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ABSTRACT. This paper contains the solution of a functional equation which is a

generalization of a functional equation arising in a characterezation of directed

divergence and inaccuracy.
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1. INTRODUCTION.

It was shown in [711 that the properties of symmetry, expansibility and branching

(possessed by directed divergence and inaccuracy) lead to a sum representation of the

measures which together with the property of additivity leads to the study of the

functional equation
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n m n m
E E f(xiYj,uivj) E f(xi,ui) + E f(yj,vj) (i.I)

i-i J-I i--I j=l

For ore information m (I.I) refer to [2,3,4]. Here we consider the following

functional equation,

2 3 2 3

i=IE J=lFij (Pirj’qisj) i=l"Gi(pi’qi) + J=EIHj (rj ,sj) (i.2)

which is a generalization of the equation (i.I) (for n=2, m-3) and solve (1.2) by

employing a technique similar to that in [6] used to solve a generalized form slm-

ilar to (i.I) connected with Shannon’s entrophy.

2. MAIN RESULTS.
n

Let A {P=(Pl "’’Pn): Pn > O, r. Pi 1} denote the set of all complete
n

i= I

finite n-ary probability distributions. Let P, Q, A2,R,S 43. Let

J ]0,1[x]O,l[u{(0,y)} u {(l,z)} with y [0,I[ and z ]0,I]. Let FIj,Gi,Hj:
J / R (reals) be asurable in each variable and satisfy the function equation (1.2).

We obtain the solution of the functional equation (1.2) through a sequence of

auxiliary results, which we state in the following propositions.

REMARK. Here we are solving (1.2) for complete probability distributions,

which differs from the previous works [see 2,3 etc.] based on incomplete distri-

butions (lu
i

< I, lvj < I). This fills the existing gap satisfactorily.

PROPOSITION I. Let F: J / R be measurable in each variable and satisfy the

functional equation

F(p,q) F(px,qy) F((l-x)p, (l-y)q) A(p,q,x,y), (2.i)

where

A(Pl+P2,ql+q2,x,y) A(Pl,ql,x,y) + A(P2,q2,x,y) (2.2)

for every fixed x,y [0,I] and

F_i,.i) 0
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Then the solutions of equation (2.1) are given by:

F(p,q) ap log p + bp log q + cq log q + a’p a’q,

A(p,q,x,y) p[al(x,x) + bl(x,y] + cql(y,y),

where

l(x,y) := x log y (l-x) log (l-y).

This result follows easily from [5], by verifying that F in (2.1) satisfies

(i.i) for mffi2, nffi3, by using (2.2) and the condition F(I,I) 0.

PROPOSITION 2. Let F: J / R be measurable in each variable and satisfy the

functional equation (2.1), where A(p,q,x,y) satisfies (2.2). Then, the solutions

of equation (2.1) are given by

F(p,q) ap log p + bp log q + cq log q + ClP + c2q,

A(p,q,x,y) p[al(x,x) + bl(x,y)] + cql(y,y).

PROOF. Define G(p,q) F(p,q) + dp + eq, where d + e -F(I,I).

Since F is measurable in each variable, G is measurable in each variable. Also,

G(p,q) satisfies the functional equation (2.1) and G(I,I) 0. Hence, by proposition

I, we have,

G(p,q) ap log p + bp log q + cq log q + a’p a’q"

so that,

and

F(p,q) ap log p + bp log q + cq log q + ClP + c2q,

A(p,q,x,y) p[al(x,x) + bl(x,y)] + cql(y,y).

PROPOSITION 3. Let the function F: J R be measurable in each variable and

satisfy the equation

F(p,q) F(px,qy) F((l-x)p, (l-y)q) A(p,q,x,y) + B(x,y) (2.3)
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where (p,q) + A(p,q,x,y) satisfies (2.2). Then the solutions of equation (2.3)

are given by

B(x,y) c3,

F(p,q) ap log p + bp logq + cq log q + clP + c2q c
3

A(p,q,x,y) p[aI(x,x) + bI(x,y)] + cqI(y,y)

where c3 -F (0,0).

PROOF. Putting p 0 q in equation (2.3), we get

-v(0,0) (x,y)

that is,

B(x,y) c3, say.

We now define G(p,q) F(p,q) + c3. Then G(p,q) satisfies the equation (2.1).

Also, since F is measurable in both the variables, G is measurable in both variables.

Hence, by proposition 2, we get

so that

G(p,q) ap log p + bp log q + cq log q + ClP + c2q,

and

F(p,q) ap log p + bp log q + cq log q + clP + c2q c
3

A(p,q,x,y) p[aI(x,x) + bI(x,y)] + cqI(y,y)

and the proof of prop,. ition 3 is complete.

PROPOSITION 4. Let Fi: J / R, (i 1,2,3) be measurable in each variable

satisfying the functional equation

Fl(p,q) F2(Px,qy) F3((lx)p, (l-y)q) A(p,q,x,y).+ B(x,y), (2.4)

where (P,q) A(p,q,x,y) satisfies (2.2). Then the solutions of equation (2.4)
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are given by

Fl(P, q) ap log p + bp log q + cq log q +clP + c2q + d
1

F2(p,q) ap log p + bp log q + cq log q + (Cl-C3)P + (c2-c4) q + d

F3(P, q) ap log p + bp log q + cq log q + (ci-c5)p + (c2-c6) q + d

A(p,q,x,y) p[al(x,x) + bl(x,y)] + cql(y,y) +(c3-Cs)PX +

+ (c4-c6)qy + CsP + c6q,

B(x,y) d I d
2

d
3

PROOF. Putting p=0=q in the equation (2.4), we get

FI(0,0) F2(0,0) F3(0,0) B(x,y). (2.6)

Denoting Fi(0,0) di(i 1,2,3), (2.6) yields,

d I d
2

d
3 B(x,y) (2.7)

Equation (2.4)with x I y, by means of (2.7), gives

Fl(p,q) F2(P, q) F3(0,O) A(p,q,l,1) + d
1

d
2

d
3

That is,

F2(p,q) Fl(P, q) A(p,q,l,1) + d
2

d
1

(2.8)

When x 0 y, we get frc equation (2.4),

F3(P, q) Fl(P, q) A(p,q,0,0) + d
3

d
1

(2.9)

Substituting for F
2 and F

3 from (2.8) and (2.9) into (2.4), we obtain,

Fl(p,q) Fl(Px,qy) Fl((1-x)p, (1-y)q) A(p,q,x,y) A(px,qy,l,1) A((1-x)p,

(1-y)q,0,0) d
1

Al(p,q,x,y) d
1

(2.10)

where

Al(p,q,x,y) A(p,q,x,y) A(px;qy,l,l) A((l-x)p, (l-y)q,0,0), (2.11)

and (p,q)/ Al(p,q,x,y) satisfies (2.2).
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Hence, applying proposition 3 to equation (2.10), we get

Fl(p,q) ap log p + bp log q + cq log q + ClP + c2q + d I,

Al(p,q,x,y) p[al(x,x) + bl(x,y)] + cql(y,y) (2.12)

from which using (2.11) we get,

A(p,q,x,y) p[al(x,x) + bl(x,y)] + A(px,qy,l,l) + A((1-x)P, (1-y)q,0,0). (2.13)

Since Fi(p,q) (i=1,2,3) is measurable in each variable, A(p,q,l,l) is measurable in

the first and the second co-ordinates. Since (p,q) / A(p,q,l,l) satisfies the

relation (2.2), we have

A(p,q,l,l) + A(r,s,l,l) + A(p+r,q+s,l,l),(p,q),(r,s) J, p,q,r,s [0,i]. (2.14)

When p 0 r, in the equation (2.14), we get

A(0,q,l,l) + A(0,s,l,l) A(0,q+s,l,l), q,s,q+s [0,I[. (2.15)

Since A(0,.,I,1) is measurable, [l ,pp. 8-9]’ we have, A(0,q,l,1) c4q, where c
4

is an arbitrary constant. If we define B(p,q) A(p,q,l,1) c4q, then B(0,q) 0

and equation (2.14) becomes

(p,q) + 8(r,s) S(p+r,q+s), (p,q), (r,s) J, p,q,r,s [0,1]. (2.16)

Putting p 0 in (2.16), we get

S(r,s) B(r,q+s), (2.17)

that is, 8(r,s) constant, independent of s, say 8(r). Thus, from (2.16) we

obtain,

0(p) + 0(r) 0(p+r), p,r e E0,13. (2.18)

But A(p,q,l,l) is measurable in the first and second co-ordinates, and hence 8(P,q)

is measurable in p and q, from which it follows that 8(p) is measurable. Thus,

from i ] again we have, 8(p) c3P, where c
3

is an arbitrary constant. That

is, 8(p) 8(p,q) c3P A(p,q,l,l) c4q from which it follows that
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A(p,q,l,l) c3P + c4q, (2.19)

where c
3

snd c4 are arbitrary constants. Similarly, we can show that

A(p,q,0,0) CsP + c6q (2.20)

Where c
5

and c
6
are arblrtaty constants. From (2.13), (2.19) and (2.20) we get

A(p,q,x,y) p[al(x,x)+bl(x,y)] + c3Px+c4qy+c5(l-x)p+c6(l-y)q + cql(y,y),

p[al(x,x)+bl(x,y)] + (c3-c5)PX+(C4-c6)qy+c5P-l-c6q+cql(y,y). (2.21)

From (2.8), (2.12) and (2.19) we obtain,

F2(P, q) ap log p + bp log q + cq log q + (ci-c3) p + (c2-c4) q + d
2

(2.22)

and from (2.9), (2.12) and (2.20) we get,

F3(P, q) ap log p + bp log q + cq log q + (ci-c5) p + (c2-c6) q + d
3

(2.23)

Now, (2.12), (2.22), (2.23), (2.21)and (2.7)yield the solutions (2.5)and the

proof of proposition 4 is complete.

PROPOSITION 5. Let the functions Fi: J / R (i 1,2,...,6) which are measur-

able in each variable satisfy the functional equation

[Fl(Pl,q1) F2(PlX,qly) F3((1-x)Pl,(1-y)ql)

+ [F4(P2,q2) F5(P2x, q2y) F6((l-x)P2,(l-y)q2).]

A(Pl+P2,ql+q2,x,y), pl+P2 [0,I], ql+q2 e [0,I] (2.24)

Then the solutions of the equation (2.24) are given by

Fl(P, q) ap log p + bp log q + cq log q + clP + c_q + dI,

F2(p,q) al log p + bp log q + q log q + {.el:.C3) p + (c2-c4) q / d2,

F3(P, q) ap log p + bp log q + cq log q + (ci-c5) p + (c2-c6) q + d3,
F4(p,q) ap log p + bp log q + cq log q +clP + cq + d4,
F5(P, q) ap log p + bp log q + cq log q + (c-c3)P + (c_-c4)q + d5,

F6(p,q) ap log p + bp log q + cq log q + (c-c5) p + (c-c6) q + d6,

(2.25)
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A(p,q,x,y) p(al(x,x)+bl(x,y)) + cql(y,y) + (c3-c5)dx + (c4-c6)qy
+ csp + c6q + d I d

2
d
3
+ d

4
d
5

d6.

PROOF. Putting P2 q2 0 in the equation (2.24), we get,

Fl(Pl,qI) F2(PlX,qly) F3((l-X)Pl,(l-y)ql) + F4(0,0)
FS(0,0 F6(0,0 A(Pl,ql,x,y). (2.26)

When Pl ql 0 in (2.24), we have

F4(P2,q2) Fs(P2x,q2y) F6((l-x)P2,(l-y)q2) + FI(0,0)
F2(0,0 F3(0,0 A(P2,q2,x,y). (2.27)

Adding (2.26) and (2.27) and comparing with the equation (2.24), we get

A(Pl+P2,ql+q2,x,y) + FI(0,0) F2(0,0) F3(0,0) + F4(0,0)
F5(0,0 F6(0,0 A(Pl,ql,x,y + A(P2,q2,x,y). (2.28)

Denoting Fi(0,0) d
i

(i 1,2,...,6) and defining

Al(p,q,x,y) A(p,q,x,y) dl+ d
2
+ d

3
d
4 + d

5 + d
6

(2.29)

(2.28) becomes,

AI(PI+P2’qI+q2 ’x’y) AI(PI’qI’x’Y) + Al(p2,q2,x,y),

that is,

(p,q) / Al(p,q,x,y)

satisfies (2.2). Now from equation (2.26) and (2.27)we get using (2.29),

Fl(Pl,qI) F2(PlX,qly) F3((l-X)Pl,(l-y)ql)
Al(Pl,ql,x,y + d

1
d
2 d3, (2.30)

and

F4(P2,q2) F5(P2x,q2y) F6((l-x)P2,(l-y)q2) Al(P2,q2,x,y + d
4

d
5

d6,
(2.31)
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where (p,q) / Al(p,q,x,y satisfies (2.2). Hence, applying proposition 4 seperately

to the equations (2.30) and (2.31), we get,

Fl(p,q) ap log p + bp log q + cq log q + clP + c2q + d
I

F2(p, q) ap log p + bp log q + (ci-c3) p + (c2-c4) q + d
2 + cq log q

F3(P, q) ap log p + bp log q + (ci-c5) p + (c2-c6) q + d
3
+ cq log q (2.32)

A(p,q,x,y) p[al(x,x) + bl(x,y)] + (c3-c5)PX + (c4-c6)qy + cql(y,y)

+ CsP + c6q + d
I d

2
d
3
+ d

4
d
5

d
6

and

F4(P, q) a’p log p + b’p log q + c’q log q + c{p + cq + d4,
Fs(p, q) a’p log p + b’p log q + (C’l-C3’)p + (c’-c)q2 + d5 + c’q log q,

F6(p q) a’p log p + b’p log q + (c’- ’+ + c’I Cs)PX + (c2-c6)q d6 q log q,

-c) +A(p,q,x,y) p[a’l(x,x) + b’l(x,y)] + (c3-c5)PX + (c qy c ql(y,y)

+ cSP’ + c6’q + dl d2 d3 + d4 d5 d6.
Comparing the values of A in (2.32) and (2.33) we see that,

(2.33)

a’ a,b’ b, c3-c5’ c3-c5, c4’-c 6’ c4-c6, c5’ c5, c c6, c’ --c.

Thus, we have c3’ c3 and c4’ c4. Hence, from the expressions (2.32) and (2.33),

(2.25) follows and the proposition 5 is proved. The converse is also true.

Propositions 1 to 5 lead us to the following main theorem.

THEOREM. Let Fij, G
i, Hi: J / R (i-- 1,2; j 1,2,3) be functions which are

measurable in each variable satisfying the functional equation (1.2). Then the

solutions of the equation (1.2) are given by

Hl(P, q) ap log p + bp log q + cq log q +clP + c2q + el,

H2(P, q) ap log p + bp log q + cq log q + clP +cq + e4,
(2.34)

H3(p,q) ap log p + bp log q + cq log q + clp" + c2q+" eT,

Fll(p,q) ap log p + bp log q + cq log q + (ci-c3) p + (c2-c4) q + e
2
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(c-c4) q +Fl2(P, q) ap log p + bp log q + cq log q + (Cl-C3)P + e5,

Fl3(P, q) ap log p + bp log q + cq log q + (Cl-C3)P + (c2-c4)q + e8,

F21(P, q) ap log p + bp log q + cq log q + (ci-c5) p + (c2-c6)q + e3,

F22(p,q) ap log p + bp log q + cq log q + (C’l-c5)P + (c2-c6’)q + e6,

F23(P, q) ap log p + bp log q + cq log q + (Cl-C5) p + (c2-c6)q + e9,

(2.34)

Gl(p,q) g(p,q),

G2(P, q) e
9
+ e

8
e
7

g(l-p,l-q) al(p,p) bl(p,q) cl(q,q)

(c3-c5) (l-p)-(c4-c6) (l-q)

eI + e
2
+ e

3
e
4
+ e

5
+ e

6
c
5

c6,

where g(p,q) is an arbitrary measureable function and e
i

(i 1,2,...,9), a,b,c,c
i

" and are arbitrary constants.(i 1,2,3,4), Cl,Cl,C2 c
2

PROOF. In the equation (1.2) put Pl p’ P2 l-p; ql q’ q2 l-q;

r
3 l-r2-r I, s

3
I s I s2. Then we obtain,

[Hl(rl,Sl) Fll(Prl,qs I) F21((l-p)rl,(l-q)sl)]
+ [H2(r2,s2) Fl2(Pr2,qs2) F22((l-p)r2,(l-q)s2)]

[Fl3(Pr3,qs3) + F23((l-p)r3,(l-q)s3) H3(r3,s3)]
Gl(p,q) G2(l-p,l-q)

=: A(l-r3,l-s3,p,q), say. (2.35)

From the identity,

[HI(r l,s I) Fll(Prl,qs I) F21((l-p)r l,(l-q)s I)]
+ [H2(r2,s2) Fl2(Pr2,qs2) F22((l-p)r2,(l-q)s2)

A(rl+r2, Sl+S2,p,q),

we deduce from proposition 5 that,

Hl(r,s) ar log r + br log s + cs log s + Clr + c2s + el
(2.36)

Fll(r,s) ar log r + br log s + cs log s + (Cl_C3)r + (c2-c4)s + e2
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F21(r,s) ar log r + br log s + cs log s + (Cl-Cs)r + (c2-c6)s + e3,

+ cs + e4,H2(r,s) ar log r + br log s + cs log s + clr
Fl2(r,s) ar log r + br log s + cs log s + (C’l-c3)r + (c-c4)s + e5,

F22(r,s) ar log r + Dr log s + cs log s + (c{-CS)r + (c-c6)s + e6,

A(r,s,p,q) r[al(p,p)+bl(p,q)] + (c3-c5)rp + (c4-c6)sq + csl(q,q)

+ CSr + c6s + eI e
2

e
3
+ e

4
e
5

e
6

(2.36

From (2.35) we have, (using (2.36)),

H3(r3,s3) F13(Pr3,qs3) F23((1-p)r3,(1-q)s3)
-A(l-r3,l-s3,p,q) Gl(P, q) G2(l-p,l-q)

-(l-r3)[al(p,p)+bl(p, q)] c(l-s3) (q,q) (c3-c5)(l-r3)p

(c4-c6) (l-s3) q-c5 l-r3)-c6 l-s3)

el + e2 + e3 e4 + e5 + e6 Gl(p,q)_G2(l_p,l_q).
{2.37)

=Ir3[al(p,p) + bl(p,q)] + Pr3(c3-c5) + (c4-c6)s3q + cs
3

(q,

+ csr3+c6s3,l-[al(p,p) + bl(p,q) + cl(q,q) + (c3-c5)P
+ (c4-c6)q + c

5
+ c

6
+ e I

e
2

e
3
+ e

4
e
5

e
6

+ Gl(p,q) + G2(l-p,l-q)
Applying proposition 4 to (2.37), we get

H3(r,s) ar log r + br log s + cs log s + c’{r + c’s + eT,

Fl3(r,s) ar log r + Dr log s + cs log s + (c’{-c3)r + (c’-c4)s + e
8

F23(r,s) ar log r + Dr log s + cs log s + (c’{-CS)r + (c’-c6)s + e9,
al(p,p) + bl(p,q) + cl(q,q) + (c3-c5) p + (c4-c6) q + c

5
+ c

6
+ e

I e2
e
3
+ e

4
e
5

e
6
+ Gl(p,q) + G2(l-p,l-q) e

9
+ e

8
e7.

(2.38)

Let Gl(p,q) g(p,q). Then g is measurable in each variable. Thus, from the last

expression in (2.38), we get
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G2(P, q) e
9
+ e

8
e
7 g(l-p,l-q) al(p,p) bl(p,q) cl(q,)

(c3-c5)(l-p)-(c4-c6)(l-q)-eI + e
2
+ e

3

e
4
+ e

5
+ e

6
c
5

c
6

(2.39)

Now (2.36), (2.38) and (2.39) give the solutions (2.34). This completes the proof

of the theorem.

One can easily verify that the eleven functions given by the expressions

(2.34) satisfy the functional equation (1.2).

3. APPLICATION.

As pointed out in section one, from the solutions of the functional equation

(1.2) and the sum representation of the measures and some initial conditions-J2],

we can obtain the measures the directed divergence and the inaccuracy.

ADDITION: REMARK. In almost every characterization of the measures,

the Shannon entropy, the directed divergence, the inaccuracy etc., several

functional equations are used to acheive the result. In one set of character-

izations, one comes across equations of the type

X(*) f(x) + (l-x)f(l--x) f(y) 4(l-y)f()

and in the other, one comes across the functional equations of the type (i.i).

Recently, in dealing with the mixed theory of information (as distinguished from

the probabilistic and nonprobabilistic theories), we came across generalization of

(*) of the form

X--Y--- h(y) + (l-y)k(l--y)f(x) + (l-x)g(l_x)

In a similar manner, while considering sum representation forms in the mixed theory

of information, one might have to deal with functional equations of the form (1.2),

which is a generalization of the form (i.i)
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