,03) = 71 fi(x|01) + T2 fo(2]02) + 73 f3(x|03),

. (A1)
mtm+mry=1,m>01=123,
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where 71, T, m3 are mixture proportions. The m x 1 vector @ is a realization
of the random vector X; 6@y, is the parameter set for the k-th component
distribution f, £k = 1,2,3; and fi, fo, and f3 are the density functions for
multivariate Normal distributions with the mean vectors

. Hel 1mc _ He2 1mc _ He3 ]-mc
Hy = ( ,unl]-mn ) ) Ho = ( Mn?lmn ) ’ M3 = ( ﬂnSlmn ) ’ (A2)

and covariance matrices

Ugchl 0 O'%Rcl 0
X = ( 0 cr?“Rn1 , Mp= 0 osR,, )’

A3
¥ UfSRC3 0 (A3)
3 0 o2 Ry, )’
respectively, where correlation matrix
_ Pt T
Ro= (1 p) [Tt st (A4)
t = ¢, ny, 2, c3, or ng. ny = me if t = ¢y or ¢33 ny = mift = 2;
n, = my if t = ny, or ng. Here we assume, without loss of generality,

the first m. elements of the random vector X are for the abnormal tissue

samples and the remaining m, elements are for the normal tissue sam-
ples. Let 6, = (MCI7 0-31 » Pers Mny s 072“ ) pm)Tv 0, = (:U“027 Mg, O-gv Peas pn2)T7
03 = (“037 0337 Pesy Hng s 07337 pn:s)T'

Note that 02 > o2 for component 1 in which genes are over-dispersed
in abnormal tissue samples, and 033 < O'TQLS for component 3 where genes are
under-dispersed in abnormal samples. Our prior belief is that the majority
of genes are usually non-differentially dispersed, so we assume w5 > 7 and
Ty > T3.

We reparametrize variances as

Sp = log(Uz), k=c1,2, ¢3,n1,n3. (A5)

2

. . . 2 2 2.
We reparametrize variances again to make sure o7, > o, and oy, < 0;,.:

Sny =8¢ — eXp<An1) (A6)
Sng =Sez T exXp(Lyy)
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B Re-parameterization of the correlation

To make sure the covariance matrix is positive definite, the correlation p
should satisfies the condition

1
— < p<l
n—1

So we reparameterize the correlation parameter

_exp(r) —1/(n—1)
1+ exp(r)

C log density for genes in cluster 1

—1
log [f1(x)|601] = — % log(27) — %scl — % log(ne) + nc2 log(ne — 1) + % log [1 + exp(re, )] — %
. [a(zecy ;s prey )]T la(zey, per)] Me —

L1+ exp(re )]

2exp(sec;) Ne

([a (@ey s piey)]T 1)2 [("c —2) +exp(re; ) (ne — 1) — m]

2exp(sc, )n?

n r
log(nn — 1) + ?n log [1 + exp(rn, )] — %

n Nn Nn np — 1

— " log(2m) — " fse, — exp(Dny)] — 2 log(nn) + T

_ [a (:l:nl » Pny )}T [a (:15’”1 s Mg )] Nn —
2exp([se; — exp(Ln,)]) Nin

(1@ @nr i1 1) " [0 = 2) + explray )0 = 1) = ]

exp(rny)

L1+ exp(ray)]

+

2exp([sc; — exp(Lny))n2
(A7)

where
a(z, )" a(z, p) =" — 21" @ + np’

(a(ac,u)Tl)2 = (lTw)2 +n2u® — 2npux’ 1.
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D log density for genes in cluster 2

log [f2(2)|0:] = — 7 log(2m) — sz — log(ne) + - Llog(ne — 1) + Tlog 1+ exp(re,)] - 22
_ [a, (mcl s Heg )]T [a (mcunu‘cg )] ne —1 <p(r
2exp(52) e [1—‘1—6 p( 02)]
(1@ 1) [0 =2+ exptrea) ne = 1) = 5]
2 exp(s2)n?
- % log(2m) — % [s2] — % log(nn) + mn =1 log(np, — 1) + % log [1 + exp(Tny)] — %
_ [a (wnuﬂnz)}T [@(ny;spny)] mn — 1 exp(r
26)(]:)([82]) Ton, [1 + p( n2 )}
N (16 @n n 17 1)” [0 = 2) + xB(rna) (= 1) = s
2exp([s2])n7;
(A8)

E log density for genes in cluster 3

Ne — 1 Ty

n
log(ne — 1) + ?C log [1 + exp(res)] — -

n n n
log [f(@)[63] = — 5 log(2m) — % sc — = log(ne) +

_ [a(zcs, pies )" [a (®ez, pez)] e —

2exp(ses) e

(16 (eq, mea)17 1) [(re = 2) + explreg)(ne = 1) = s

2 exp(scq )N

L1+ exp(res )]

Nn np — 1

5 log(nn) + 5

_ (@ (a:n?,vp*n:; )}T [a (w”3’“"3 )] nn —
2exp([scs + exp(LAng)]) Tin
2
([a (®ng, ting )] T 1) [(nn —2) +exp(rng)(nn — 1) — m]
+ 2exp([ses + exp(Lng))n2

Tng

Nn
log(2m) — == [scs + exp(Lng)] — 2

log(nn — 1) + % log [1 + exp(rny)] —

L1+ exp(rng)]

(A9)

F Parameter Estimation by EM Algorithm

Based on Titterington et al. (1995, Section 4.3), the fully categorized data
can be represented as

{y.i=1,....p}={(=],z]) :i=1,...p},




where p is the number of genes, x; is a n x 1 vector, n = n. + n,, n. is the
number of cases, n, is the number of controls, z; = (21, zi2, | — zi1 — 2i2) and

{ 1 if x; is in category j,
Zij ==

0 otherwise. ;o t=1...,p, J=12

The likelihood corresponding to (¥, ...,¥y,) can then be written in the

form

p

g(ylv st ’yp|‘II) :Hf(mlvzl)

= H f(xi|z:) f(24)

—H{ Fi(@)* fo(@)?2 fz(2;) 50~ 212)} [r{rmye(1—m — 7T2)(1_Z“_Zi2)} },

@
< |l
o

@
< |l
MR

where
Z; ~ Multinomial (1, 7y, 7o, 1 — 7 — 79) (A10)
and
1 if Zi1 = 1 and Zi9 = 0,
f(zi) =4 m if zip =1 and z; =0,
1—’/T1—’/T2 ifZ“:ZiQ:O, (A11>
_7.‘,;’11 212(1 -y — 71.2)(1*21'1*21'2)
and

fi(x;) if z;; = 1 and 2550,
f(mz|zz> = fQ(wz) if zp=1and z; =0,
f3(wz) if 21 = 22 =0, (A12>

= f1(:)™ fo(m;)™ fa(a;) 7 772)

The log complete likelihood function is

p p
=> 2[V(m)+ ) z/Ui(6)
i=1 i=1

where
Zi1 log(my) log (f1(x:]61))
zZi= Zio , V(m) = log(ms) , Ui(0) = log(fa(x;]02))
T —zin — ziz log(1 — 7 — ) log (f3(x:]03))
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and

iC1 S9 ‘;CB
c1 Cc3

I T I
_ C1 _ _ Cc3

01 - A 5 02 - Heo ) 03 - A )

c1 r n3

r "2 r
ni n3

sy

,un1 lunf’)

and

U= A A )7
= (T, T2, Sc17T01a ,ucla c177‘n17/1'n17 S92, Tcm /1'627 rnza ,unza 8637 7"03, ,uc3, ns» T’I’Lg) Mn;;

The EM algorithm generates, from some initial approximation, TO a
sequence {®(™} of estimates. Each iteration consists of the following double
step:

E step: Evaluate E [log(g(y|\Il)|:B, \Il(m)] =qQ (\I’, \Il(m)), say.

M step: Find ¥ = ™Y to maximize Q <\Il, \Il(m)>.

To stablize the estimates of m,, £ = 1,2,3, we assume that the vector
of mixing proportions (my, 7y, 73)7 are Dirichlet distributed with parameters
bl == bg - bg = 3

G E-step of the EM algorithm

We can obtain
P T P T
Q (\I:,\IA >) :; [E (zi|a:,\Il( >>} V(ﬂ')+; [E (zi|a:,\I'( >)] U (o).

Denote
w; (‘Il(m)> =E (zi|a:,\I'(m)> =E (zi|wi, \Il(m)> )

The last equality is because of the independence of data points.
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The j-th element of w; (\Il(m)> is

wij (xP(m)) =E (zij|mi,\1/(’”>)
—Pr (zij = 1|:ci,\Il<m>)
Pr(wilzi; = 1,%07) Pr (zi; = 11%(™)
)
( 165 i
o)

where

f <mi|\I'(m)> =f (miwgm)) ng) + f2 (mﬂ@ém)) Wém) + f3 (miwgm)) [1 — ng) — ng)] .

These “weights” (w;; (lP(m)), i=1,...,p, j =1,2) are therefore the prob-
abilities of category membership for the i-th observation, conditional on z;
and given that the parameter is g

p

QW W) =" {E (2|, ¥) log(m1) + B (s3], @) log()

=1
—|—E (1 — Zi1 — Zﬂ‘ﬂfi, lIJ(m)> 10g(7r3)
+ E (zin| 2, ‘I’(m)> log(fi(x:)) + E (zi|i, ‘I’(m)) log(fa(:))
+E (1 — Zi1 — Zig‘wh \I’(m)) log(fg(azl))}
- Z {wil (‘Il(m)> log(m1) + wyz <\Il(m)) log(ms)
=1
+ -1 — W;1 <\I’(m)> — W;2 (‘Il(m ) 10g(1 — T — 7T2)
+ w1 <\I’ ) IOg fl CIIZ -+ W9 (‘I’ m)) log(fg(wl))

+ 1— Wiy (\I'(m)> — wip (‘I'(m log(fg(wi))}

(A13)
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H The M-step of the E-M algorithm for 3-
mixture distribution

In the M step, we need to maximize the following function

@ (w19) =tos | iy |+ [+ = 0] oty

v [w2 +(by— 1)] log(ms) + [wgm> +(by — 1)} log (1 — 1 — 73)

+ZZw log [ f¢ (:]60)]

(=1 i=1

where
p
3l
i=1
X e(m)
( o fe iL‘z’ ¢
wi;n) =
Zle Tt (931'|91(tm)>

and the superscript (m) indicates the number of iterations.
By letting the first derivative to zero, we can get

(m) _
(m41) |:w£ + (bg 1>i|
v

= ) Al4
¢ (p+b1—|—b2+b3—3) ( )

Denote

Qi (W) = 3" wlilog [fe (i[6))
i=1

The first derivatives are:

Q¢ P (m)O0log [fe (x]6y)]
90, =D wi 80,

1=

1X



H.1 The first derivative of 0log[fi (x;]01)] /05,

Qoalp @B _ e 2D 1t xprey ) o eI o eis o) (—1) lexplse )] xplsc)

[a (@i ,LLCI)T 1] ? [(nC —2) +exp(re; )(ne — 1) — %]

+ o2 (=1) [exp(se; )]* exp (se,)

Nn (nn —1)

5 o (14 exp(rny)] [a (@ni, pny)]T (@ (@nis ping)] (—1) [exp (se; — exp(Any))] 72
- exp (s¢; — exp(Lny))

2
a (@i piny)" 1| | (nn = 2) + exp(rny ) (0 — 1) = 5t
4 [ } [ 5 P "1)] (—1) [exp (s¢; — exp(Lny)])] 72

- exp (S¢; — exp(Ln;y))
n (nc — 1)

2 2ncexp(se;)

[1+ exp(re, )] [a (@ci, pey)]” [a (@i, pre, )]

- [a@enne)™ 1] [ =2 +exprey (e = 1) = o]

xp(rey)

2n2 exp (¢, )
(nn —1) [1+ exp(rny)] [a (@ni, ny)]T [a (Tnis tiny )]
2np exp [3c1 - eXp(A’ﬂl )] ' ’ ' 7 '

2
[a (@i, piny )T 1] [(nn —2) + exp(rn, )(nn — 1) — m]
2nZ exp [sc; — exp(Ln, )]

H.2 The first derivative of dlog[f1 (x;]0:1)] /OA,,

Olog[f1 (x:101)] _  nn [ @iy o )] [0 (@t )] 7om — 1 exp ()
T - 7(71) exp (Anl) - 2 Ty [1 + exp (T'nl)] exp [Sc1 —exp (Anl )]
Nnp — exp (rn, ) (Nnp — 1) — 1
+ [a (wm‘,unl)T 1}2 |:( 2+ exp (e ) Y exP(T”l):| (1) (=1)exp (An,)

n3, exp [se; — exp (Any)]

1 T a (Tn;q Nnp — ex
Zn?nexp(ﬁnl)* [a(wnuﬂnl)}Q[ ( nm/‘"rn)} n 1 [1+6Xp(7‘n1)} P(Anl)

N exp [sc; — exp (Any )]
, [ =2+ exp ) (n -1 - |

+ [a(a: iy hn )Tl}
e 2n2

exp (An,y)
exp [501 —exp (Any )]




H.3 The first derivative of Olog[f; (x;|01)] /Or,,

Olog[f1(x]601)] _ne exp(re,) 1

ore, T2 14 exp (re¢;) 2

o (@ei pey)]” [a (@ei, prey)] me — 1
2exp (s¢y) Ne

[ e ne) 1] [exp (rey) (e = 1) = (1) fexp (re, ) exp (72,

2exp (Sc, ) n2

exp(re; )

+

_Ne_exp(re) 1
2 1+exp(re,) 2
- [a (mci: Heq )}T [a (wciv Heq )] ne — 1
2exp (S¢y) Ne

[a (@i, e 1]2 {exp (re;) (e = 1) + 1 }

exp(rey )

exp(re; )

+
2exp (sc;) ng

H.4 The first derivative of 0log |[fi (x;|61)] /Ory,

Dlogf1(@il6)] _mn exp(ra) 1
Orn, 2 14 exp(rn,) 2

_la@nipn))" [0 @i pn )] i =1
2exp [sn;, — exp (An,)] Nn p(rn:)

[ @nis 1) 1] [ex0 () (1 = 1) = (=1) exp () exp ()]

2exp [sny — exp (An, )| n2

_Nn ©€Xp (Tnl ) 1

_71+exp(rn1) 2
(

T
a(Tni, Un a\Lni, Un np — 1
TGN G ICRNey) L S
2exp [sn; —exp (Any)] Nn

+ 2@ 1] [exp (rny) (n = 1) + oty

2exp [sn; —exp (Lny)) n,

x1



H.5 The first derivative of 0log [f1 (x;|01)] /Oue,

Olog [f1 (=i]61)] _ 1 ne—1 -
e T s e a2 (e —17a)
- xp(re; )(ne — 1) — — L
Lo et - =]

2n, (n —17g )
2exp (Scl)ng c cHey c

ey — 1T, . —1
L oLy SR
€xXp (561) Ne

(nciu«u - ]-T‘Dc) [(nc - 2) + exp(rcl)(nc - 1) - @}

+

exp (501 ) ne

H.6 The first derivative of dlog[f (x;|01)] /Otin,

810g [fl (:Bz|ol)} (nn,U«nl — ].T:Bn) Nn

—1
= — 1+ exp(rn
Opiny exp [sc; —exp (Lny)] nn [ ()]

(nnﬂnl - 1T51?n) |:(nn - 2) + exp(f‘nl)(nn - 1) - m}

+
exp [sc; — exp (An,)] nn

H.7 The first derivative of dlog|fs (x;|02)] /0s2

Dlog[fo (il62)] _ n , [a(@eirper)]” [0 (@eirpex)] me =1
Dsa = 3" 2exp(s2) Ne o ep (e
o @ aen)™ 1] [0 = 2) 4 explren) e = 1) - |

2exp (52) 2
[a (mni7 Hno )]T [a (mni7 Hng )] Nn —
2 exp(s2) Nn

o @nsspna) 1] [t =2+ xplra) 1 = 1) = ot ]

2exp (s2)n2

+ L1+ exp (rny)]

H.8 The first derivative of dlog|fs (x;|02)] /Or.,

Olog[fa(®i|62)] _mnc exp(re,) 1

Orey T2 14 exp(re,) 2
_ [(I (mCiquQ)}T [a‘ (m()ivM(:z)] Ne — exp(r
2exp (s2) Ne p(res)
2
. [a (xcis ,UCQ)T 1] [exp (reg) (ne —1) + exp(qu)}

2exp (s2) n2

xil



H.9 The first derivative of 0log[f> (x;|02)] /0Ty,

Olog[fa(xi|02)] _nn exp(rn,) 1
OTny T2 1+ exp (Tny) 2
I CICRYN) S CICIT CO
2exp (s2) Nn p(rns)
[a @iy pimg) T 1] : [exp (rny) (N — 1) + exp(lrnz):|

* 2exp (s2) n2

H.10 The first derivative of dlog |[fs (x;|02)] /O,

Olog [f2 (x:]02)] 1 ne — 1 T
= — 1 C: 2 cHecg T 1 c
Olbesy 2exp (s2) ne [1+exp(re,)] (n Hez x )
_ 1) - 1
+ (e =2 Hexplre ne — D e"p(%)} 2n, (n 17 )
2exp (s2) n2 e \Mtekez ¢

(nepe; —1T@e) ne — 1 [
exp (s2) Ne

(nchc, — 1T @) |:(”c —2) + exp(re; ) (ne — 1) — %}

1+ exp (re,)]

+
exp (s2) ne

H.11 The first derivative of 0log[f> (x;|02)] /Opin,

Olog [f> (wi]02)] _ 1 m

-1 T
— 1+ 2 -1
Oliny 2exp(s2) nn [ exp (Tn; )] <nn,un2 wn>

(=) exp(ry ) = 1) = |

+ 2n (n —1T )
2 exp (52) n% n nHng n
n —1Tg -1
_ (s n) [1 +exp (rn,)]
exp (52) Nn
(Pnting —1T2y) [(nn — 2) + exp(rn,) (e — 1) — m]

+
exp (s2) nn
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H.12 The first derivative of Jdlog [fs (x;|03)] /Os.,

Ologfa (@i[6)] _ e (ne—1)

D5y 5 o LT exp(re)]fa (@ei, pes)I” [a (e, pres)] (—1) [exp(se; )] ™2 exp(ses)

[a (@i ,LLC3)T 1] 2 [(nC —2) +exp(res)(ne — 1) — %]

+ 32 (1) fexp(sc5 )1 exp (5c5)

_mn (a1

5 o LT exp(rag)][a (@ni, tns)]T 0 (@i, bing )] (—1) [exp (se + exp(Any))] 72

- exp (Scy + exp(Lny))

[ @i 0T 1] [ = 2) 4 exp(rng ) m = 1) = |

o2 (=1) [exp (scz + exp(Lny )
- exp (Scy + exp(Lny))
— P e (o) @ 1)) [ (e i)
2 2ncexp(secz) 3 o res res
[a (i, MC3)T 1] 2 [(nC —2) +exp(re;)(ne — 1) — m]
B 2n2 exp (Sc3)
(nn —1)

o b e (U POl 0 @i i) [ (@i on)]

2
[a (Zni, Mng)T 1] [(nn —2) +exp(rng)(np — 1) — W]
2n2 exp [sc; + exp(Lng)]

H.13 The first derivative of 0log|[fs (x;|03)] /0.,

Olog[fs (®:|63)] _ _ mn [a (®ni pins)]” [0 (®nis ping)] 7 — 1 (—1) exp (Ang)
T = — 7 exp (Ang) - 9 o [1 + exp (T’ng)] oxp [SCS Texp (Ans)]
(nn —2) + exp (Tny) (Rp — 1) — ;}

) 7412 |: exp(rng ) exp (Any)
* |:a (w’ﬂ“ MnB) 1} 2”% (_1) exp [863 + exp (An3 )]

_ niex _ [a (wm',lin3)]T [a (mniyﬂng)} ny — 1 oxD (1 exp (Ang)
== P (Lng) 7 - [1+ exp (Tny)] b oes + oxp (Brc)]

S R LR R o B
— [a (Tni, Hng )T 1} 2n2 exp [Sez + exp (Any)]
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H.14 The first derivative of dlog|fs (x;|03)] /Or.,

Olog [f3(i|6s3)] _nc exp(re;) 1
Ore, T2 14exp (reg) 2
[a (-’-Bcia Hes )}T [a (wciv Hes )] ne—1
- wall_ri L exp(ren)
[a (@i Hcs)T 1] ’ {GXP (res) (e — 1) + exp(lrca)}

+ 2exp (Scz ) n2

H.15 The first derivative of dlog |[fs (x;|03)] /Or,,

Olog[fs(xi|03)] nn exp(rnz) 1
Brng N 2 1+ exp (Tns) 2
[@ (@i, ing)]T (@ (®niy ping)] 7o —
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H.16 The first derivative of 0log[fs (x;|03)] /O,
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H.17 The first derivative of dlog |fs (x;|03)] /Otin,
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H.18 The first derivatives of (),

The first derivatives are:

0Qr <~ (mOlog[fe (:]0,)]
06, = 2w 00,

=1

H.19 The first derivative of 0Q),/0s,,
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H.20 The first derivative of 0Q,/04,,
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H.21 The first derivative of 0Q);/0r,,
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H.22 The first derivative of 0Q,/0r,,
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H.23 The first derivative of 0Q:/0.,
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H.24 The first derivative of 0Q;/0u,,
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H.25 The first derivative of 0Q)2/0sy
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H.26 The first derivative of 0Q)y/0r,
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H.27 The first derivative of 0Q),/0r,,
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H.28 The first derivative of 0Q./dyu.,
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H.29 The first derivative of 0Q>/0u,,
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H.30 The first derivative of 0Q3/0s,,

9Qs = — n - w(m) u[1+exp T.: ]Z’LU [a Lci, M, )} [a(wCivuc )]
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H.31 The first derivative of 0Q3/0A,,
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H.32 The first derivative of 0Q)3;/0r.,
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H.33 The first derivative of 0Q3/0r,,

Qs :{Ln exp (rny) 71] )
Oy 2 14exp(rng) 2 = i3

1 Ny —
B 2 exp [Sn3 + exp (Ang)] Nn eXp('I‘nS Z w (587”, Hng )} [a (a:ni7 Hns )]
[ex0 () (= 0+ 5]

(m) T
E i ni) n 1
2exp [sny + exp(Dny )] nd — i3 [a (@ni fing) }

XixX



H.34 The first derivative of 0Q3/0pu.,
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(ne — 2) + exp(reg) (ne — 1) — —} ,
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H.35 The first derivative of 0Q3/0y,
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I Log-density function for the multivariate
normal distribution with special mean vec-
tor and covariance matrix

Suppose a n x 1 random vector X has multivariate normal distribution
N (u, X), where

pw=pol,, S=0*1-pRy, Ry=1I,+ 1,17 (A15)

(1—p)

The density function is

fla) = (2m) "2 exp Jeow) z;— (z — p)

_ [ — poly)" Ryt (z — pol )_
— (27) 2 |52(] — —1/2 _(CU Holn 0 n
L [ (= pol)T Ry (z — piol,) |
—[92 2 1 — /2 —-1/2 . (m Holn 0 n
[2r*(1 = )] Bl e | 20%(1— p)]

(A16)
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The matrix cookbook! shows the following result:

(A+BC)'=A'-A'B[I+CA'B] 'CcA™ (A17)
and
I +uv’|=1+u"v. (A18)
Let P p
A=1I, B= 1,, C =17, u = 1, v=1,
(L-p) (1-p)
We have
—1
Ry =|I,+ 1,17 I, - P 1,17
° (1—p) [1+(n—1)p]
1+ (n— 1) (A19)
P T n—1p
Ro| =1+ 171, =
ol =1+ =) =
Denote
a(x, jio) = (@ — poly) . (A20)

Therefore the density function can be simplified into

fl@) = [2ro?] {1 = o L+ (- 1))}

. _[a(w,uo)]T la(@, )] — i, [a,(a:,,uo)Tln}2 (A21)
P 2[0%(1— p)]
Log-density function is
log ()] = — 5 log(2m) — 5 10g(0%) — 5 {(n — 1) logl(1 ~ )] + log[1 + (n  1)]}
al@, )" la(@, 10)] ~ rpty [a(@ 10) 1]
2[02(1 - p)] |
(A22)
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