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ABSTRACT. W. Ruppert has studied, and given examples of, compact left topological groups
for which the left translation flow (Aa, G) is equicontinuous. Recently, we considered an analogous distal condition that applies to the groups of dynamical type; for these the topological
centre is dense, so the translation flow is equicontinuous only in the trivial case when G is
topological. In the present paper, we continue this work, exhibiting new characterizations
of equicontinuity and distality of (Aa, G); we also discuss examples and study some related
matters.
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1. INTRODUCTION.

For a compact left topological group G, the minimality of the left translation flow (Av, G) is
obvious; in fact, one might find it a little surprising that (Av, G) is not always distal. Perhaps
more surprising is that (., G) can be equicontinuous (for non-topological G). W. Ruppert
[16] studied this last case, and along with other interesting results and examples, his paper
includes the conclusion that the topological centre

re(G) := {s e G t ts, G -, G,

is

continuous}

G for this situation. Since compact left topological groups coming from distal flows
are characterized by having dense topological centres, they cannot yield equicontinuous (c, G)
(except in the "trivial" situation, where G is a topological group); however, for compact left
topological groups in general (including those with dense topological centres), we determined
in [11] that distality of (Av, G) is an interesting property to consider, and found criteria for it
analogous to criteria of Ruppert for equicontinuity. In the present paper, we find new criteria
for distality and equicontinuity of (v, G) in terms of an analysis of (:(G). The well-developed
theory of function spaces on semitopological semigroups [6,4,14,5, for example] does not apply
directly to G, because G is not semitopological. However, we prove that the containment
C(G) C .AT(Gd) is equivalent to to equicontinuity of (, G), and have an analogous conclusion
in the distal situation (Theorem 3). We have yet another criterion for equicontinuity in terms
of translation operators on C(G) (Theorem 8), and we study C(G)CI .AT(Gd)in the setting
is closed in
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where the translation flow is not equicontinuous, connecting this subalgebra to the structure
theorem for compact groups with one-sided continuity and dense topological centre (Theorem

6).
2. PRELIMINARIES.

-

A flow (S, X) consists of a compact Hausdorff space X and a group S with identity e acting
sz of X and the
on it on the left (as in [15]): each s E ,5’ determines a homeomorphism x
conditions ex x and s(t(x)) (st)x for all s,t S and x X are satisfied. So, S determines
a subgroup (denoted here also by S) of the semigroup X x of all transformations of X. The
called the enveloping semigroup of the flow.
closure S- of S in Xx is a subsemigroup of
With the relative topology from X X, S- is a compact right topological semigroup, i.e., for all
r/ S-, right m,tltiplication by r/, v H vr/, S- --, S-, is continuous. The set

xx

,-, s- -. s-

A(S-) := {r/5 Sis called the topological centre of

S-; here S C A(S-),

so

is

continuous}

A(S-)

is dense in S-. The flow is

equicontinuous if the transformations S are equicontinuous with respect to the unique uniformity of the compact space X, and distal if saxl
Xo for net {s,} C S and
Xo and sx2
of Ellis [7, or 8].
theorem
beautiful
a
We
quote
X always implies xl x.
x0, Xl, x2

A flow (S,X) is distal if and only if its enveloping semigroup S- is a
group (i.e., a subgroup of X x).
For a distal flow (S,X), the compact right topological group G := S- is called the Elli.
group of the flow. There is a powerful structure theorem for compact groups G that come
from topological dynamics like this (i.e., have dense topological centres); it developed over an
extended period [9,8,15], the claim about normality of each subgroup L in G (rather than just
1. THEOREM.

in

L_I
2.

for successor ordinals

) having been established only recently [12,13].

NAMIOKA STRUCTURE THEOREM.
compact right topological group with A(G) dense in G. Then G has a system of

THE FURSTENBERG- ELLIS

Let G be a
subgroups

{Le o<<(o}
ordered by the set of ordinals less than or equal to an ordinal f0 and satisfying
(i) each L is a closed normal subgroup of G, L0 G, and L0 {e};
(ii) for f < 0, D L+, and the function

L

(sL+,tL+l)

stL+l, G/L+ x L/L+I

G/L+I

is continuous for the quotient topologies; and

(iii) for each limit ordinal _< 0,

L

’

L.

A consequence of Theorem 2 is the existence of Haar measure p for compact right topological
groups G with dense topological centres; p is the unique probability measure on G that is
invariant under all right translations and all continuous left translations [12,13].
The reader will have noticed that we discussed only left topological groups in the Abstract
and Introduction, yet here we are defining right topological groups and semigroups. As will be
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made clear in the next section, we do need to deal also with compact left topological groups
G, for which the left multiplications
,0(t) := st, G --, G, are all continuous, so we get the
translation
now
left
flow (XG, G);

re(G)

:=

{

a

t t, G

-,

G, is continuous}

is the topological centre of G. Such a group G is called distal, or equicontinuous, if the flow
(AG, G) is distal or equicontinuous. Analogously, a compact right topological group is called

distal, or equicontinuous, if the right translation flow (as in Theorem 8 below) is distal or
equicontinuous. If a group G starts out with a compact topology, C(G) denotes the C*-algebra
of continuous complex-valued functions on G, and Gd denotes the same algebraic group with
the discrete topology. We shall be considering some function spaces on Gd, and denote by R
and

Lt the right and left translation operators, respectively, on l(Gd),
Rf(t)

f(ts)

Let .hdZjkf(Gd), (Gd), and .A’P(Gd) be the spaces of minimal, distal and almost periodic
functions on G d, respectively. These are defined in terms of the pointwise closure RGf- of
the right orbit of f G/(Gd); Gd acts on RGf- by right translation, and f is minimal, distal,
or almost periodic, if the resulting flow (RG, RGf-) is minimal, distal, or equicontinuous.
1)(Gd) and J[P(Gd) are left m-introverted subalgebras of l(Gd), and the compactifications
Gd v and Gd Ap of Gd associated with them (which we view as the spectra of 9(Gd) and

J[P(Gd), respectively) are the universal compact right topological group compactification and
the universal compact topological group compactification of Gd, respectively. See [5] for more
details on these matters.

DISTALITY AND EQUICONTINUITY OF THE LEFT TRANSLATION
FLOW (AG, G).
The results we want to present now involve a compact group with one-sided continuity and
its translation flow, whose enveloping semigroup may have one-sided continuity only on the
other side. Clearly, the only difference made by starting with continuity on one side, rather
than on the other, is in the notation. Accordingly, we start in the setting where the notation
feels the most faxniliar, with a compact left topological group (as did Ruppert [16]). For such
a group G, the left translation flow (AG, G) is always minimal, since GS
G for all s G G.
Similarly, C(G) C vZAf(Gd), because of the following easy consequence of the continuity of
left multiplication: if f G C(G) and l(Gd) has the topology p of pointwise convergence on
G, then the function s R f, G l(Gd), maps G continuously onto the right orbit RGf
of f, which is therefore p-closed. Note that right translates of members of C(G) need not be
continuous. The compact left topological group G TT x T, with multiplication
3.

-

(h’,w’)(h,w)=(h’Lw, h,w’w),
[11] (i.e., has flow (ha, G) that is not distal), but (,a, (7) is of course minimal, as
shown above. We are unable to identify the enveloping semigroup AG- C G G beyond saying
that it is probably a fairly complicated subsemigroup of X x x T, where X := T’. However,

is not distal
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the group G
T x {+l}, as in Example 7.2 below, also is not distal [11]; in this case, we
are able to identify AG- C G G as a "six-circle" semigroup, which we believe has interesting
applications. (AG- is a more elaborate version of the "three-circle" semigroup in [3].) The
next theorem shows that we can sometimes place C(G) in a subalgebra of l(Gd) that is milch
smaller than A4ZA/’(Gd). Another condition equivalent to equicontinuity and way of arriving
at the compact topological group AG- C G G, when G is equicontinuous (i.e., when (AG, G) is
equicontinuous), axe discussed below; see Example 4(b) and Theorem 8.
3. THEOREM. Let G be a compact left topological group. Then G
(i) distal if and only if C(G) C D(Gd), and
(ii) equicontinuous if and only if C(G) C AP(G).

is

R,f is a
PROOF. (i) Suppose that (Ae, G) is distal and that f e C(G). Since the map s
continuous homomorphism of the flow (Ae, G) onto the right translation flow (R, Rf-) (as
above), the latter flow is also distal [8; Corollary 5.7], so f 6 :D(Ga).
Conversely, if C(G) C D(G) and lima sat lima sat’ for some t, t’ G and net {Sa C G,
take an

f C(G).

Then
lim R,. (Rr f),

lim Roo (R, f)

R,, f since (Ra,Rf-) is distal; so f(t) f(t’). Because f
t’.
(ii) If (A,G)is equicontinuous, we proceed as in (i) and conclude that (Rv, RcI-), the

which implies that

Rtf

was axbitrary, we have

homomorphic image of (Aa, G), is as well [8; Proposition 4.7], so f AP(Ga). Conversely, if
C(G) C ,4P(Gg), we have the natural map of G into the almost periodic compactification
G A’ of G, and the flow (G, GA’), (s,/) (s)/, is equicontinuous. Identifying G with
G is a continuous
the spectrum of C(G), we note that the restriction mapping 6: Gg "a’
homomorphism of (G, Gd "4’) onto (.ka,G) (i.e., 6((s)#)
s6(#)), which is therefore also
equicontinuous [8; Proposition 4.7].

EXAMPLES. (a) Let T be the circle group, and let E := Ta" be the set of all
endomorphisms of T. (E Z"a’, the almost periodic compactification of the integers Z [1, or
5; 4.3.18].) Then G T x E with multiplication
4.

(w’wh o h’(e2i),h’h)

(w’,h’)(w,h)
is a distal compact left topological group

f(w,h)

[11],

w defines a continuous function

f

verified; so, C(G) C T(Gd).
on G, a right translate of which, R(,,,,,)f, is

as may be readily

continuous if and only if

(w,h) A(G)= {(w,h)[ h

.-

()" for

some n

Z}

w"); so, C(G) R{a}xEf is countable, while the
cardinality of R{}f is at least 2 Thus, C(G) is not right translation invariant, and so
is not a left m-introverted subalgebra of l(G,) [5]. Although it is left translation invaxiant,
pointwise limits of members of Lvf need not be continuous for f C(G); C(G) is also not right
m-introverted [5; 2.2, for example]. Right m-introverted subalgebras associated with the left
topological compactification G are the algebras of restrictions of members of t:(G) to A(G), or

(()": T

--,

T being the character

w
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n
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Z} (which are function algebras on A(G) and Z,

respectively). We remark that these deliberations seem to shed no light on the open question:
does it ever happen that the algebra of right distal functions, 79(G’), is not equal to the algebra
of left distal functions (analogously defined [5]) for a discrete group G’? It is known that these
algebras are not equal for some non-discrete groups, e.g., the euclidean group of the plane
C x T [5; 4.6.17].
1.
(b) For this example, we need a discontinuous automorphism 0 of T satisfying 0
c
and
for
as
copies
w"
the
of
direct
T
1
the
sum
some
n Z}
[Regard
subgroup {w T
of Q; then a suitable 0 just interchanges the coordinates of two fixed copies of Q. A property of
v and (u,) v2.
T is that, for any (t)l, Y2) TXT, there is a sequence {u,} C T with u,
See [16, or 11] for more details.] Then G := {,, 1 x T with multiplication

(., )(,,)

(,, ())

.AT’(Ga). For y C(G), R(,,,)f
is in C(G) if and only if (6, v)
A(G) {1} x T (unless f is constant on each of {qo} x T
and {1} x T, in which ease Raf C e(G)). Thus, C(G) is not right translation invariant.
However, pointwise limits of members of Laf are continuous (i.e., the pointwise closure of
Lf is pointwise compact in C(G)) for every f C(G); using this last fact, one can show
that the closure L- C C(G) c(v) is a compact topological group antiisomorphie to h- C G
h- {q0,1 x T x T with multiplication
is an equicontinuous compact left topological group, so C(G) C

,

(e, Ul,U2)(1, Vl,V2)

(e,u)

La-

(e, UlVl,U2V2), (,Ul,U2)(O, Vl,V2)

(e.T, U2Vl,UlV2),

{T, 1} xTxT. (See [11] for more details about
La and he, are. In the next section (Theorem 8),
antiisomorphism to Theorem 3(ii) will be discussed in the context of

G corresponding to (e, u,T(u))
and

ha-

are antiisomorphic because

the relationship of this
compact right topological groups.

(c) We have

more comments to make about the group

{0,1} x T of (b),

comments not

pertaining directly to the present work, but relating to the structflre theorem (Theorem 2
above) for compact groups with one-sided continuity and its proof, and to the existence of
Haar measure. For these comments, we prefer to discuss the compact right topological group
G T x {0,1 } with multiplication

(., )(., )

(.,(.), ,)

(which is antiisomorphic to {o,1} x T). Now, A(G) T x {1} and is not dense in G, so G
does not satisfy all of the hypotheses of the structure theorem (Theorem 2) for compact right
topological groups. Nonetheless, it obviously satisfies the conclusion: the required system of
subgroups is L0 G, L1 T x {1} with LolL1
{0,1}, and L2 {e}. So, G has Haar
measure u, which is right invariant, unique as such, and also left invariant [12]. One can
identify/ right away in any case; it is just Lebesgue measure on T, divided by two, on each

-

of qI’

{ 1 } and T x {0}. It is known that Hoar measure on a compact right topological group

is not always uniquely determined by left invariance

(i.e., by invariance under left translation
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by members of A(G)) when A(G) is dense in G [2]. One verifies readily that is not uniquely
determined by left invariance here either; the left invariant probability measures on T x {,
are just the convex combinations of the Lebesgue measures on T x {1 } and T x {}.
Since the conclusion of the structure theorem holds, and also since G has such a tractable
form, one might expect that the method of proof of the structure theorem would still determine
G’s system of subgroups, even though not all of the hypotheses of the structure theorem are
satisfied. We show now that this is not the case. Let r denote the metric topology that G has
to start with. We must discuss the a-topology of G, which is the quotient topology that G
acquires relative to the map

that is, U C Gis a-open ifS-l(U) is r x v-open in GxG. (See [15, or5; Appendix C] for
more details on the a-topology, noting, in particular, that a # r [15; Theorem 1.1], and that
[15; Theorem 1.2(2)] does not apply, since A(G) is not dense in G; in fact, the sets

{U-1U U

is a r-neighbourhood of e}

form a basis for r-neighbourhoods of e, and hence do not form a basis for a-neighbourhoods
of e.) We obviously have

e((,, ), (, ))

((,-1), )(, ) ((,-1)(), 1) ((-’ ), ) (1, )

,

and so conclude that every a-neighbourhood of e contains a set A := ((V), 1), where V is
an ordinary neighbourhood of 1 E T. By the property of
asserted near the beginning of
Example 4(b), (V) is dense in T, so A is v-dense, hence also a-dense, in T x { 1 C G. Since
T x { 1 is a-open

hence also a-closed, the method of proof of the structure theorem does give L T x 1 as
the intersection of all a-closed a-neighbourhoods in G of e. The next step in the proof of the
structure theorem is to restrict G’s topology a to L and to get L as the intersection of all
a-closed a-neighbourhoods in L1 of e; however, since every a-neighbourhood (in G or in L of
e contains a set A
((Y), 1) C L which is dense in L1 (as indicated above), this intersection
must be just L again. So the induction process of the proof of the structure theorem has
terminated at
of subgroups.

L

and does not get down to

{e}, even though G does have the required system

Since the structure theorem holds for every group that is a closed subgroup of a compact right
topological group G’ with dense topological centre A(G’) [12], one must wonder if G Tx {,, 1
can be embedded as a closed subgroup of such a G However, this is not the case; in fact,
G cannot be embedded in any compact right topological group G for which the proof of the
structure theorem "works", i.e., produces a system of subgroups {L for G as in Theorem 2.
For, if G is a subgroup of such a G the proof of the structure theorem must also "work" for G
(i.e., produce a system of subgroups for G as in Theorem 2); this is because of the observation
[15; p. 197] that the a-topology of G is weaker than the a-topology of G.

.

,

COIIPACT
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It is noteworthy that the restriction of the a-topology of G to L1
the a-topology of L1 (call it al), which is defined using the map

$--lt, (L,r)

l1: (3,

T x 1 is not the same

(L,r)

T x {1} T is a topological group, aj is the same as r (i.e., the same as the
L1) [15; Theorem 1.1]. Is this phenomenon (all is not the same as the
a-topology of L) possible for a closed subgroup L of a compact right topological group with
dense topological centre? We do not know the answer.
since

L1

restriction of r to

The situation is somewhat different for the group G
{=t=1} x T of Example 7.2 below
(which also appears in [12]). Again A(’G) is not dense in G, since it equals {e}, but G does
not have a system of subgroups, as in the conclusion of the structure theorem. Nonetheless, G
does have Haar measure, which obviously is not uniquely determined by left invariance. This
group also cannot be embedded in a compact right topological group G with A(G ) dense in

G

" THE

4.

COMPACT TOPOLOGICAL GROUP FROM C(G)n AP(Ga).

Theorem 3 tells us that C(G) C D(Gd) if and only if G is distal and C(G) C A:P(Gd) if and
only if G is equicontinuous. What can be said about C(G)f D(Gd) when G is not distal, and
about C(G)NAP(G,t) when G is not equicontinuous? At the end of Example 7.2, we make our
only comment about C(G) Z)(Gd) (when it not equal to C(G)); we have more to say about
C(G) AT’(G,), and for this topic we prefer again to work with compact right topological
groups, for which the notation feels more familiar. So, G denotes a compact right topological
group for the rest of this section.
5. LEMMA. Let G be a compact right topological group, and let .T" := C(G)f .AT)(Gd).
"y
Then Rc f is relatively norm-compact in and the closure
C .T is a compact topological

"

group.

R-

-,

the pointwise closure Rf- C .T" is norm-compact.
PROOF. First let us show that, for f
For, if R,.f g l(Gd) pointwise on G, then each R,of is continuous and the convergence
of {R..f} to g must be uniform, since f AT’(G); so g .Y’. Thus R, restricted to .T’, is
an "almost periodic group of operators", and the desired conclusion follows from the work of
de Leeuw and Glicksberg [6] (or see [5; especially chapter 6]).

We remind the reader that, when A(G) is dense in G, the proof of the structure theorem
gives the first subgroup L (of the conclusion of the theorem) as N(G), the smallest kernel of
a continuous homomorphism of G into a compact topological group [15]; in particular, G/L
is a compact topological group.

compact right topological group with A(G) dense in G and
N(G) from the structure theorem (as indicated above). If .%- 5"(G)O.AT’(Gd),

6. THEOREM. Let

subgroup La

G be

a

then

.T’= {feC(G)

f

is constant on thecosets

sL

of

L1} C(G/L1).

PROOF. We identify the last two sets of functions [15], and claim that .T D C.(G/L ), because
GILa is a compact topological group and the homomorphism s sL, G G/L, is continus in the proof of the last lemma,
ous. To get the reverse containment, we note first that, if s
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the limit flnction 9 equals Rsf at all points of A(G), a dense s,,bset of G; since both 9 and R.,f
they are equal everywhere. A similar (but easier) argument shows that .T is
left translation invariant, and so .T is left m-introverted. By a standard result (appearing in [5:
4.3.9], for example), the spectrum X- of .7" is a compact topological group. We may think of
are continuous,

G

the spectrum of C(G); then the restiction map r: s
sl- is a continuous homomorphism
of G onto Xy, so the kernel r-l(e) of r contains L N(G), and .T C C(G/L1), as required.
as

7. EXAMPLES. The examples provide firther evidence of the great difference th,qt having
topological centre A(G) can make.

a non-dense

1. The compact right topological group

G

T x {, 1 of Example 4(e) has

c(a),

c(a).a,(a)

and
C({q, }) consists of those functions that are constant on each of T
be
closed
not
Note
need
also that Re f, while relatively compact in C(G) (Lemma 5),
T {}.
in (?(G); for, using the property of p stated in Example 4(b), we can arrange convergence
while C(G/LI

R(,,,,,,)f(u,e)- f(ue(v,,),e) f,(u,e)"Then

f

Ref (unless f(. v, qo)

f(u,1), e--l,
f(uv,),

f(., :)).

2. It is of interest to look at .T C(G) fl .A’P(Gd) for a group G that is not distal and for
A(G) is not dense. Let G be the semidirect product {+l} T with multiplication

which

Give G the topology r for which a typical basic neighbourhood of (1, e ’) or
a

<

(-1, e’b), where

b, is

A := {(1, e’"),(-1, e’)} U {(e,e ’)

e

+1, a < 0 < b};

these basic neighbourhoods are open and closed. Then (G, r) is a non-distal compact right
topological group and A(G)
{(,)} [; Example 6(d)]. Let us show that .T consists of
those f C(G) for which there exists an f’ C(T) such that f(e, u) if(u) for all (e, u) G.

Suppose that f

.T and vn

ei/" for n

R(1,v,,)f(e, u)

N. Then

f(e, Urn)

f,(e, U) := f(1, U)

(e,u) e G, so fl .T (Lemma 5); f can be right translated back to f only if f(1,u)=
f(-1,u) for all u fi T and if(u):= f(1, u) defines an f’ C(T). Conversely, if f is defined
on G like this by means of an f’
C(T), then f C(G) and R(6,,,)f(e, u) f’(uv), which
makes it clear that Ref C .T’, that h or. Ref if and only if the corresponding h’ c(’r) has the
form Rvf’ or R,,]’ for some v "1l" (where if(u) f’(u-)), and also that Raf contains all

for all

its pointwise limits. This last conclusion, which always holds in the setting of Theorem 6

(i.e.,

when the topological centre is dense), seems strange for this group. The compact topological
group Re- C .T"z (Lemma 5) is just (isomorphic to the same algebraic group) {+1}
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flarnished with the product topology. Thus, no new points are added to get
This also seems strange for this group.
to

The difference between right and left orbits here is noteworthy. Let
f’ E C(T), as above. Then

L(,,,)f(&v)
so, for

f(e6, uv)

f(& v)= f’(v)= v (for example),

R,,f’(,i),
R,,-,f (v),

6

Re-

froin Re;.

f E .T still correspond

1,

6

-1;

we have

nc;f N Le;f

{f}.

C(G) N Lf

For this group, we have .T" (:= C(G)AT’(Ga)) C(G)C’ID(Ga)
for f C(G)3 D(Ga) (as above for f .T) that

R(a,,,)f(e,u)-+ f,(e,u)
and f, cannot be right translated back to f, unless
corresponds to an f’ C(’I) and f f’.

:=

well, since we

can

f(-1,u) for all

u G

as

conclude

f(1, u)

f(1,u)

qI’;

so

.f

Our final theorem clarifies the relationship of the antiisomorphism mentioned at the end
of Example 4(b) to Theorem 3(ii). This is done in the context of compact right toplogical
groups, and can be presented most effectively if we use right notation for the right translation
flo,v

(G, ap) ,p:

(t)p := t (as in [11]).

THEOREM. For a compact right topological group G the following assertions
eqmvalent:
(i) G is equicontinuous, i.e., the right translation flow (G, ap) is equicontinuous.
(ii) The closure p- C Ge; is a compact topological group.
8.

(iii) C(G) C AT(Gd).
(ix’) Re;- C C(G) c(e;) is a compact topological group.
When these conditions hold, aP- C Ge; is isomorphic to

R-

are

C(G) c(c;).
PROOF. We assert the equivalence of (i) and (ii). The equivalenc of (i) and (iii) is just
Theorem 3 in its other-sided form. Lemma 5 tells us that (iii) implies (iv). If (ix’) holds and
f C(G), then the function T Tf maps RG- continuously into C(G), and in fact, onto the
close,re in

C(G) of the orbit Re;f of f;

so this

C

closure is norm-compact,

f AT(Gd),

and (iii)

is satisfied.

When (i)- (iv) are satisfied, the isomorphism between aP- and Re;- that we want is just the
continuous extension to p- of the homomorphism tb: ,p
R,, P Re;. So, suppose that
G c’, the convergence being uniform on G. An f C(G) and an > 0 determine a
,p

memter [’f,, of the uniformity of G,

[10], from
c((;

which it follows that

{R,f}

is a Cauchy net in

C(G). Hence, {R,o

is Ca,chy

,n

This shows that Vi’ extends continuously to aP-. We complete the proof by showing
C(G)
that the extension of ;’ is one-to-one. Sppose that ,,p
c 6 aP-# as above and that p
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Then (s)/
that

#s

for some s E G, and there is an

limR,o/(s)
so

f e 0((7)

lim f(s)=

such that f((s)#)

# f(s). It follows

f((s)) # f(s),

liR,.f f and ,(p):= (l,.p) li2q,(,p) liaR,.

e

e

R.

The reader will have noted the powerful blend of left and right notations required to get
the compact topological groups to be isomohic in the lt statement of the hrem. One
way of getting an isomorphism in the other-sided setting (e.g., in Example 4(b)) would be to
use right notation for the left translation operator, [(f),L](t)
f(st) (which looks horrible,

although it is merely the other-sided form of writing right trslation operators on the left, as
have done throughout this paper). The re,on we would then get an isomoohism is that
s
,L is a homomohism, as is s R,, while s L, is tihomomorphism.

we
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