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The novel technique of generalizing complex-to-complex impedance transformers (CCITs) with miniaturization is introduced in
this paper. The generalized CCITs are designed based on conjugately characteristic-impedance transmission lines (CCITLs) along
with the Meta-Smith charts (MSCs), resulting in convenient design equations. For illustration, a prototype of generalized CCITs is
designed, simulated, and implemented with an asymmetric compact microstrip resonant cell (ACMRC), which is one of the
CCITLs. The measurement results confirm that the proposed technique offers approximately 28.5% shorter in physical length
compared to the CCIT designed using standard transmission lines.

1. Introduction

One of the fundamental radio-frequency modules of mod-
ern electronic devices is an impedance matching network
(IMN) [1–3]. The simplest matching transformer is in
the form of resistance-to-resistance transformers, i.e.,
quarter-wave transformers (QWTs). But the most general
form is the complex impedance-matching transformer.
Complex-to-complex impedance transformers (CCITs) are
appeared in several papers [4–7], which can be implemented
using transmission lines (TLs). In practice, TLs can be
designed to be either symmetric, such as coplanar waveguide
TLs and compact microstrip resonant cells (CMRCs) [8], or
asymmetric such as asymmetric CMRCs (ACMRCs).

This paper proposes an alternative mathematical model
of a generalized CCIT based on conjugate characteristic-
impedance transmission lines (CCITLs) to achieve signifi-
cant size reduction. Note that CCITLs have been introduced

since 2004 [9–11]. In [9], the basic theory of CCITLs and the
Meta-Smith charts (MSCs) were proposed, including their
potential applications. In [10], quarter-wave-like transformers
(QWLTs) based on CCITLs were successfully applied for min-
iaturized resistance-to-resistance transformers. Recently, a
novel reactance-to-reactance transformer (RRT) based on
CCITLs and MSCs has been proposed for size reduction [11].

In this paper, QWLTs and RRTs based on CCITLs are gen-
eralized for CCITs. It is found that the newly proposed CCIT
can be designed using the MSCs and implemented using an
ACMRC, where the CST Microwave Studio [12] is employed
for simulations. After comprehensive review [13–18], the
CCITs can be implemented using six approaches as follows:
only one TL section, one TL and stubs, two TLs and stubs, three
TLs and stubs, several TLs, and coupled TLs. As pointed out in
[18], these methods cannot treat all possible complex termina-
tion impedances due to the lack of an available systematic
design method, including unnecessarily complicated designs.
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Among the six approaches, the CCITs implemented with a sin-
gle TL on each transformer are recommended due to their use-
ful, simple, reliable, diverse applications and the possible
implementation of all other conventional designs [18]. Thus,
this paper is considered only one TL section implemented with
an ACMRC.

The originality and benefit of the proposed CCIT tech-
nique are to generalize CCITs implemented with a single
standard TL to overcome some limitations. When both stan-
dard TL and CCITL can be employed to implement CCITs
using only one TL section for specific input and output
impedances, it can be shown that the CCIT implemented
using the CCITL can offer shorter in both physical and elec-
trical lengths compared to those of the CCIT implemented
using the standard TL. In addition, the former can provide
a wider range of input and output impedances for complex
impedance matching compared to that of the single standard
TL method.

The rest of this paper is organized as follows. Section 2
illustrates the theory of conventional CCITs and proposed
CCITs. Both simulated and measured results are demon-
strated in Section 3, including discussions. Finally, conclu-
sions are presented in Section 4.

2. Theoretical Background

2.1. CCITS Implemented Using a Standard TL. A CCIT
implemented using a standard TL is shown in Figure 1(a).
A standard TL of length l, possessing the characteristic
impedance (Z0), propagation constant (β), and electrical
length (θ), is employed to match between a complex output
impedance (ZL = RL + jXL) and a complex input impedance
(Zin = Rin + jXin), where θ = βl. In Figure 1(a), the output
(ΓL) and input (Γin) reflection coefficients can be expressed
as [11].

ΓL =
RL + jXL − Z0
RL + jXL + Z0

, ð1Þ

Γin =
Rin + jXin − Z0
Rin + jXin + Z0

: ð2Þ

The complex impedance matching problem can be easily
designed with the Smith chart, as shown in Figure 2.
Figures 2(a) and 2(b) illustrate the Smith chart for the cases
of θin < θL and θin > θL, respectively. Note that zL and zin in
Figure 2 are the normalized ZL and Zin with respect to Z0,
respectively. In addition, θin and θL in Figure 2 are the angles
associated with zin and zL in the complex reflection coeffi-
cient plane, respectively.

In the case of θin < θL, ΓL, and Γin are related to the
phase relationship as [11]

RL + jXL − Z0
RL + jXL + Z0

= ej2θ
Rin + jXin − Z0
Rin + jXin + Z0

, ð3Þ

where Equations (1) and (2) are employed to obtain
Equation (3). Similarly, ΓL and Γin are related to the phase
relationship in the case of θin > θL as [11]

Rin + jXin − Z0
Rin + jXin + Z0

= ej2 π−θð Þ RL + jXL − Z0
RL + jXL + Z0

: ð4Þ

It is obvious that Equations (3) and (4) are identical to
each other. After rearranging Equation (3), Z0 of the CCIT
can be found as

Z0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zinj j2RL − ZLj j2Rin

Rin − RL

s
: ð5Þ

Note that Z0 is independent of θ. In Equation (5), Z0
exists if the following condition is satisfied:

Zinj j2RL − ZLj j2Rin
Rin − RL

> 0: ð6Þ

However, it is implied from Equation (6) that this CCIT
cannot match an arbitrary Zin to an arbitrary ZL in all cases.
Once Z0 is known, θ of the CCIT can be obtained as

θ = tan−1 zinj j2xL − zLj j2xin + xin − xL
zinzL − 1j j2

� �
, ð7Þ

where xL and xin are the normalized XL and Xin with respect
to Z0, respectively.

2.2. Generalized CCITS Implemented Using a CCITL. The
CCIT implemented using a CCITL is shown in Figure 1(b)
to match between a complex output impedance ZL to a com-
plex input impedance Zin, where Z

±
c , βc and θc are the char-

acteristic impedances, propagation constant, and electrical
length of the CCITL, respectively. Note that Z±

c can be
expressed as [11]

Z±
c = Z±

c

�� ��e∓jϕ, ð8Þ

where jZ±
c j is the absolute value of Z±

c and ϕ is the argument
of Z−

c : Note that ϕ is set in the range of −90 ° ≤ϕ ≤ 90 ° . In
Figure 1(b), ΓL and Γin represent the load and input reflec-
tion coefficients for the CCITL, respectively, which can be
expressed as [9]

ΓL =
ZLZ

−
c − Z±

cj j2
ZLZ

+
c + Z±

cj j2
, ð9Þ
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Figure 1: A CCIT implemented using (a) a standard TL and (b) a CCITL.
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Figure 2: The Smith chart calculation of a CCIT using a standard TL. (a) θin < θL. (b) θin > θL.
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Figure 3: (a) The MSC (ϕ = 45 ° ) for case 1 with and 0 ° ≤θc ≤ 180 ° . (b) The MSC (ϕ = −9:02 ° ) for case 4 with θc = 33:80 ° .
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Γin =
ZinZ

−
c − Z±

cj j2
ZinZ

+
c + Z±

cj j2
: ð10Þ

In [9], the MSCs are employed to design the stub tuners
and periodic TL structures. In this work, the MSCs are applied
to design CCITs implemented using CCITLs. From the MSC
viewpoint, there are 4 cases to consider as follows [11]:

Case 1: θin < θL and 0 ° ≤ϕ ≤ 90 ° (see Figure 3(a))
Case 2: θin < θL and −90 ° ≤ϕ ≤ 0°

Case 3: θin > θL and 0 ° ≤ϕ ≤ 90 °
Case 4: θin > θL and −90 ° ≤ϕ ≤ 0 °
In Figure 3(a), zL and zin are the normalized ZL and Zin

with respect to jZ±
c j, respectively. Note that Γr and Γi are real

and imaginary parts of Γ, respectively. Similar to the cases of
the Smith chart in Section 2.1, ΓL and Γin in all cases of
MSCs above are also related via the phase relationship. For
case 1, Equations (8)–(10) can be readily rearranged as [11].

ZLe
jϕ − Z±

cj j
ZLe−jϕ + Z±

cj j = ej2θc
Zine

jϕ − Z±
cj j

Zine−jϕ + Z±
cj j : ð11Þ

After rearranging Equation (11) by considering only the
magnitude for both sides of Equation (11), jZ±

c j can be deter-
mined straightforwardly as

Zin = 15.9 – j23.3 𝛺 ZL = 60.4 – j80.0 𝛺
Z1 = 50 𝛺

𝜃1 = 39.75°

(a)

Zin = 15.9 – j23.3 𝛺 ZL = 60.4 – j80.0 𝛺

𝜃c = 33.68°
𝜙 = –9.02°

∣Zc
±∣ = 49.63 𝛺

(b)

Figure 4: Complex-to-complex impedance transformers (CCITs) using (a) a standard TL and (b) a CCITL based on an ACMRC.
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Figure 5: Schematic design using the CCIT (dimension in mm) implemented using (a) a standard TL and (b) a CCITL based on an
ACMRC.
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Z±
c

�� �� = RLXin − RinXLð Þ sin ϕ

Rin − RLð Þ
±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RLX in − RinXLð Þ2 sin2ϕ − Rin − RLð Þ ZLj j2Rin − Zinj j2RL

À Áq

Rin − RLð Þ : ð12Þ
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Note that jZ±
c j depends on ϕ but is independent of θc. In

addition, when ϕ = 0 ° (corresponding to the standard TL
method), Equation (12) is reduced to Equation (5) as
expected. Once jZ±

c j is known via Equation (12), θc of the
CCIT implemented using a CCITL can be expressed as

θc = tan−1 Γin,L cos ϕ
sin ϕ + j Z±

cj j2 − ZinZL/ Z±
cj j Zin + ZLð Þ

� �
0
@

1
A,

ð13Þ

where

Γin,L =
Zin − ZL

Zin + ZL
: ð14Þ

Thus, Equations (12) and (13) are the design equations
for the CCIT implemented using a CCITL. Note that Equa-
tion (12) requires that the term inside the square root, and
jZ±

c j must be nonnegative; i.e., the following conditions are
satisfied:

It should be pointed out that, when ϕ = 0 ° , Equations
(15) and (16) are reduced to Equation (6) as expected. Note
that Equations (15) and (16) depend on ϕ, providing another
degree of freedom and possibly leading to a wider range of
ZL and Zin for complex impedance matching, compared to

that of the standard TL method. For CCITs implemented
using only one TL section, there is a forbidden region in
the impedance domain, defined as an area where one TL
cannot transform a complex impedance into another one
[18–20]. Thus, the CCIT implemented using a CCITL can
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Figure 7: Shunt stub tuning circuit using the CCIT implemented using:(a) a standard TL and (b) a CCITL.
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Figure 8: Schematic design of the shunt stub tuning circuit using the CCIT (dimension in mm) implemented using (a) a standard TL and
(b) a CCITL based on an ACMRC.

RLXin‐RinXLð Þ2 sin2ϕ − Rin − RLð Þ ZLj j2Rin − Zinj j2RL

À Á
> 0, ð15Þ

RLXin − RinXLð Þ sin ϕ ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RLXin‐RinXLð Þ2 sin2ϕ − Rin − RLð Þ ZLj j2Rin − Zinj j2RL

À Áq

Rin − RLð Þ > 0: ð16Þ
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possibly reduce the forbidden region due to the reason
explained above. However, similar to the CCIT in Section
2.1, this CCIT may not match an arbitrary Zin to an arbitrary
ZL in all cases.

For cases 2 to 4, it is found that the CCIT design equa-
tions are still Equations (12) and (13). Note that the stan-
dard TL and the Smith Chart can be considered the special
case of CCITLs and MSCs when ϕ = 0 ° [9]. As expected,
it can be shown that Equations (12) and (13) are reduced
to Equations (5) and (7), respectively.

3. Results and Discussions

For illustration, the CCIT implemented using a CCITL is
designed to match a complex output impedance ZL = 60:4
− j80Ω to a complex input impedance Zin = 15:9 − j23:3Ω.
In this case, ϕ is assumed to be -9.02°. Using Equation (12),
jZ±

c j is found to be 49.63Ω. Figure 3(b) illustrates the MSC
design for normalized Zin and ZL, corresponding to case 4.
It is found from the MSC when ϕ = −9:02 ° that ΓL = 0:30
− j0:56, Γin = −0:41 − j0:49, and θc = 33:80 ° , which are
almost identical to the design parameters from Equations
(9) and (10) (ΓL = 0:29 − j0:56 and Γin = −0:40 − j0:49) and
Equation (13) (θc = 33:68 ° ) as expected.

The schematic diagrams of the CCITs are shown in
Figures 4(a) and 4(b) for the CCIT implemented using a
standard TL and a CCITL based on an ACMRC, respec-

tively. For this load ZL, the resistor of 60.4Ω and capacitor
of 1 pF are connected in series to obtain ZL = 60:4 − j80Ω
at the operating frequency of 2GHz. For the CCIT imple-
mented using a standard TL (called the 1st CCIT), Equations
(5) and (7) are employed to determine Z1 and θ1 in
Figure 4(a), respectively. It is found that Z1 = 50Ω and
θ1 = 39:75 ° . For the CCIT implemented using a CCITL
(called the 2nd CCIT), Equations (12) and (13) are employed
to determine jZ±

c j and θc in Figure 4(b), respectively. For a
given ϕ = −9:02 ° , it is found that jZ±

c j = 49:63Ω and θc =
33:68 ° . To implement both CCITs, the CST Microwave Stu-
dio is employed to simulate desired microstrip structures on
the FR-4 substrate (dielectric constant of 4.3, loss tangent of
0.02, and substrate thickness of 1.6mm), as illustrated in
Figure 5, where their dimension is given in mm. It is clearly
seen that the CCITL approach offers approximately
100MHz wider bandwidth, as shown in Figure 6, with a
20% shorter in physical length compared to that of the stan-
dard TL approach. Note that the input reflection coefficient
Γin in Figure 6 is defined as

Γin =
Zin − Zin,ref
Zin + Zin,ref

, ð17Þ

where Zin is the input impedance of the considered CCIT
and Zin,ref is the desired input impedance of the CCIT
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Figure 9: Plots of the simulated and measured jS11j of the shunt stub tuning circuit using the CCIT implemented using (a) a standard TL
and (b) a CCITL based on an ACMRC.

Table 1: Comparison between the CCITs implemented using a standard TL and a CCITL based on an ACMRC.

CCIT using a standard
TL (1st CCIT)

CCIT using a CCITL based
on an ACMRC (2nd CCIT)

The modified 1st CCIT as
a part of shunt tuning stub

The modified 2nd CCIT as
a part of shunt tuning stub

Electrical length (degree) 39.75 33.68 — —

Physical length (mm) 9.00 7.14 6.84 6.4

Bandwidth (GHz) 1.45 1.55 — —
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design at the operating frequency of 2GHz, which is equal
to 15.9-j23.3Ω in this case.

Finally, the CCITs are integrated with the shunt stub
tuning circuit operating at 2GHz, as shown in Figure 7, for
both standard TL and CCITL implementations. The CST
Microwave Studio will also be used to appropriately adjust
the formerly designed microstrip structures of both CCIT
implementations (called the modified 1st and 2nd CCITs)
due to coupling effects after integrating the CCITs into the
shunt stub tuning circuit. The optimized designs are pre-
sented with dimensions in Figures 8(a) and 8(b) for the
CCITs using a standard TL and a CCITL implemented by
an ACMRC, respectively. In addition, the insertions in
Figures 8(a) and 8(b) illustrate CCIT prototypes imple-
mented using a standard TL and a CCITL implemented by
an ACMRC, respectively. Note that the proposed design
offers approximately 28% shorter in physical length com-
pared to that of the CCIT implemented using a standard
TL. Furthermore, the comparison between the CCITs imple-
mented using a standard TL and a CCITL based on an
ACMRC in terms of electrical length, physical length, and
bandwidth is summarized in Table 1 for clarity.

Figure 9 also illustrates the plots of the magnitude of the
input reflection coefficient (jS11j) for both simulation and
measurement of both CCITs implemented using a standard
TL and a CCITL based on an ACMRC. It is clearly seen that
the measurement results offer better jS11j at -27.5 dB and
-34.3 dB compared to the simulation results at -22 dB and
-25 dB of the CCIT implemented using the standard TL
and the CCITL, respectively. However, the measurement
results also show a slightly shifted operating frequency from
2GHz to 2.1GHz and 2.2GHz for the CCITs implemented
using the standard TL and the CCITL, respectively.

In addition, Table 2 illustrates the comparison between
the CCITs implemented using a standard TL in [20] and a
CCITL using ϕ = −45 ° for ZL = 120 – j30Ω and Zin = Rin
– j40Ω, where five values of Rin are considered and the TL
parameters are given for both the standard TL and the
CCITL for each Rin. From Table 2, it is found that, for spe-
cific ZL and Zin, the CCIT implemented using the CCITL
can offer significantly shorter electrical lengths compared
to those of the CCIT implemented using the standard TL.

4. Conclusions

The generalized CCITs implemented using a CCITL based
on an ACMRC are proposed in this paper, where they are

systematically designed using the MSCs, resulting in conve-
nient design equations. It is shown that the proposed
method can miniaturize both the physical and electrical sizes
of desired CCITs. In addition, the simulated and measured
results confirm that the CCIT implemented using the CCITL
can indeed offer shorter in both physical and electrical
lengths, compared to those of the CCIT implemented using
the standard TL. Furthermore, the CCIT implemented using
a CCITL can possibly reduce the forbidden region, com-
pared to that of the CCIT implemented using a single stan-
dard TL due to an extra degree-of-freedom parameter ϕ of
the CCITL model.
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