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In this research article, a novel double-split elliptical split ring resonator (DS-ESRR) is proposed to achieve frequency-notching
behavior of ultrawideband filtenna, where the semimajor and minor axes of the ellipse are taken as a bivariate random variable
and expressed in Ramanujan’s correction coefficient so that more degree of freedom is available for choosing degenerated
impedance and thus for variable frequency-notching applications. To verify this hypothetical method, finite sets of variables for
DS-ESRR are presented in this proposed work, and a mathematical expression is formulated to estimate the resonant
frequency of the DS-ESRR, such that for practical applications, frequency-notching parameters can be easily estimated
accurately rather than previously used SRR like circular or square-shaped geometry. DS-ESRR is deployed at the back of a
CPW-fed ultrawideband antenna for notching filter application, and the computed data is compared with the eigen mode
simulation results which reveal good agreement with each other.

1. Introduction

Split ring resonators (SRR) having various structural geom-
etries have been extensively studied and implemented in
different interesting electromagnetic and communication
applications by different research groups across the globe
[1–5] since they were originally proposed [1] in 1999. Most
of the applications of SRRs reveal their usefulness to realize
the practicality of double negative (DNG) metamaterial
and as one of the integral subsystems of narrow and wide-
band microwave filters, novel compact phase shifters, etc.
A unique advantage of using an SRR for such an application
is that, as it is a subwavelength structure, the size of these
structures is very compact at resonance [6]. For all such
applications, the proper calculation and formulation for
estimating the resonant frequency of the SRR become very
important [7–10].

This article presents an appropriate mathematical closed-
form expression for the resonance frequency calculation of

the elliptical and double-split elliptical SRRs (DS-ESRR) and
examines the effect of the relative angular rotation of the rings
of the double-split elliptical SRR on its resonance. A CPW-
baked DS-ESRR-loaded ultrawideband (UWB) filtenna is
proposed for a strong frequency notching application.

The rest of the article is discussed as follows: Section 2
provides the theoretical background and calculation steps
of the resonance frequency of the ESRR and DS-ESRR and
the rotational effect of the rings of the SRR. Section 3 reveals
the design description of the proposed DSRR-loaded CPW-
fed ultrawideband antenna. Section 4 includes the result, dis-
cussion, and observations, and concludes the article.

2. Theoretical Analysis of E-SRR and DS-ESRR

Figures 1(a) and 1(b) reveal the schematic diagrams of ellip-
tical and double-split elliptical split ring resonators, respec-
tively. The rings are designed on the top of a substrate
having the relative permittivity, εr , and dielectric height of
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ht backed by the ground metallic plate on the other side. The
other design parameters are as follows: aext and bext are the
semimajor and semiminor axes of the external elliptical ring,
c is the ring width, d is the gap between the outer and inner
elliptical ring, and g is the gap width of the two splits facing
opposite to each other. In Figure 1(b), the four split widths
of double-split elliptical SRR are taken as g1, g2, g3, and g4,
where we usually consider g1 = g2 = g3 = g4 = g.

2.1. Accurate Calculation of Equivalent Capacitance. Single
and dual-split ESRR and its cross-section are shown in
Figure 2. The proper calculation of the realizable equivalent
capacitance is very important to estimate the resonance fre-
quency of the SRR. To obtain the ring capacitance, we take
Cpul times the average ring length π aavg + bavg , where
Cpul is the distributed capacitance per unit length. Cpul,
aavg, and bavg can be expressed as

aavg = aext − c −
d
2 ,

bavg = bext − c −
d
2 ,

1

Cpul =
εe

c0Z0
2

Figure 3 shows a schematic diagram of an ellipse having
the semimajor axis aavg and semiminor axis bavg.

The commonly used formula for estimating the perime-
ter of any ellipse is

P = π aavg + bavg , 3

where P is the perimeter of the ellipse and aavg and bavg
are the semimajor and semiminor axes of the ellipse,
respectively.

But equation (1) is a round-off approximation formula
for the perimeter calculation which may cause a significant
error in high-frequency applications. As a result, Ramanu-
jan’s correction factor has been introduced along with it to
calculate the perimeter more accurately using equation (2).

Pm = π aavg + bavg RC , 4
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Figure 1: Schematic diagram of the proposed (a) ESRR and (b) DS-ESRR.
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Figure 2: (a) Visualization of the realizable capacitances in ESRR and (b) visualization of realizable capacitances in DS-ESRR.
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Figure 3: Schematic of an elliptical geometry to estimate the
perimeter.
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where Pm and Rc are the modified perimeter formula and
Ramanujan’s correction factor, respectively.

RC = 1 + 3h
10 + 4 − 3h

, 5

h =
aavg − bavg

2

aavg + bavg
2 6

Hence,

Pm = π aavg + bavg − g 1 + 3h
10 + 4 − 3h

7

The equivalent distributed capacitance for ESRR and
DS-ESRR can be expressed as

CESRR =
π aavg + bavg − g Cpul

2 1 + 3h
10 + 4 − 3h

,

8

CDS‐ESRR =
π aavg + bavg − g Cpul

4 1 + 3h
10 + 4 − 3h

9

Hence, CDS‐ESRR = CESRR/2
And the gap capacitance (Cg) experienced between the

splits can be derived as

Cg =
ε0t
g

10

Hence, the equivalent capacitance expression for ESRR is

CESRR
eq =

CESRR + Cg

2 11

And the equivalent capacitance expression for DS-ESRR
can be written as

CDS‐ESRR
eq =

CDS‐ESRR + Cg

4 12

Table 1: Resonance frequency calculation for DS-ESRR.

aext (mm) bext (mm) c (mm) d (mm) g (mm) Freq. (calculated) Freq. (eigen mode) Error (%)

8.5 6 0.5 0.7 0.7 4.66 4.30 8.3

5.5 3 0.5 0.8 0.6 8.11 8.36 1.6

6 3 0.5 0.7 0.3 7.34 7.5 2.1

6 2.5 0.4 0.6 0.8 7.18 7.76 2.4

4 2.5 0.4 0.6 0.5 11.30 10.82 4.4

3.5 1.9 0.4 0.5 0.6 13.12 12.44 5.05

3 1.8 0.3 0.6 0.6 14.2 14.12 0.5

Table 2: Design parameters of the proposed antenna.

Parameters Values (mm) Parameters Values (mm)

R 1.2 d 0.6

s 0.5 ht 1.524

w 5 aext 1.7

c 0.5 bext 2

C1
DS-ESRR

C2
DS-ESRR

C2
DS-ESRR
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Figure 5: Visualization of realizable capacitances in DS-ESRR.
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Figure 4: (a, b) Equivalent circuital realization of the ESRR and DS-ESRR.
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2.2. Resonant Frequency Calculation. Figures 4(a) and 4(b)
are the equivalent circuital realization of the ESRR and
DS-ESRR, respectively. As shown in Figure 4, the expres-
sions for resonance frequencies for ESRR and DS-ESRR
can be written

ω0 =
1
LTCeq

13

The expression of the resonant frequencies of different
SRRs is given as

For E-SRR:

f ESRR0 = 1

2π LEST π aavg + bavg − g Cpul/4 1 + 3h/10 + 4 − 3h + ε0t/2g

14

For DS-ESRR:

f DS‐ESRR0 = 1

2π LDST π aavg + bavg − g Cpul/16 1 + 3h/10 + 4 − 3h + ε0t/4g

15

From equation (14) and (15), we can conclude that

f ESRR0 = f DS‐ESRR0
2 , 16

where LEST and LDST are the equivalent distributed inductances
of the ESRR and DS-ESRR, respectively.

The general expression for the equivalent distributed
inductance is given as

LT = 0 0002l 4l
c
− θ  nH, 17

where l and c are the length and width of the metallic ring
shape and θ = 2 451 for the elliptical shape.

For ESRR:

lESRR = π aext + bext 1 + 3h
10 + 4 − 3h

− g 18

For DS-ESRR:

lDS‐ESRR = π aext + bext 1 + 3h
10 + 4 − 3h

− g 19

The resonance frequencies of the E-SRR are calculated
using equations (14) and (15), respectively, for different
parameters and compared with the eigen mode simulation
results in Tables 1 and 2.

2.3. Rotation Effect on Resonance Frequency. As shown in
Figure 5, the length of the sections (1, 3) and (2, 4) can be
expressed as Pm1 and Pm2, respectively, through the follow-
ing (equations (20) and (21)), respectively.

Pm1 =
π + θ aavg + bavg

4 Rc, 20

Pm2 =
π − θ aavg + bavg

4 Rc 21

The equivalent distributed capacitance for each section
of the rotated DS-ESRR can be written in equations (22)
and (23), respectively, as

CDS‐ESRR
1 =

π + θ aavg + bavg − g RCCpul
4 , 22

CDS‐ESRR
2 =

π − θ aavg + bavg − g RCCpul
4

23
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Figure 6: Schematic diagram of the proposed elliptical SRR with the essential boundary conditions setup.
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Figure 7: Continued.
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And the equivalent capacitance expression for DS-ESRR
can be written as

CDS‐ESRR
r =

CDS‐ESRR
1 + Cg CDS‐ESRR

2 + Cg

2 CDS‐ESRR
1 + CDS‐ESRR

2 + 2Cg

, 24

Substituting CDS‐ESRR
1

R and CDS‐ESRR
2 from equations (22)

and (23), respectively, the simplified CDS‐ESRR
r

R can be
expressed as

CDS‐ESRR
r = π + x 2 − θ2

4 π + x

aavg + bavg RcCpul
4 , 25

where x = 4Cg/ aavg + bavg RcCpul

The equivalent capacitance expression for DS-ESRR can
be written as

CDS‐ESRR
req =

CDS‐ESRR
r + Cg

4 26

As the Cg term is very mall, it can be neglected, and the
expression of the resonant frequencies of rotational DS-
ESRR is given as

For DS-ESRR:

f DS‐ESRRr0 = 1
2π LT π + x 2 − θ2/4 π + x aavg + bavg RcCpul/16 Rc

27
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Figure 7: Estimated (a) effective permeability, (b) effective permittivity, (c) effective refractive index, and (d) effective impedance of the
proposed elliptical split ring resonator (E-SRR).
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Neglecting the gap capacitance, equation (15) can be
approximated as follows

f DS‐ESRR0 = 1
2π LDST π + x aavg + bavg RcCpul/16

28

Comparing equations (27) and (28), we can come up
with the relation between the resonance frequency of DS-
ESRR and that of the rotated DS-ESRR as follows

f DS‐ESRRr0
f DS‐ESRR0

= 2 π + x

π + x 2 − θ2
29

For the very small value of x, equation (29) can be fur-
ther compressed as

f DS‐ESRRr0
f DS‐ESRR0

= 2π
π2 − θ2

30

2.4. Mathematical Analysis Based on Material Properties.
The most commonly used conversion model for S-parameters
to dielectric properties is the NRW (Nicolson-Ross-Weir)
method [11–13], as it gives information on both the electric
and magnetic properties of a material. Figure 6 shows the
schematic of the necessary and essential boundary conditions
set-up in the HFSS EM-simulator for the edge-coupled
elliptical split ring resonator (E-SRR) here to extract its
S-parameters to estimate its effective relative permeability,

Port 1 Port 2
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Resonance at 9 GHz Resonance at 8 GHzResonance at 9 GHz Resonance at 8 GHz

(b)

Figure 10: (a) Schematic diagram of DS-ESRR backed CPW fed notch filter. (b) DS-ESRRs without and with 60° rotations of the inner ring.
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Figure 11: S-parameter plots of the proposed DS-ESRR without and with 60° rotation of inner ring loaded notch filter.

8 International Journal of RF and Microwave Computer-Aided Engineering



effective relative permittivity, effective refractive index, and
effective impedance of the resonator unit.

The complex permittivity extraction technique, called
NRW, was developed by Nicolson, Ross, and Weir. The
NRW provides a direct calculation of the dielectric proper-
ties [14, 15] with the help of transmission (T) and reflection
(Γ) coefficients, which are extracted by using S-parameters
and shown in Figures 7(a)–7(d). Fundamental mode
S-parameter relationships are then used to solve for perme-
ability and permittivity, μ ω and ϵ ω , respectively, as a
function of the angular frequency ω.

2.5. Empirical Relationship Modelling Using Nonlinear
Curve-Fitting Tool. In this section, different empirical rela-
tions have been proposed for the design of the double-split
ring resonator (DS-SRR) and rotational. Depending upon
the different electrical parameters of the structure, the effect
on the resonance frequency of the SRR structure has been
modelled as a customized empirical nonlinear relationship.
Two cases are taken into consideration here. In the first case,
the semimajor and semiminor axes of the outer elliptical
ring are sequentially varied to estimate the effects on the
resonating frequency. Due to the nonlinear variation of
semimajor, different semiminor axis values have been corre-
lated and returned to the resonance frequencies of the DS-
ESRR. From the parametric data taken from the simulation
environment, due to the nonconvex nature and some non-
linear dependency of column basis vectors, linear regression
becomes inefficient in correlating different basis values.
Therefore, a customized curve-fitting tool is used to achieve
the estimation of the optimum correlation between basis
data and the final empirical equation using the MATLAB
computational platform.

The abovementioned double-split elliptical SRR (DS-ESRR)
can be nonlinearly mapped into the jointly distributed vector

span of the semimajor axis (aext) and semiminor axis (bext).
The cross-correlated vector basis can be effectively mapped
into the resonating frequency of the SRR through the Loess
regression process by obtaining a multivariate Gaussian
distribution. The multivariate Gaussian distribution can be
expressed as

p x μ, Σ = 1
2π p+q/2 Σ 0 5 × exp

−
1
2

x1 − μ1

x2 − μ2

T Σ11 Σ12

Σ21 Σ22

−1 x1 − μ1

x2 − μ2

,

31

where μ =
1 44
0 31

and Σ11 = 4 25, Σ22 = 2 5, Σ12, and

Σ21 = 0.
Based on the above distribution, the jointly distributed

X1 and X2 vectors have been mapped to the semimajor axis
(aext) and semiminor axis (bext). The respective contour plots
and residuals have been mentioned in Figure 8 for each basis
vector.

For example, the resonance frequency of the rotational
double-split elliptical SRR (DS-ESRR) can be again nonli-
nearly mapped into the jointly distributed vector span of
the semimajor axis (aext) and relative angular orientation
(θ) of the inner splits. The cross-correlated vector basis can
be effectively mapped into the resonating frequency of
the SRR through the Loess regression process by obtaining
a multivariate Gaussian distribution. The multivariate
Gaussian distribution can be expressed this time as

R
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Figure 12: (a) Top view of the schematic of the proposed UWB filtenna. (b) Close view of the DS-ESRR at 8GHz. (c) Close view of the SMA
connector with the CPW. (d) Close view of the CPW feed. (e) Back view of the proposed filtenna. (f) Side view of the filtenna.
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p x μ, Σ = 1
2π p+q/2 Σ 0 5 × exp

−
1
2

x1 − μ1

x2 − μ2

T Σ11 Σ12

Σ21 Σ22

−1 x1 − μ1

x2 − μ2

,

32

where μ =
4 25
45

and Σ11 = 1 44, Σ22 = 28 87, Σ12, and

Σ21 = 0.

Based on the above distribution, the jointly or bivariately
distributed X1 and X2 vectors have been mapped to the
semimajor axis (aext) and relative angular orientation (θ) of
the inner splits. The respective contour plots and residuals
have been mentioned in Figure 9 for each basis vector.

3. Results and Discussions

3.1. Filter Realization with Strong Notch. Figure 10(a) shows
the schematic diagram of the DS-ESRR-loaded CPW-fed
notch filter. The DS-ESRR is designed for 8GHz on the
top of a Rogers RT-5870 substrate having a relative permit-
tivity of εr = 2 33 and a dielectric height of ht = 1 575mm,
backed by a 50-ohm coplanar waveguide (CPW) transmis-
sion line. The strip line width is W = 5mm, and the slot
width is S = 0 5mm. Here, the semimajor and minor axes
of the ellipse are taken as aext = 5 5mm and bext = 2 3mm.
Figure 11 shows the schematic of the DS-ESRRs with 60°

rotation and without the rotation of the inner ring. The S11
and S21 plots are shown in Figure 10, where initially we
had S11 = −36 8dB and S21 = −0 15dB at 8GHz, but after
rotating the inner ring relatively by 60°, the resonance fre-
quency of the SRR got shifted to 9GHz for the rotational
effect, and S11 = −31 6dB and S21 reached up to -0.185 dB
at the notch frequency. This implies very strong and highly
notching characteristics of the DS-ESRR.

3.2. Proposed UWB Filtenna. The proposed DS-ESRR of
8GHz is integrated with the 50 ohm-CPW-fed transmission
line, where the CPW feed line is extended to a semicircular
ultrawideband monopole patch antenna having a radius of
R = 12 5mm on the same substrate (Rogers 5870) as the fil-
ter. Figure 12 reveals the detailed schematic view of the pro-
posed filtenna structure, and Table 2 shows the design
parameters in detail.
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Figure 13: (a) Comparison between the simulated and measured S11 (dB) plots of the proposed UWB filtenna. (b) Comparison between the
simulated and measured VSWR plots of the proposed UWB filtenna.
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Figures 13(a), 13(b), and 14 show the S11 (dB),
VSWR, and peak gain stability plots of the simulated
and measured results of the proposed filtenna, respec-
tively. As shown in Figure 13(a), the S11 (dB) for the
simulated design with the DS-ESRR reaches -0.25 dB at
8GHz, where the measured data shifted to 8.4GHz with-
out and with the DS-ESRR are -17.8 dB and -1.67 dB,
respectively. To realize the effective characterization of
the DS-ESRR-loaded UWB antenna, circuit modelling
has been explained using CPW-fed architecture in [16].

Figure 13(b) reveals that the VSWR for the simu-
lated design with the DS-ESRR is 67.23 at 8GHz,
whereas the measured VSWR at 8.4GHz without and
with the DS-ESRR are 1.1 and 42.3, respectively. From
Figure 14, it is revealed that the gain stability for the
simulated design with the DS-ESRR reaches 3.6 dBi at
8GHz, whereas the measured gain at the shifted fre-
quency of 8.4GHz without and with the DS-ESRR is
1.44 dBi and -14.2 dBi, respectively. It implies that the
DS-ESRR provides a gain suppression of 16.64 dB, which

Table 3: Comparative study between recent works and present works.

Ref. Antenna type Antenna size Frequency range Gain
Year of

publication

[17]
Compact, single-layered substrate integrated waveguide

filtenna with parasitic patch
46 × 37mm2 2.21 & 2.95GHz 6.3 dBi 2019

[18]
Circular monopole antenna an inverted L-shaped stub

attached to the microstrip feed line
35 × 44mm2 3.4-3.8GHz 3.5 and 3.15 dBi 2021

[19] SRR defected ground structure filtenna 20 × 19 5 × 1 524mm3 5.9GHz — 2021

[20]
Coplanar waveguide-fed monopole antenna is comprised

of a rectangular-shaped structure with a slot and a
Y-shaped radiator

10 × 15 × 0 254mm3 3–14.55GHz 3.2 dBi 2023

Present work 10 2 × 12 5 × 0 787mm3 3.1-10.6GHz 4.25 dBi 2023

Jsurf (A/m)

(a) (b)

(c) (d)

15.0000

14.0011

13.0022

12.0032

11.0043

10.0054

9.0065

8.0076

7.0086

6.0097

5.0108

4.0119

3.0130

2.0140

1.0151

0.0162

Figure 15: Surface current density visualization of the proposed UWB filtenna at (a) 3.1GHz, (b) 6.5GHz, (c) 8.1GHz, and (d) 10GHz.
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is very convincing. A comparative table based on recent
works and proposed concepts is being displayed in
Table 3.

Figure 15 presents a visualization of the current density
of the antenna at different frequencies within its bandwidth.
As revealed from Figures 15(a), 15(b), and 15(d) for the
current travelling from the CPW feed to the semicircular
monopole patch, the pair of the DS-ESRR seems to be trans-
parent, but at 8.1GHz, the SRRs resonate and show very
strong stop-band characteristics. Figure 16 reveals the

E-plane and H-plane 2D radiation patterns of the pro-
posed antenna. Figures 16(a)–16(c) show the gain pat-
terns at 3.1GHz, 6.5GHz, and 10GHz, respectively.

Figures 17(a) and 17(c) are the top and bottom views of
the fabricated antenna, respectively. Figures 12(b) and 12(d)
are the snaps from the VNA while measuring the S-
parameter and VSWR plot, respectively. Figures 18(a)–18
(c) show some of the snaps of the vector network analyzer
(VNA) while measuring the gain patterns of the fabricated
ultrawideband filtenna.

Simulated E plane pattern
Measured E plane pattern
Simulated H plane pattern
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Figure 16: E-plane and H-plane 2D radiation patterns of the proposed UWB filtenna at (a) 3.1GHz, (b) 6.5 GHz, and (c) 10GHz.
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(a) (b)

Double-split
elliptical SRRs

(c) (d)

Figure 17: (a) Top view of the fabricated UWB filtenna structure. (b) S-parameter measurement of the antenna using VNA. (c) Top view of
the fabricated UWB filtenna structure. (d) VSWR measurement of the antenna using VNA.

(a)

(b) (c)

Figure 18: (a) Gain pattern measurement in an anechoic chamber facility. (b) Close view of the fabricated UWB filtenna at the
receiving end.
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4. Conclusion

The theoretical analysis of elliptical SRR and double-split
elliptical SRR (ESRR) is proposed here in this manuscript.
The stop-band characteristics of the double-split elliptical
SRR (DS-ESRR) are presented with the help of an UWB fil-
tenna structure in detail. The proposed idea is very simple
and can be scaled to any other futuristic application.
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